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Particle  systems  are  involved  in  a  lot  of  engineering  processes.  Particle  science 
and  technology  deal  with  the  production,  characterization,  modification,  handling, 
and  utilization  of  a  wide  variety  of  particles,  in  both  dry  and  wet  conditions.  In 
investigations  of  the  behavior  of  dry  particle  systems,  considerations  of  cost,  time, 
and  equipment  may  prohibit  experimental  works.  Even  in  the  absence  of  these 
constraints,  successful  experiments  often  yield  only  limited  information.  Computer 
simulation  using  the  discrete  element  method  (DEM)  can  provide  more  information 
and  can  be  performed  more  quickly  and  at  a  lower  cost  than  that  of  experiments. 
A  DEM  simulation  requires  that  the  interactive  forces  between  simulated  particles 
must  be  evaluated  accurately  as  the  driving  factor  of  the  motion  behavior  of  particle 
systems.  Therefore,  to  obtain  reliable  simulation  results  efficiently,  it  is  necessary 
to  develop  simple  and  accurate  particle-particle  interactive  force-displacement  (FD) 
models.  Most  existing  FD  models,  however,  implement  oversimplified  versions  of 
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contact  mechanics  and  do  not  correctly  account  for  the  plastic  deformation  near  the 
contact  point  between  particles,  thus  result  in  inaccurate  simulation  results. 

We  present  here  the  DEM  simulation  algorithms,  the  geometric  modelling 
of  nonspherical  particles,  and  the  development  of  a  set  of  realistic  and  consistent 
particle-particle  contact  FD  models  that  can  correctly  account  for  the  effect  of  both 
the  elastic  and  plastic  deformation.  The  DEM  simulations,  implemented  with  the 
present  elasto-plastic  FD  models,  can  correctly  predict  the  motion  behavior  of  par- 
ticles. In  the  development  of  the  present  elasto-plastic  FD  models,  we  carried  out  a 
series  of  finite  element  analyses  (FEA)  of  nonlinear  elasto-plastic  contact  problems. 
The  modelling  and  results  of  these  FEA,  including  the  dynamic  FEA  of  elasto-plastic 
sphere  collisions,  are  also  presented  in  this  dissertation. 

We  implemented  the  present  FD  models  into  DEM  software  to  carry  out  the 
simulations  of  experimental  granular  flows  of  nonspherical  particles.  Close  agree- 
ment is  observed  between  the  experimental  results  and  the  results  from  DEM  sim- 
ulation on  the  boundary  of  the  flow  domain.  Besides,  additional  information  of  the 
granular  flow  inside  the  flow  domain,  which  cannot  be  obtained  from  traditional 
experiments,  are  obtained  from  the  DEM  simulation  results. 


IX 


CHAPTER  1 
INTRODUCTION 


1.1.  Why  Dry  Particle  System? 

According  to  published  reports,  in  just  the  southeastern  region  of  the  US,  par- 
ticulate systems  make  a  more  than  $100  billion  impact  on  output  in  industries  such 
as  wood  and  paper  products,  minerals,  metals,  chemicals  and  cement.  Particles 
are  everywhere.  For  example,  sands  on  beaches,  cold  medicine  in  capsules,  grains, 
and  most  mineral  products  are  all  particles.  The  sweetener  in  our  soft  drinks,  the 
advanced  materials  that  allow  the  space  shuttle  to  fly  around  the  earth  and  the 
pharmaceutical  products  that  help  to  keep  us  healthy  all  are  made  up  of  parti- 
cles processed  and  modified  through  manufacturing  processes.  Particle  science  and 
technology  deal  with  the  production,  characterization,  modification,  handling,  and 
utilization  of  a  wide  variety  of  particles,  in  both  dry  and  wet  conditions.  An  esti- 
mated minimum  of  40%,  or  $61  billion  of  the  value  added  by  the  chemical  industry 
in  the  US  is  linked  to  particle  technology.  Particle  science  and  technology  are  vital  to 
many  other  industries,  including  advanced  materials,  food  processing,  mineral  pro- 
cessing, pharmaceuticals,  munitions,  as  well  as  energy,  and  the  environment  (Ennis 
et  al.  [1994]).  Despite  its  importance,  we  currently  lack  the  fundamental  knowledge 
and  engineering  design  tools  to  make  reliable  equipment  to  process  particulate  ma- 
terials. Up  to  a  20%  loss  in  advanced  computer  chip  manufacturing  can  be  traced 
to  particulate  contamination,  while  more  than  $15  billion  in  mineral  value  is  lost 
due  to  the  inadequacy  of  particulate  material  handling  technology. 


In  the  past,  particle  science  and  technology  were  largely  neglected  by  US  indus- 
tries and  the  academic  community,  in  both  research  and  education.  In  the  meantime, 
Japan  and  Europe  made  much  progress  in  this  area  and  the  US  was  left  behind. 
For  example,  Japan  made  particle  technology  research  a  priority  for  its  universities 
following  World  War  II.  Its  Association  of  Powder  Process  Industry  and  Engineering 
has  over  300  companies  dedicated  to  particle  research.  The  development  of  particle 
science  and  technology  in  Japan  allows  a  lot  of  particle  process  related  products 
from  Japan  to  be  more  competitive  than  those  from  the  USA.  The  deficiency  in 
particle  science  and  technology  has  harmed  the  overall  competitive  position  of  the 
US.  In  the  21st  century,  particle  science  and  technology  will  become  a  paramount 
core  competency  to  many  sectors  of  the  US  economy.  According  to  a  recent  assess- 
ment of  the  chemical  industries  in  the  US  (Ennis  et  al.  [1994]),  the  US  needs  to 
pay  much  more  attention  to  particles  in  order  to  improve  its  competitiveness  in  the 
global  economy. 

A  dry  particle  system  is  a  single-phase  collection  of  particles.  That  is,  the 
system  contains  only  solid  particles,  without  a  liquid  phase.  Dry  particle  systems 
exist  in  many  industrial  processes.  For  example,  equipment  such  as  chutes,  hoppers, 
and  belt  conveyers  are  widely  used  in  industry  to  transport  and  to  handle  dry 
particulate  or  bulk  materials.  Thus,  the  flow  behaviors  of  dry  particulate  materials 
must  be  understood  to  design  transport,  handling,  and  storage  equipment  properly. 

1.2.  Discrete  Element  Method 

The  study  of  granular  materials  and  particle  properties  involves  theory,  exper- 
imental measurement,  and  computer  simulations.  Because  the  availability  of  large 
capacity  computing  is  a  fairly  recent  phenomenon,  computer  simulations  are  the 
least  developed,  but  potentially  one  of  the  most  fruitful  ways,  of  studying  particle 


properties  and  their  effects  on  bulk  granular  material  behavior.  Computer  simula- 
tion of  large  assemblies  of  particles  are  one  of  the  only  ways  of  determining  how 
individual  particle  properties  affect  bulk  granular  material  behavior.  Development 
of  accurate,  efficient  computer  simulation  algorithms  for  large  assemblies  of  parti- 
cles is  an  essential  part  of  improving  our  ability  to  predict  the  behavior  of  granular 
solids.  There  are  two  methods  that  can  be  used  to  develop  a  computer  simulation 
of  the  motion  of  dry  particles.  One  method  is  to  use  a  continuum  model  to  describe 
the  motion  of  the  particles  (e.g.,  Bishara  et  al.  [1981]).  Computer  simulation  of  a 
particulate  system  using  a  continuum  model  is  efficient  but  requires  the  particle  sys- 
tem to  be  nearly  homogeneous;  i.e.,  particles  in  the  system  should  be  almost  evenly 
distributed  and  have  the  same  bulk  properties  everywhere  in  the  system  (see  Lu  et 
al.  [1995]).  The  other  method  is  the  discrete  element  method  (DEM),  which  uses 
a  discrete  model  that  considers  the  motion  of  single  particles  individually  (Cundall 
and  Strack  [1979]).  DEM  is  regarded  as  a  relatively  reliable  method  to  study  the 
behavior  of  dry  granular  materials,  especially  when  there  is  no  uniformity  in  the 
bulk  density,  velocity,  and  other  flow  properties,  or  when  the  flow  regime  is  not 
certain. 

In  DEM,  the  ordinary  differential  equations  describing  the  motion  of  particles 
are  integrated  numerically  using  a  step-by-step  integration  procedure.  Assume  that 
the  position  and  velocity  of  all  particles  are  known  at  time  tn^\.  The  task  is  to 
compute  the  forces  and  moments  that  act  on  each  particle  at  tn,  then  to  compute 
the  new  position  and  velocity  of  each  particle.  Therefore,  it  is  crucial  to  correctly 
evaluate  the  contact  forces  between  the  particles  in  collision  by  employing  accu- 
rate and  efficient  force-displacement  models  in  the  simulations.  A  detailed  DEM 
simulation  algorithm  will  be  presented  shortly. 


Both  experimental  methods  and  computational  methods  have  their  own  ad- 
vantages and  disadvantages  when  applied  to  the  study  of  the  behavior  of  dry  particle 
systems.  By  combining  these  methods  together,  we  can  expect  more  reliable  and 
useful  results.  For  example,  most  of  the  conventional  experimental  methods  can  sup- 
ply direct  and  reliable  information  on  the  surface  of  granular  flows;  obtaining  the 
information  inside  the  flow  domain  is,  however,  much  more  difficult  and  expensive. 
For  example,  non-intrusive  optical  techniques  such  as  the  high-speed  camera  can 
only  supply  limited  information  on  granular  flows,  the  MRI  method  is  expensive, 
while  its  measurement  range  is  also  restrained.  On  the  other  hand,  insertion  of  fiber 
optical  probes  inevitably  modifies  the  local  behavior  of  the  flow.  Therefore,  if  simu- 
lation methods  can  reliably  reproduce  the  bulk  and  surface  measurements  obtained 
in  conventional  experiments,  then  the  information  inside  the  flow  domain  obtained 
from  simulations  will  also  be  reliable  and  useful  for  predicting  various  important 
quantities,  such  as  the  rate  of  attrition  among  the  colliding  particles. 

1.3.  Contribution  and  Chapter  Overview 

In  this  dissertation,  we  proposed  a  series  of  force-displacement  (FD)  models  for 
DEM  simulation  of  dry  particle  systems,  especially  a  set  of  elasto-plastic  FD  models 
including  a  normal  FD  (NFD)  model  and  a  tangential  FD  (TFD)  model.  The  first 
of  its  kind  in  literature,  this  set  of  elasto-plastic  FD  models  accounts  for  both  the 
elastic  and  the  plastic  deformation  that  inevitably  occurs  in  most  impact  problems. 
A  cardinal  feature  of  the  elasto-plastic  NFD  model  and  the  elasto-plastic  TFD 
model  is  the  additive  decomposition  of  the  contact  radius  into  an  elastic  part  and  a 
plastic  correction  part.  Since  they  both  employ  the  same  formalism  to  account  for 
the  effect  of  plastic  deformation,  the  elasto-plastic  NFD  model  and  the  elasto-plastic 
TFD  are  consistent  with  each  other.  Compared  with  previously  existing  FD  models, 
our  FD  models  are  more  accurate  in  evaluating  the  contact  forces  among  particles 


during  a  particle-particle  collision  and  are  relatively  efficient  without  increasing  the 
computational  complexity  of  DEM  simulation.  With  the  DEM  implementation  of 
our  FD  models,  we  carried  out  DEM  simulation  of  granular  flows  and  obtained 
satisfactory  results. 

In  Chapter  2,  we  present  the  DEM  simulation  algorithm  and  the  geometric 
modelling  of  nonspherical  particles.  The  particle-particle  contact  detection  tech- 
niques used  in  our  study  are  also  discussed  in  this  chapter. 

Chapter  3  contains  an  overview  of  contact  mechanics  theories,  on  which  our 
contact  FD  models  for  DEM  simulation  of  dry  particle  systems  are  based. 

In  Chapter  4,  we  review  and  discuss  the  advantages  and  disadvantages  of  some 
of  the  FD  models  most  widely  used  in  DEM  simulations.  The  latest  development 
on  attempting  to  account  for  the  effect  of  plastic  deformation  on  FD  relation,  such 
as  the  Thornton  [1997]  NFD  model,  is  also  introduced. 

Chapter  5  documents  the  development  and  verification  of  the  improved  TFD 
model  for  the  FD  relation  in  the  tangential  direction  of  an  elastic  frictional  contact 
between  two  spheres  subjected  to  oblique  contact  forces. 

In  Chapter  6,  we  present  an  elasto-plastic  NFD  model  that  accounts  for  the 
effect  of  plastic  deformation.  Finite  element  analyses  (FEA)  validated  that  the 
model  can  correctly  represent  the  NFD  relation  when  plastic  deformation  is  involved 
in  the  contact  between  two  spheres. 

The  collisions  between  particles  are  all  simulated  by  quasi-static  procedures 
in  DEM  simulation.  In  Chapter  7,  we  present  some  dynamic  FEA  simulations  of 
collisions  between  an  elasto-plastic  sphere  and  a  rigid  surface.  The  FEA  results  are 
compared  with  the  results  of  DEM  simulations  using  the  elasto-plastic  NFD  model 
presented  in  Chapter  6. 
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Our  development  and  verification  of  an  elasto-plastic  TFD  model  that  accounts 
for  the  effect  of  plastic  deformation  on  the  TFD  relation  is  presented  in  Chapter  8. 
This  elasto-plastic  TFD  model  accounts  for  the  plastic  deformation  by  applying 
a  formalism  that  is  consistent  with  that  used  by  the  elasto-plastic  NFD  model 
presented  in  Chapter  6. 

We  implemented  the  FD  models  we  present  in  Chapters  5,  6,  and  8.  We  carried 
out  DEM  simulations  of  granular  flows  of  ellipsoidal  particles.  The  DEM  simulation 
results  are  presented  in  Chapter  9  and  are  compared  with  the  experiment  data. 

In  Chapter  10,  we  conclude  our  work  and  discuss  future  work. 


CHAPTER  2 
DISCRETE  ELEMENT  METHOD 


In  this  chapter,  we  present  the  general  algorithm  of  the  computer  simulations 
of  dry  particle  systems  using  the  discrete  element  method  (DEM).  In  addition,  the 
geometric  modeling  of  nonspherical  particles  using  clusters  is  discussed  in  details. 
Some  of  the  fast  contact  detection  methods  employed  in  our  DEM  simulation  are 
also  discussed  in  this  chapter. 

2.1.  Algorithm  of  DEM 

There  are  in  general  two  main  parts  in  a  DEM  simulation  algorithm:  (i)  the 
free-flight  part,  where  particles  are  only  subjected  to  gravity,  and  (ii)  the  collision 
part,  where  particles  are  subjected  to  contact  forces  that  arise  in  collisions  with 
other  particles,  in  addition  to  gravitational  forces.  The  dynamics  of  motion  of  the 
particles  is  modeled  as  that  of  rigid  bodies.  For  collisions,  the  soft-particle  approach 
is  used,  i.e.,  the  contact  forces  resulting  from  a  collision  of  a  pair  of  particles  are  com- 
puted based  on  the  amount  of  overlapping  (penetration)  of  these  two  particles.  The 
contact  force-displacement  relation  is  crucial  for  obtaining  an  accurate  prediction 
of  the  contact  force  level  and  the  frequency  of  collision,  which  are  the  two  essential 
ingredients  for  predicting  the  rate  of  attrition  among  the  colliding  particles. 

The  numerical  solution  of  the  ordinary  differential  equations  of  motion  of  flow- 
ing particles  is  based  on  a  step-by-step  integration  procedure.  Assume  that  the 
position  and  velocity  of  all  particles  are  known  at  time  tn.  The  task  is  to  compute 
the  forces  and  moments  that  act  on  each  particle  at  £n,  then  to  compute  the  new 
position  and  velocity  of  each  particle.  By  position  of  a  particle,  we  mean  both  the 
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coordinates  of  the  center  of  mass  and  the  orientation  of  that  particle.  Newton's 
second  law  governs  the  motion  of  the  particle  centers  of  mass.  Euler's  equation 
governs  the  orientation  (rotation)  of  the  particles. 

In  updating  the  forces  and  moments  acting  on  each  particle  at  time  tn,  there 
are  two  main  problems  to  be  addressed:  (i)  the  detection  of  contact  among  the 
particles  and  the  evaluation  of  the  amount  of  overlapping  in  contacting  particles, 
and  (ii)  the  computation  of  the  contact  forces  and  contact  moments  based  on  this 
amount  of  overlapping.  For  a  granular  flow  code  to  be  efficient,  care  should  be  taken 
in  designing  both  the  contact  detection  algorithm  and  the  force-displacement  (FD) 
model.  The  evaluation  of  the  contact  forces  and  contact  moments  is  in  general  more 
time  consuming  than  the  detection  of  contact,  chiefly  when  spheres  are  employed  in 
clusters  to  model  nonspherical  particles.  Of  course,  an  improvement  in  the  efficiency 
of  both  tasks  (contact  detection  and  evaluation  of  contact  forces/moments)  always 
provides  an  overall  improvement  of  the  code. 

Remark  2.1.  In  discussing  issues  related  to  contact  detection,  we  clearly  dis- 
tinguish a  particle  from  a  sphere.  By  a  particle,  we  mean  a  cluster  of  spheres  that 
represents  an  ellipsoidal  particle.  There  can  be,  of  course,  particles  that  are  made 
up  of  single  spheres  only,  called  single-sphere  particles.  Thus  a  sphere  can  be  either 
(i)  a  constituent  sphere  in  a  sphere-cluster  particle  or  (ii)  a  single-sphere  particle. 
Since  spheres  are  used  in  contact  detection,  we  refer  only  to  constituent  spheres  or 
single-sphere  particles  in  discussions  related  to  contact  detection.  I 

The  step-by-step  integration  algorithm  employed  in  our  DEM  simulations  is 
the  leap-frog  scheme  (see  Hockney  and  Eastwood  [1988])  implemented  by  Walton 
and  Braun  [1993].  We  present  shortly  the  overall  algorithm  in  some  detail.  At 
time-step  tn,  let's  focus  our  attention  on  sphere  (i)  and  scan  the  list  of  all  spheres 


in  the  neighborhood  of  sphere  (i).  These  spheres  are  said  to  be  in  the  neighbor  list 
of  sphere  (z)  (see  Section  2.2  and  Appendix  A).  Consider  next  a  sphere  (j)  in  the 
neighbor  list  of  sphere  (i). 

Let  (j)Xn  and  (j)Xn  be  the  known  positions  of  the  centers  of  mass  of  sphere  (i) 
and  of  sphere  (j),  respectively,  at  time  tn.  Based  on  ^xn  and  (j)Xn,  the  amount  of 
relative  displacement  (overlap)  ^a  in  the  normal  direction  is  computed  as  follows: 

{ij)a  =  [{{i)R  +  {j)R)  -  ||  (i)x„  -  (i)xn||]   ,  (2.1) 

where  ^)R  and  yji?  designate  the  radii  of  sphere  (i)  and  of  sphere  (j),  respectively. 
The  calculation  for  the  amount  of  relative  displacement  ^5  in  the  tangential  direc- 
tion is  conceptually  similar,  but  more  complicated,  since  3-D  rotation  is  involved. 
Actually,  we  use  an  incremental  model  in  the  tangential  direction  to  evaluate  the 
tangential  force;  this  incremental  model  requires  as  input  the  relative  incremen- 
tal tangential  displacement  A(ij)5  for  the  evaluation  of  the  incremental  tangential 
force.  The  computation  of  A^j)5  involves  the  velocities  of  the  spheres  (i)  and  (j). 
We  refer  the  reader  to  Section  4.2.3  for  more  details  about  the  calculation  of  ^5 
and  of  A  ^S  . 

In  the  normal  direction,  the  relative  normal  displacement  ^a ,  together  with 
the  information  on  the  loading  and  unloading  status,  allows  the  computation  of  the 
normal  contact  (repulsive)  force  acting  between  spheres  (i)  and  (j)  (see  Figure  2.1). 
In  the  tangential  direction,  the  relative  incremental  tangential  displacement  A  ^j)8 
and  the  information  on  the  incremental  normal  force  (increasing  or  decreasing)  allow 
the  computation  of  the  contact  tangential  frictional  force  acting  between  spheres  (i) 
and  (j).  More  details  about  the  computation  of  contact  force  using  different  models 
are  discussed  in  later  chapters. 
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(H)T  (ij)Ot 


(j)xn         (i^n 


Figure  2.1.  Relative  displacement  in  normal  direction. 
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Let  (jj)Fn  be  the  resulting  contact  force  acting  on  sphere  (i)  due  to  a  collision 
with  sphere  (j),  and  let  uj\t  be  the  vector  pointing  from  the  center  of  mass  of  sphere 
(i)  toward  the  center  of  mass  of  sphere  (j),  having  a  magnitude  of  ( ^R  —  (^a), 
where  ^)R  is  the  radius  of  sphere  (i)  and  (ij)a  the  relative  normal  displacement  as 
shown  in  Figure  2.1.  At  the  same  time,  there  is  a  reaction  force  from  sphere  (i)  to 
sphere  (j)  denoted  as  (jj)FB,  such  that  (y)F„  +  (jt)FB  =  0  (Newton's  third  law). 

The  resulting  moment  of  the  contact  force  (ij)Fn  with  respect  to  the  center  of 
mass  of  sphere  (i)  is  then 

(ij)Mn  =   (i)R  j. T7  x  (jj)F„  .  (2.2) 

II  (ij)r  II 

Let  (j)Fn  be  the  total  contact  force  acting  on  sphere  (t)  from  all  spheres  in  contact 
with  sphere  (i),  and  (i)Mn  the  moment  with  respect  to  the  center  of  mass  of  sphere 
(i),  then 

(i)F«     =      Y.     (U')F«    '  (2-3) 

jec(i) 
and 

(i)Mn    =    J2    («M»  •  (2.4) 

jec(i) 

where,  C{i)  is  the  set  of  spheres  in  the  neighborhood  of,  and  in  contact  with,  sphere 

(z). 

Remark  2.2.  The  discussion  so  far  has  centered  on  single-sphere  particles.  For 
sphere-cluster  particles,  the  resultant  force  [a]F„  and  the  resulting  moment  uiMn 
acting  at  the  center  of  mass  of  particle  [A]  have  to  be  computed  by  summing  the 
contributions  from  the  constituent  spheres  that  make  up  particle  [A].  In  this  case, 
[A]Xn  is  the  position  vector  at  time  tn  of  the  center  of  mass  of  the  sphere-cluster 
particle  [A].  I 
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Remark  2.3.  We  refer  the  reader  to  Section  A. 3  of  Appendix  A  for  the  clas- 
sification of  various  types  of  particles.  The  label  [A]  is  mnemonic  for  A-particles, 
which  are  sphere  clusters.  The  labels  for  constituent  spheres  are  in  lower  case  italics 
and  enclosed  in  parenthesis,  whereas  the  labels  for  particles  (sphere  clusters)  are 
in  upper  case  italics  and  enclosed  in  square  brackets.  These  labels  appear  as  left 
subscripts  to  various  mathematical  quantities.  I 

Let  S[A]  to  be  the  set  of  spheres  making  up  the  sphere-cluster  particle  [A] 
and  [Ai]P  the  position  vector  of  sphere  (i)  in  the  sphere-cluster  particle  [A],  with 
i  G  S[A].  Then  for  a  single-sphere  particle,  S[A]  =  {A}  and  [^p  =  0.  Therefore, 
the  resultant  force  [A]&n  and  the  resultant  moment  [4]Mn  acting  at  the  center  of 
mass  of  the  sphere-cluster  particle  [A]  are  as  follows 

[A]F„    =    Yl    «F"  >  (2-5) 

ieS[A] 

[A]Mn   =    J2    WM«   +    E    [Ai[P  x  (i)Fn  •  (2.6) 

ies[A]  ies\A] 

•  • 

The  translational  acceleration  ^Xn  of  particle  [A]  is  given  by  Newton's  second 
law  as  follows 

1 

uix„   =  L4]Fn  ,  (2.7) 

[A\m 

where  ^m  is  the  mass  of  sphere  (z),  then  [A]m  —    ^    ^m  is  the  mass  of  sphere- 

ieS[A] 

cluster  particle  [A].  Using  the  leap-frog  scheme,  the  velocity  of  particle  [A]  can  be 
updated  as 

[A)K+$    =   [A-i  +(g+  [^]X„)  At  ,  (2.8) 

where  [^]Xn+i  is  the  velocity  of  particle  [A]  at  the  new  half  time-step  tn+i,  [^]Xn_i 
the  velocity  at  previous  half  time  step,  which  is  known  from  the  previous  com- 
putation, g  is  the  gravity  acceleration,  and  At  the  time  increment,  such  that 
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tn+i  =  tn  +  At.  The  new  position  of  particle  [A]  can  then  be  calculated  as 

[A]Xn+l     =     [A]Xn   +   [A]K+±    At  ■  (2-9) 

The  rotational  dynamics  of  these  nonspherical  particles  (clusters  of  spheres 
in  the  simulation)  can  be  integrated  following  the  same  conceptual  steps  as  for  the 
translational  dynamics  of  the  centers  of  mass  of  these  particles.  The  governing 
equations  for  3-D  rotations  are  more  complex,  since  we  no  longer  deal  with  the 
linear  space  R3  of  displacements,  but  the  special  orthogonal  group  of  3-D  rotations. 
Assume  that  from  a  previous  calculation,  we  know  the  angular  velocity  [A\ujn_i 
of  a  particle  [A]  at  middle  point  of  the  previous  time-step  tn_\,  and  the  resultant 
moment  [^]Mn  about  the  mass  center  of  particle  [A]  at  time  tn.  The  rotational 
dynamics  of  particle  [A]  is  governed  by  the  Euler's  equation 

fo({A}1  [A]V)    =     [A]l  [A]"  +  [A]"    X  {[A]l  [A]"  )    =     [A]M    ,  (2.10) 

where,  [A]I  =  Diag[[A]Ix,  [A\Iy ,  [A]L]  is  the  inertia  dyadic  in  the  principal  axes 
{ [/i]bi ,  [A]b2 ,  [a]^3  }  of  particle  [A],  [A]U)  =  [A]Uk  [A]bk  the  angular  velocity  of 
particle  [A],  [A]W  =  [A\wk  [A]bk  is  the  objective  rate  of  [A]io .  In  other  words, 

[A]u>   =    [i|r'[MM  -  [A]u  x  ([A]I  [A]u>)]  ,  (2.11) 

or  in  component  form,  (2.11)  is  written  as  follows: 

[A]WX       =       y-[[A]Ms   +  [A]Uy  [A]Uz([A]Iy   -   [A]Iz)] 

[A]*x 

\A\Z°y      =     — j-[[A]My  +  [A\ujz  [A]UJX([A]IZ  -  [A]IX)]  (2.12) 

[AVy 

[Apz        =       —\[A]MZ    +   [A]U)X   [A]Uy([A]Ix    -    [A]Iy)] 

[A]*z 
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Expressions  for  [A]IX  ,  [A]Iy  ,  [A)h  for  an  ellipsoidal  particle  are  as  follows 

TT[A]m 


[A]Ix 


20 


\[A]W>+[A]H% 


j         _       n  [A]m  ,  .   .  t  2    ,     .    .„2> 


20 


■(ML'+MJ5Ta), 


(2.13) 


with  [A]L  x  [^]iy  x  [A]H  being  the  length,  width,  and  height  of  the  ellipsoidal 
particle  [A]  along  the  three  principal  axes  x,  y,  and  z,  respectively,  as  shown  in 
Figure  2.2,  and  [A]m  is  the  mass  of  particle  [^4]. 

[A)W 


Figure  2.2.  Ellipsoidal  particle  [A]  and  its  dimensions. 


To  integrate  (2.12)  with  the  leap-frog  scheme,  which  is  used  to  integrate  the 
translational  motion  as  described  above,  we  employ  the  following  predictor-corrector 
approach,  since  the  state  variables  (  ujx  ,  uy ,  ujz  )  appear  on  the  right-hand  side  of 
(2.12)  (unlike  the  case  of  the  translational  motion).  First,  the  predicted  angular 
velocity  \A]U)'n  of  particle  [^4]  at  time  tn  is  obtained  by  assuming  that  the  angular 
acceleration  was  constant  in  the  current  time  step.  Thus,  the  increment  of  angular 
velocity  from  time  tn_\  to  time  tn  is  assumed  to  be  half  of  the  incremental  angular 
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velocity  A[A]Un-i  from  time  in_2  to  time  tn-i,  i.e., 

[yi]W'„   =   [A]Wn_I   +-A[A]Wn_i    .  (2.14) 

The  above  predicted  angular  velocity  at  time  tn  then  yields  a  predicted  increment 
of  angular  velocity  A  ^wn  at  time  tn  by  virtue  of  (2.12)  as  follows 

A^w'n   =  At[A]I-l[[A]Mn  -  [A]u>'„  x  ([yl]I  [A]u>'n)]  ,  (2.15) 

or  in  component  form 

Aui^'n,x       =       p-[M]Ml,a:   +   [>l]w'n,y  [A]w'„,z  (  [A]Iy   -   [A]Iz)]  , 

[A)*x 

A[A]V'n,y        =       -j-[[A]Mnty   +   [A]^'n,z  [A]^' n,x  (  [A]h    ~    [A]h)]   , 

[A]ly  (2.16) 

Au]W'n,z        =       ^[[A]-Mri,2   +   [4)^'n,x  [A]u'n,y  {[A]Ix   ~   [A]Iy)]   • 

[yi]i* 

The  corrected  angular  velocity  [A)<*>n  of  particle  [A]  at  time  tn  is  then  obtained  using 
A  [A]w'n  to  yield 

[A]u>n  =  [A]Wn_i  +-A[A)U>'n  .  (2.17) 

Next,  the  corrected  increment  of  angular  velocity  A  [A\un  at  time  tn  is  then  com- 
puted using  (2.12)  as  follows 

[A]df'n    =  At[A]I"1[[/1]Mn  -  [A]u>n  x  {[A]l[A]Un)]  ,  (2.18) 

or  in  component  form 


At_ 

[A]Ix 


A[A]Un,x        —       j-[[A]MntX   +   [A}^n,y  [A]^n,z  (  [A]Iy    ~    [A]L)] 

'    '1J.T 


A[A]Wn>j,        =       j-[[A)Mn,y   +   [A}Un,z  [A]^n,x{[A]h    ~    [A]IX)] 

\A)h 

A[A]Vn,z        =       J-[[A]MntZ   +   [A]OJn,x  [A]^n,y  (  [A]Ix   ~   [A}Iy)] 

[A]*z 


(2.19) 
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Then  the  results  from  (2.19)  can  be  used  to  correct  the  angular  velocity  at  time 
tn+i  as  follows 

[A]Vn+l   =  [A)Un-l   +A[A]Wn    ■  (2.20) 


Remark  2.4.  In  the  above,  a  relatively  rudimentary  integration  algorithm  had 
been  employed  for  the  rotational  part  of  the  motion,  instead  of  more  recently  de- 
veloped algorithms  by  engineers  and  mathematicians  (e.g.,  Simo  and  Wong  [1991]), 
that  focus  on  the  preservation  of  energy  and  momentum  over  long  periods  of  sim- 
ulation. There  are  at  least  two  reasons  for  this  choice:  First,  there  are  frequent 
collisions  among  the  particles  in  granular  flows.  At  each  collision,  energy  is  lost  due 
to  plastic  deformation  at  impact,  as  reflected  through  the  coefficient  of  restitution. 
Only  during  free  flight  that  energy  is  to  be  conserved;  the  duration  of  free  flight 
is,  however,  very  short  due  to  frequent  collisions  in  the  flow  regimes  that  we  have 
been  studying.  Second,  the  time-step  size  chosen  for  the  simulation  is  very  small, 
typically  1/40  times  the  duration  of  collision  time,  which  is  less  than  10-3  seconds 
in  the  granular  flows  that  we  considered.  In  the  future,  it  would  be  interesting  to 
see  whether  energy-momentum  preserving  algorithms  produce  any  significant  differ- 
ences in  the  global  results  characterizing  the  granular  flows  that  we  are  simulating. 
I 

The  orientation  of  the  principal  axes  {  [a]^>i  >  [a)^>2  >  [A]bz  }  of  particle  [A]  are 
updated  using  an  approach  proposed  in  Evans  and  Murad  [1977]  based  on  singularity- 
free  quaternions. 

For  Euler's  equations  of  motion  and  the  integration  of  the  quaternions,  the 
torques  are  specified  in  the  body  or  principal  coordinate  system  for  each  nonspherical 
particle,  i.e.,  the  sphere-cluster  particle.  The  contact  detection  and  force  calculations 
are  performed  in  a  space  or  global  coordinate  system.  Let  V  to  be  a  vector  in  the 
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global  system  and  [^jv  a  vector  in  the  principal  system  for  particle  [A]  at  time-step 
tn  and  then 


[A? 


T«V  . 


[4]J-„ 


(2.21) 


The  rotation  matrix  [a]T„  for  transforming  from  the  global  system  to  the  principal 
coordinate  system  of  particle  [A]  is  given  by 

'    [A)Tl,l        [A]T\,2       [A]T\,3    \ 

[4]  72,1        [4]  72,2        [4]  72,3 
V    [A]Tz,i        [A]T3,2       [A}T3,3    J 


T      = 


[A]±n 


(2.22) 


where 


A}Thl       =      -  [Atfln   +   [A]Qln    ~    [A\ql,n   +   [A]f&,n 
A]Ti,2      =      -2(  [A\qi,n  [A]Q2,n   ~   [4]93,n  [4]94,n  )   , 
A]Ti,3       =     2(  [A]q2,n  [4]93,n   +   [4]9l,n  [4]94,n  )   1 


A]T2,i       —      ~2(  [A]Ql,n  [4]92,ra   +   [4]93,n  [4]94,n  )   , 
.4)72,2       =       [Atfln   ~   [A]92,„   ~   [A]fcn   +  [A]<ll,n    : 
4]7"2,3       =      -2(  [4]9l,n  [4]93,n    ~    [4]92,n   [4)94,71  )   I 


>1]^3,1       =     2(  [^92,71  [4193,71   -   [.4)91,7!  [4]94,n  )   i 
A]T3,2       ~      -2(  [4]9l,n   [4)93,71   +   [4]92,n  [4]94,n  )   i 
4)73,3       =      -  [A]9i,n    -   [4]9l,n   +   [4)93,71   +   [4]9f,n    • 

and  [A\qi,n  i  [4]92,n ,  [4]93,n  )  and  [4]94,7i  are  the  quaternions  for  particle  [A]  at  time 
tn  defined  as  (see  Evans  and  Murad  [1977]) 


.      [A]0n      ■     ,  [A\^n    -    [4]07i  x 

[4]9i,n  =  szn^—  szn(-LJ — ±-* — )  , 

.      [4]0n  /  [4]^7i    -    [A]  071  s 

[4)92,71  =  sin1-jj—cos(±J —*-* — )  , 

[4]07i      .     /  [4]  "071   +   [4]07i  . 

[4)93,71  =  cos^—  sm{^ —^ — )  , 

[4]0n           /  [A]1pn   +   [4]07i  s 
[A]  94,n  =  COS  ^—  COS  [■& —^ )   . 


(2.23) 


[4]0n  i    [4]VVi  >  and   [A\<f>n   are  Euler's  angles  representing  successive  rotations  (see 
Goldstein  [1981])  of  the  principal  axes  from  the  global  axes. 
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The  time  derivatives  of  the  quaternions  can  be  expressed  in  terms  of  the  quater- 
nions themselves  and  the  angular  velocities  of  the  particle  (see  Evans  and  Murad 
[1977])  as 

[A]Qi    -  ^(-[A]<?3  [A]Vx   "   [A]?4  [A]Wy   "L   [A]<?2  [A]^z)   , 

(2.24) 


Let 


[A]Q2  -  «([A]94  [A]Ux  -  [A]<73  [A]Uy  ~  [A\q\  \A]^z)  , 
[A]Q3  -  «([A]9l  [A]VX  +  [A]Q2  [A)Uy  +  [A]Qi  [A]^z)  , 
[A\q4    =  2  \~  [A]Q2  [A]Ux   +  [A]Ql  [A]Uy   ~   [A]q3  [A]^z) 


M&,n+f     =    ^  (  [A]ft,n+1   -  {A\qi,n  )  (2.25) 


and 


[A)qi,n+\     =    2-([A]ft,lH-l   +   [A]qi,n)  (2.26) 

for  i  =  1,  2,  3,  4,  the  time  centered  finite  difference  version  of  (2.24)  can  be  written 
as 

(  [A]gl,n+1    ~    [A\q\,n  )       _  lf     ,  . 

^  -  ll-lWflWl    +   M]931n)[^]Wn+i|I 

-([A]94,n+1   +   [A\(li,n)  [A\Un+\,y   +  (  [A]?2,n+1    +   [A]92,n  )  [A]^!^]  , 

([A]g2,n+1    ~    [A]<l2,n)  lr,  , 

^  =  \{\  [A]g4,n+1    +   [A]?4,n  )  [Apn+I,* 

-([A]93,n+1    +   [A]93,n  )  [yi]Wn+liy   -  (  [A]qi,n+l   +  [A]gl,n  )  [/l]Wn+I)Z  ]  , 

([A]93,n+1    -   [A]?3,n)  lf/  ,  , 
^ =  4l([>l]9l,n+l    +   [A]<H,n)[A]Vn+liX                                                                  (2.27) 

+  ([A]<?2,n+l    +   [J4]92,n)[A]Wn+I>s   +  ([A]g4,n+l    +   [A]g4,n  )  [A]W„+I,2  ]  , 

(  [A]g4,n+1    ~    [A]g4,W  )       _   x  r     ,  . 

^  ~  4l~U^]92,n+l    +   [A]g2,n  j  [Aj^n+I,* 

+  ([A]gl,n+l    +   [A)gl,» )  [/tpn+i*    ~  ([-4]93,n+l    +   [A]<?3,n  )  [A]^n+Ii2  ]   ■ 

In  (2.27),  all  values  are  known  from  previous  calculation  except  [A]qi,n+i ,  [A]<?2,n+i , 
[A]93,n+i  i  and  [A]g4,n+i  •  Therefore,  the  quaternions  for  particle  [A]  at  new  time-step 
tn+1  can  be  solved  from  equation  system  (2.27).  Notice  that  there  are  only  three  of 
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the  quaternions  that  are  independent,  the  closure  of  this  system  of  equations  must 
be  obtained  by  the  normalization  relation 

£W,,n+i)2  =  I-  (2.28) 

i=l 

The  quaternions  for  particle  [A]  at  time  in+i  can  be  put  in  (2.22)  to  get  the  new 
coordinate  transforming  matrix  ^]Tn+1 . 

2.2.  Geometric  Modeling  of  Nonspherical  Particles  and  Contact  Detection 

The  detection  of  contacts  between  nonspherical  particles  is  computationally 
much  more  complex  than  for  spherical  particles.  Recently,  there  have  been  several 
research  works  on  efficient  contact  detection  algorithms  (Lin  and  Ng  [1994],  Cohen, 
Lin,  Manocha  and  Ponamgi  [1994]  and  Williams  and  O'Connor  [1995],  etc.).  To 
simplify  the  problem  of  detecting  contacts  between  ellipsoids,  we  approximate  the 
geometry  of  an  ellipsoid  by  a  cluster  of  four  identical  spheres.  The  idea  of  simulating 
nonspherical  particles  using  clusters  of  spheres  is  first  employed  in  Walton  and  Braun 
[1993].  In  out  implementation,  the  distance  between  the  centers  of  the  four  spheres 
in  a  cluster  is  adjusted  to  match  the  length  L,  width  W,  and  height  H  (=  2R  with 
the  R  to  be  the  radius  of  a  constituent  sphere)  of  an  ellipsoidal  particle  as  shown 
in  Figures  2.3(a)  and  2.3(b).  Even  though  the  contact  detection  between  spheres 
can  easily  be  done  by  checking  the  distance  between  the  centers  of  these  spheres, 
and  by  comparing  this  distance  with  the  sphere  radii,  one  can  further  reduce  the 
computational  effort  in  the  contact  detection  by  employing,  e.g.,  the  Verlet  (or 
neighbor)  list  (see,  e.g.,  Allen  and  Tildesley  [1987]),  which  we  currently  used  in  our 
DEM  simulations. 

Please  note  that  not  only  ellipsoidal  particles  can  be  approximated  by  using 
a  cluster  of  spheres.  Figure  2.4(a)  and  Figure  2.4(b)  show  the  geometric  modelling 
of  a  doughnut  shaped  particle  using  a  cluster  of  six  spheres. 
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(a)  3-D  view  of  a  cluster  of  four  spheres. 
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(b)  The  position  of  the  four  spheres  in  the  cluster. 


Figure  2.3.    Geometric  modelling  of  an  ellipsoidal  particle  using  a 
cluster  of  four  spheres. 
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(a)  A  doughnut  shaped  plastic  pellet. 


(b)  Cluster  of  six  spheres. 


Figure  2.4.  Geometric  modelling  of  an  doughnut  shaped  particle  using 
a  cluster  of  six  spheres. 


A  Verlet  list  has  a  linked-list  data  structure.  Here,  we  use  a  particular  type  of 
linked-list  data  structure  constructed  based  on  the  distance  between  tow  constituent 
spheres;  we  call  such  a  linked-list  a  Verlet  list  or  a  neighbor  list.  Each  constituent 
sphere  (of  all  active  particles  and  of  all  active  single-sphere  particles)  has  its  own 
neighbor  list.  We  sometimes  refer  to  the  collection  of  all  neighbor  (Verlet)  lists 
as  the  linked-lists  (see  Appendix  A  for  more  details  on  the  definition  of  different 
types  of  particles,  their  classification,  and  the  construction  and  data  structure  of 
the  neighbor  (Verlet)  lists).  Each  such  sphere  has  a  neighbor  list  that  contains 
labels  of  the  spheres  in  its  neighborhood.  The  neighborhood  of  sphere  (i)  is  a  space 
region  centered  at  the  center  of  sphere  (i),  and  any  other  spheres  centered  inside 
this  region  either  are  colliding  or  have  a  high  potential  of  colliding  with  sphere  (i). 
A  typical  neighborhood  for  sphere  (i)  is  a  sphere  centered  at  the  center  of  sphere  (i) 
having  a  radius  of  3  ^R  with  ^R  to  be  the  radius  of  sphere  (i).  Let  C(i)  be  the  set 
of  spheres  in  the  neighborhood  of  sphere  (i),  and  Nnb(i)  its  cardinal  (i.e.,  the  number 
of  it  elements).  Spheres  in  the  set  C{i)  either  are  colliding,  or  have  high  potential 
to  collide,  with  sphere  (i).    The  neighbor  list  of  sphere  (i)  thus  contains  Nnb(i) 


22 

entries  (or  rows  of  data),  corresponding  to  Nnb(i)  spheres  in  C(i).  As  an  example, 
the  neighbor  list  for  sphere  (1)  in  Figure  2.5  (here  i  =  1)  contains  entries  (rows)  of 
data  for  spheres  (2),  (4)  and  (5),  and  the  neighbor  list  for  sphere(2)  (here  i  =  2) 
contains  entry  (rows)  of  data  for  spheres  (7)  but  not  for  sphere  (1)  (see  Appendix  A 
Section  A.l  for  more  details  about  what  spheres  should  be  in  the  neighbor  list).  In 
each  entry  of  data  for  a  neighboring  sphere  in  the  neighbor  list  for  sphere  (z),  we  store 
the  contact  information  such  as  contact  force,  displacement  between  this  sphere  and 
sphere  (i),  and  most  importantly  the  information  for  locating  the  information  for  the 
next  sphere  in  the  neighborhood  of  sphere  (i).  We  refer  the  reader  to  Appendix  A 
for  more  details  about  the  implementation  of  the  linked  lists. 


Figure  2.5.  Neighbor  list:  Set  C(i)  contains  the  spheres  in  the  neigh- 
borhood of  sphere  (i),  where  i  —  1  in  this  example. 


The  use  of  such  neighbor  lists  allows  for  a  more  efficient  precise  contact  detec- 
tion of  sphere  (i)  since  only  spheres  in  the  set  C(i),  i.e.,  the  neighborhood  of  sphere 
(i)  need  to  be  verified.  In  the  best  case,  when  the  size  of  all  spheres  are  roughly  the 
same,  the  number  of  spheres  that  could  be  in  the  neighborhood  of  a  given  sphere 
can  be  limited  to  be  less  or  equal  to  a  constant  Cnb.  To  perform  precise  contact 
detection  without  the  neighbor  lists,  we  have  to  verify  each  sphere  against  all  other 
spheres  (see  Appendix  A. 3).  The  computational  complexity  for  this  verification  is 
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0(N2),  where  TV  is  the  total  number  of  spheres  in  the  simulation.  With  the  neighbor 
lists,  for  each  active  sphere,  we  only  need  to  check  at  most  the  number  of  spheres 
that  are  in  the  neighborhood  of  that  sphere.  The  computational  complexity  for  pre- 
cise contact  detection  of  N  spheres  is  thus  G(Cnb  N)  when  using  the  neighbor  lists. 
Therefore,  the  complexity  of  precise  contact  detection  is  decreased  from  0(N2)  to 
0(CnbN). 

To  keep  up  with  the  motion  of  the  particles  inside  the  simulation  domain,  the 
neighbor  lists  are  updated  periodically.  The  interval  for  updating  the  neighbor  lists 
is  determined  by  the  size  of  the  neighborhood,  accounting  for  the  highest  possible 
velocity  of  the  particles  in  the  system.  In  our  implementation,  let  dr™ai  be  the 
maximum  moving  distance  of  all  particles  for  integration  time  step  tn.  Assume  U  is 
the  time-step  for  the  last  updating  of  the  neighbor  lists.  At  time-step  tj,  when 

I>rx>^r,  (2.29) 

n=i  Zl 

where,  rnb  is  the  radius  of  our  neighborhood  sphere,  then  the  neighbor  lists  need  to 
be  updated  again.  For  the  algorithm  described  in  Appendix  A,  the  computational 
complexity  for  updating  the  neighbor  lists  is  still  0(N2).  For  example,  in  Figure  2.5, 
the  neighbor  list  for  sphere  (i)  (here  i  —  1)  will  have  rows  of  data  for  spheres  (4),  (5) 
and  (6)  after  the  updating.  More  details  on  the  updating  and  the  implementation 
of  the  linked-lists  in  the  simulation  code  can  be  found  in  Appendix  A. 

The  use  of  the  bounding  box  algorithm  to  perform  the  preliminary  collision 
detection  has  also  been  implemented  in  our  simulation  code  (see  Cao  [1996]).  The 
bounding  box  algorithm  is  proposed  by  Cohen  et  al.  [1994]  and  Baraff  [1995]  to 
determine  approximate  collisions  between  arbitrarily  shaped  objects.  The  bounding 
box  for  a  particle  [A]  is  a  parallelepiped  with  its  edges  aligned  with  the  axes  of  the 
Cartesian  coordinate  system  x,  y,  z,  and  contains  particle  [A]  tightly  inside.  The  fol- 
lowing three  intervals  characterize  the  bounding  box  of  particle  [A]:  ( [A]Xt ,   [A]XU  ), 
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([A]Vi,  [A]Vu )  and  ( [A)Zi ,  [A]ZU  ),  where  [^rr, ,  [ajI/j  ,  and  [^i  are  the  coordinates 
of  the  lower-bound  corner  of  the  bounding  box,  [a]Xu  ,  [a]Vu  >  and  \a]Zu  the  coordi- 
nates of  the  upper-bound  corner.  Therefore,  for  a  system  of  N  particles,  there  are 
iV  intervals  in  x,  y,  and  z  directions,  respectively,  to  represent  the  bounding  boxes 
of  these  N  particles.  If  any  two  of  the  particles  collide,  or  possibly  going  to  collide, 
their  bounding  boxes  must  be  overlapped  in  three  directions  simultaneously. 

Remark  2.5.  Even  though  we  use  the  bounding  box  algorithm  in  our  simu- 
lations for  the  preliminary  contact  detection  for  spherical  particles  (nonspherical 
particle  are  represented  by  clusters  of  spheres),  the  bounding  box  algorithm  can  be 
applied  equally  well  to  nonspherical  particles.  Thus,  in  the  discussion  that  follows, 
we  think  in  terms  of  general  nonspherical  particles,  unless  specifically  indicated 
otherwise.  In  our  code,  the  bounding  box  algorithm  is  applied  to  spheres  only.       I 

The  bounding  box  algorithm  for  the  preliminary  contact  detection  begins  as 
follows.  First,  we  keep  the  N  lower  bounds  and  the  N  upper  bounds  of  the  bound- 
ing boxes  along  one  direction  (x,  or  y,  or  z)  in  one  array.  Using  heap  sort,  we 
rearrange  these  2iV  numbers  in  one  array  from  small  to  large.  There  are  three  such 
sorted  arrays,  one  for  each  direction.  The  computational  effort  for  the  sorting  is 
0(N  log(N)).  Since  in  any  one  of  the  three  sorted  arrays,  the  lower-bound  point  of 
a  bounding  box  interval  is  always  with  a  coordinate  smaller  than  that  of  the  upper- 
bound  point,  the  lower-bound  point  is  always  placed  before  the  upper-bound  point 
in  a  sorted  array.  The  following  algorithm  is  used  to  construct  the  neighbor  sets 
of  all  particles  by  looking  at  the  overlapping  of  the  bounding  boxes.  Designate  a 
sorted  array  contains  the  coordinates  of  lower-bound  points  and  upper-bound  points 
of  bounding  boxes  in  one  direction  (either  x,  or  y,  or  z)  as  the  array  B.  Let  S  be  a 
stack  used  to  construct  the  neighbor  set  of  a  given  particle.  The  following  algorithm 
is  use  to  construct  the  neighbor  sets  of  all  particles  in  a  given  direction. 
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Algorithm  2.1:  Construction  of  neighbor  sets 

Initialize  stack  S  to  be  empty,  i.e.,  S  =  {}  ; 
for  (k=l,  k<=2N,  k++) 

{  if  (B[k]  is  a  lower-bound  point) 
{ 

1.  Find  the  corresponding  particle  [A]  (with  label  A)  ; 

2.  Copy  all  particles  listed  in  the  stack  S  into 

the  neighbor  set  for  particle  [A]  ; 

3.  Add  particle  [A]  to  the  stack  S  ; 
} 

else   /*  B[k]  is  an  upper-bound  point  */ 
{ 

1.  Find  the  corresponding  particle  [A]  ; 

2.  Remove  particle  [A]  from  the  stack  S  ; 
} 

} 

Remark  2.6.  In  words,  the  construction  of  the  neighbor  sets  of  the  parti- 
cles for  one  direction  can  be  described  with  the  aid  of  Figure  2.6  (which  actu- 
ally represent  a  worst  case).  The  sorted  array  B  of  lower/upper-bound  (LUB) 
points  can  be  visualized  in  Figure  2.6.  Loop  over  these  LUB  points  from  small 
to  large.  If  an  LUB  point  is  a  lower-bound  point,  then  the  neighbor  set  of  the 
particle  corresponding  to  that  point  contains  all  particles  having  the  lower-bound 
points  smaller  than  the  current  lower-bound  point,  except  for  those  particles  hav- 
ing their  upper-bound  points  that  are  also  smaller  than  the  current  lower-bound 
point.  If  an  LUB  point  is  an  upper-bound  point,  we  no  longer  consider  the  cor- 
responding particle  in  the  construction  of  the  neighbor  sets  of  subsequent  parti- 
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cles.  Thus  for  the  example  in  Figure  2.6  (a  worst  case),  the  neighbor  sets  are 
C[3]  =  {},    C[4]  =  {3},    C[5]  =  {3,4},   C[2]  =  {3,4,5},   C[l]  =  {2,3,4,5}  .      I 

In  the  end,  each  particle  has  three  temporary  neighbor  sets,  one  set  for  each  direc- 
tion. Then,  by  scanning  the  three  neighbor  sets  of  a  given  particle,  say,  particle  [A], 
any  particle  that  belongs  to  three  sets  is  identified  as  a  neighbor  particle  to  particle 
[A]. 

From  the  algorithm  above,  we  can  see  that  label  of  every  particle  will  be  inside 
the  stack  S  before  it  is  removed  from  the  stack,  since  the  lower-bound  point  for  a 
particle  appears  before  its  upper-bound  point  in  a  sorted  array.  The  particles  in  the 
stack  S  are  those  that  overlap  the  current  particle  [A]  for  which  B[k]  is  the  lower- 
bound  point  of  its  bounding  box  in  the  given  direction.  Therefore,  the  computational 
complexity  of  the  search  for  neighbor  particles  can  be  evaluated  as  follows: 

1.  The  basic  operation,  i.e.,  the  loop  over  all  2N  elements  in  a  sorted  array,  and 
this  for  three  arrays,  requires  O(N). 

2.  Additional  computational  efforts  for  putting  all  the  particles  listed  in  the  stack 
into  the  temporary  neighbor  sets,  for  each  particle,  require  C(CX  +  Cy  +  Cz) 
with  Cx,  Cy,  and  Cz  being  the  numbers  of  total  overlappings  in  x,  y,  and  z 
direction,  respectively. 

The  computational  complexity  of  the  search  for  neighbor  particles  using  the 
bounding  box  algorithm  is  0(N  +  Cx  +  Cy  +  Cz).  In  the  worst  case  when  the 
particles  are  aligned  in  one  direction  and  every  particle  overlaps  with  all  other  par- 
ticles, such  as  the  case  shown  in  Figure  2.6,  the  total  number  of  overlappings  is 
Cx  +  Cy  +  Cz  w  iV2.  The  worst  case  computational  complexity  for  the  bounding 
box  algorithm  is  then  0(N2).    In  a  sparse  particle  system,  the  total  number  of 
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overlappings  could  be  less  than  JV,  the  best  case  computational  complexity  for  the 
search  for  neighbor  particles  using  the  bounding  box  algorithm  is  O(N).  Certainly, 
we  need  0(N  log(N))  computational  effort  to  initialize  the  sorted  arrays  for  the 
bounding  boxes.    In  some  cases  of  our  simulations,  the  sizes  of  all  particles  are 
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large 


[3]Xl     [4]Xt     [5]Xt     [2]2f      [i]X[     [3]XU     [4]XU     [i]Xu      [5]XU     [2}XU 

Array  B 
Figure  2.6.  Worst  case  for  bounding  box  algorithm 


roughly  the  same,  and  the  particles  are  relatively  densely  packed  in  a  3D  paral- 
lelepiped simulation  domain,  whose  edges  have  dimensions  of  similar  order.  The 
average  number  of  overlappings  of  one  particles  to  all  other  particles  in  one  direc- 
tion is  then  0(N*)  (see  Figure  2.7),  and  therefore  the  total  number  of  overlappings 
for  all  will  be  Cx  +  Cy  +  Cz  «  0(3  N  JVi)  =  O(Nl).  Hence  for  these  cases,  the 
computational  complexity  for  the  search  for  neighbor  particles  using  the  bounding 
box  algorithm  is  0(N3). 
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Figure  2.7.  For  a  cube  densely  packed  with  particles,  the  number  of 
particles  in  each  direction  is  roughly  N* . 


When  we  need  to  update  the  neighbor  lists  of  the  particles,  it  is  a  necessary 
to  update  the  sorted  arrays  for  the  bounding  boxes  first.  Assume  that  the  displace- 
ments of  the  particles  are  small  between  the  updates;  in  this  case,  at  each  update, 
the  three  arrays  for  the  bounding  boxes  are  almost  in  the  state  of  being  sorted. 
Therefore,  these  arrays  can  be  sorted  by  using  the  bubble  sort  algorithm  with  a 
computational  effort  of  O(N). 


CHAPTER  3 
THEORIES  OF  CONTACT  MECHANICS 


The  theories  of  contact  mechanics,  including  Hertz  theory  (Hertz  [1882]  and 
Johnson  [1985])  and  Mindlin  and  Deresiewicz  theory  (Mindlin  and  Deresiewicz  [1953] 
and  Mindlin  [1949]),  are  introduced  in  this  chapter.  Hertz  theory  of  contact  me- 
chanics deals  with  the  contact  between  two  elastic  objects  subject  to  contact  forces 
in  the  normal  direction  of  the  contact  surface;  Mindlin  and  Deresiewicz  theory  gives 
theoretical  solution  for  limited  loading  cases  of  the  elastic  frictional  contact  between 
two  spheres  subject  to  contact  forces  in  a  tangential  direction.  These  theories  of 
contact  mechanics  are  the  theoretical  foundation  of  lots  of  the  existing  FD  models 
used  in  DEM  simulations  and  they  are  also  very  important  to  the  construction  of 
the  FD  models  we  developed. 

3.1.  Hertz  Theory 

Figure  3.1  depicts  the  contact  between  two  spheres  subjected  to  normal  load 


P.  Let's  define  the  equivalent  elastic  modulus  E*  and  the  equivalent  contact  curva- 
l_ 
~R* 


ture  —  as  the  following: 


and 


r  :=  (IzjjiL+lzJipf  ,  (3.i) 


1       (  1        1  \ 

+  -715-     •  (3-2) 


R*        \  (i)R      u)R 
where   ^)R  is  the  radius  of  sphere  i,   ^v  and   ^E  are  the  Poisson's  ratio  and 
Young's  modulus  of  the  material  of  sphere  i,  respectively.    Similarly  ^R,   (j)U , 
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sphere  i 
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Figure  3.1.  Two  spheres  in  contact,  subjected  to  normal  load  P. 


and  (j)E  are  those  of  sphere  j.  The  contact  area  is  circular,  with  a  radius  of  a 
(see  Figure  3.2(a)).  Hertz  proposed  that  on  the  contact  surface,  the  distribution  of 
normal  pressure  p  is  axisymmetric  and  shaped  as  half  of  an  ellipse.  At  a  point  A  in 
the  contact  area,  with  a  distance  of  r  from  the  center  O  of  the  contact  area  s,  the 
normal  pressure  p(r)  can  be  expressed  as 


p(r)  =  pT{ 


rv3 

a) 


1/2 


(3.3) 


where  pm  is  the  maximum  normal  pressure  at  r  =  0.    By  integrating  p  over  the 
contact  area,  we  obtain 


P   =    Ipm™2  . 


■y 


(3.4) 
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(a)  Circular  contact  area,  Section  B-B  is  a 
contact  area  diameter.  Point  A  6  s. 


(b)  Hertz  normal  pressure  p  at  Section  B- 
B. 


Figure  3.2.  Contact  area  and  Hertz  pressure. 


By  rearranging  (3.4),  we  arrive  at 


Prn    = 


3P 

2na2 


(3.5) 


Figure  3.2(b)  depicts  the  distribution  of  Hertz  normal  pressure  at  a  diameter  cross 
section  of  the  contact  area. 

Hertz  also  found  that  the  radius  a  of  the  contact  area  can  be  expressed  as 
(Johnson  [1985,  Eq.(4.22)]) 

{3PR*\1/3 


a  =  tlF-J     ' 


(3.6) 


and  the  approach  of  distant  points  on  the  two  spheres  can  be  expressed  as  (Johnson 
[1985,  Eq.(4.23)],  see  also  Appendix  D) 


(ij)a   =   (i)a  +  U)a   = 


9P 


2  \l/3 


R*        VioT^*)2, 
Introducing  (3.6)  to  (3.5),  we  obtain 

3P  [6P(E*)2V/3 


(3-7) 


Pm    = 


2-ira2         \  7r3(i?*)2 


(3.8) 
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For  the  special  case  of  two  identical  spheres  in  contact,  with  ^R  =  (j)R  =  R, 

(i)E  =  (j)E  —  E,  and  (j)V  =  ^v  =  v.  The  equivalent  Young's  modulus  by  (3.1)is 

E  R 

E*  —  r~- rr  and  the  radius  of  relative  contact  curvature  by  (3.2)  is  R*  =  — . 

2(1  -  v2)  J  v      '  2 

Therefore,  the  radius  a  of  the  circular  contact  area  (by  (3.6))  can  be  expressed  as 


[3PR(l-v2Y 


t/3 


°  "  {      \e      )     •  <3'9> 

and  the  normal  displacement  ^a  as1 

2  a2        n  /9P2(1-^)2\1/3  ,        s 

Note  that  the  contact  between  a  deformable  sphere  and  a  frictionless  rigid  surface 
is  equivalent  to  the  contact  between  two  identical  spheres  by  symmetry.  But  the 
normal  displacement  are  different.  The  normal  displacement  of  a  contact  between 
a  deformable  sphere  and  a  rigid  surface  is  only  half  of  that  of  an  equivalent  contact 
between  two  identical  spheres.  Therefore,  in  application  to  the  contact  between  a 
sphere  and  a  rigid  surface,  the  equation  (3.10)  need  to  be  modified. 

Hertz  theory  assumes  that  the  contact  area  is  much  smaller  than  the  size  of 
the  spheres,  i.e.,  a  <  ^R  and  a  <  ^R.  Therefore,  the  stress  distribution  inside 
the  sphere  can  be  obtained  by  considering  concentrated  forces  applied  to  a  elastic 
half  space.  The  stress  along  the  z-axis  (the  axis  that  passes  through  centers  of  the 
spheres  and  the  center  of  the  contact  area,  as  shown  in  Figure  3.1)  thus  can  be 
expressed  as 


ar  =  oQ  =  -pm  {  (1  +  v) 
and 


z  ,  fa 

1  -  -  tan'1    - 

a  \z 


z2' 


(3.11) 


-Pm\l  +  ~2\       .  (3.12) 


1    When  the  two  spheres  in  contact  are  identical,  there  are  ^R  =  (j).ft  =  R,  and  we  have 
R*  =  R/2,  and  thus  formula  (3.10)  has  the  factor  2  as  in  the  right  side. 
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Plastic  deformation  occurs  when  the  normal  contact  force  P  exceeds  the  in- 
cipient yield  force  PY.  According  to  the  von  Mises  criterion,  yield  occurs  at  points 
in  the  material  at  which  the  second  invariant  of  the  stress  deviator  satisfies 

*  -  ^  .  (3-13) 

where  ay  is  the  material's  yield  stress  under  uniaxial  tension.  The  invariant  J2  can 


be  expressed  as 


h  =  g[(a!  -  o2)2  +  (ct2  -  a3)2  +  (a3  -  <?i)2]  ,  (3.14) 


where  Ci,  cr2,  and  a3  are  principal  stresses.  Given  that  (3.11)  and  (3.12)  are  the 
principal  stresses  along  the  z  axis  for  the  contact  between  two  spheres,  we  substitute 
(3.11)  and  (3.12)  into  (3.14)  to  obtain 


J2  =  \(Pm)2{ 


z .        1/0M       3  /        z 


~       —  1 
1 tan 

a 


2\-i 


3 


+  2'1  +  fl2/       '  (3.15) 


For  a  given  normal  force  P,  the  maximum  normal  stress  on  the  contact  surface 
is  a  constant  and  thus  the  invariant  J2  is  a  function  of  the  ratio  z/a.  As  a  first  step 
in  solving  for  the  maximum  value  of  J2,  we  take  the  derivative  of  J2  with  respect  to 
{z/a)  and  thus  we  have 

where  the  notation  J'2  should  not  be  confused  with  the  second  invariant  of  the  stress 
deviator  itself.  We  determine  the  point  of  first  yield,  i.e.,  the  point  with  maximum 
value  of  J2,  by  solving 

J2  =  0  .  (3.17) 

For  material  with  Poisson's  ratio  v  =  0.3,  the  point  with  maximum  value  of 
J2  is  found  to  be  at 

z  =  zY  =  0.48086  a  .  (3.18) 
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J2  Jo 


(Pm)2'    (Pm)2 

Figure  3.3.  Second  invariant  of  stress  deviator  J2  along  the  z-axis  in 
normal  contact,  only  for  v  =  0.3. 

Substituting  (3.13)  and  (3.18)  into  (3.15),  we  obtain  the  maximum  normal  pressure 
pm<Y  on  the  contact  surface  at  the  incipient  yield 


Pm,Y  =  AY{u)aY  , 
where  AY(v)  is  a  constant  determined  by  the  Poisson's  ratio  v 

AY(u)  =  . 


(3.19) 


(Pm¥ 


(3.20) 


3  {J2)z=zY 

For  v  =  0.3,  Ay (0.3)  it  1.613;  for  v  =  0.4,  Ay (0.4)  ~  1.738.  Figure  3.3  shows  the 
value  of  invariant  J2  along  the  z-axis  for  v  —  0.3. 

Considering  that  at  the  incipient  yield,  the  maximum  normal  stress  on  the 
contact  surface  still  follows  Hertz  theory,  we  substitute  pmy  in  (3.19)  using  (3.8)  to 
obtain 


7T3  {R*f  (1  -  !/»)»  3 

Py  ~  6^ Ay°y- 


(3.21) 
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We  note  that  the  first  yield  does  not  occur  at  the  contact  surface,  but  at  a 
point  on  the  z-axis  that  is  about  one-half  the  contact  area  radius  above  the  contact 
surface.  The  elasto-plastic  FEA  results  by  Vu-Quoc  and  Lesburg  [1998]  did  show 
that  the  yield  starts  not  at  a  point  on  the  contact  surface  but  inside  the  sphere. 

In  an  elastic  normal  collision  between  a  sphere  and  a  rigid  surface,  the  force- 
displacement  relation  during  the  collision  can  be  described  using  Hertz  theory  as  if 
there  is  a  nonlinear  spring  acting  between  two  objects;  the  duration  of  the  collision 
is  given  by  (Timoshenko  and  Goodier  [1970],  and  also  Walton  [1993]) 

where  r  is  the  contact  time  during  the  collision,  p  the  density  of  the  sphere  material, 
and  vin  the  incoming  velocity.  Relation  (3.22)  between  the  contact  duration  time 
r  and  the  incoming  velocity  vin  for  elastic  collisions  is  validated  by  Walton  [1993] 
using  dynamic  FEA. 

3.2.  Mindlin  and  Deresiewicz  Theory 


3.2.1.  Under  Constant  Normal  Force 

The  problem  of  two  elastic  spheres  in  contact  subjected  to  a  constant  normal 
force  and  a  varying  tangential  force  was  first  considered  by  Cattaneo  [1938]  and 
later  independently  by  Mindlin  [1949]. 

Consider  two  different  spheres  initially  subjected  to  only  a  normal  force  P. 
While  holding  the  normal  force  constant,  we  add  a  tangential  force  Q  to  the  spheres, 
as  shown  in  Figure  3.4.  The  expressions  for  the  radius  a  of  contact  area,  normal 
displacement  a,  etc.,  all  follow  Hertz  theory  (Section  3.1),  i.e.,  (3.6)  and  (3.7). 
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Figure  3.4.    Two  spheres  in  contact  and  subjected  to  normal  and 
tangential  forces. 


Depending  on  the  normal  force  P,  we  have  two  kinds  of  loading  cases  to  consider: 
(i)  normal  contact  force  P  constant,  and  (ii)  normal  contact  force  P  varying. 

Let  Q  and  Q'  be  the  tangential  contact  forces  before  and  after  an  increment 
of  tangential  displacement  AS,  respectively.  The  relationship  between  Q  and  Q'  is 
given  by  the  following  incremental  formula 


Q'  =  Q  +  KTAS  , 


(3.23) 


where  KT  denotes  the  tangential  stiffness  coefficient  at  the  current  increment  step, 
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which  is  computed  according  to  Mindlin  and  Deresiewicz  [1953]  as  follows  (see  Fig- 
ure 3.5) 


KT  =   I 


(        O-0*\1/3 
KTJl  ~     2  p    J  for  Q  increasing^)  and  \Q\  <  \Q*\ 

(     qV/3 

Kt,q  I  1  -  ^p  J  for  Q  increasing^)  and  \Q\  >  \Q*  | 

/        Q*-Q\1/3 
KT,o  ( 1  -     2  p    J  for  Q  decreasing(\)  and  \Q\  <  |Q*<)3.24) 


KT,o    1H — p  )  for  Q  decreasing(\)  and  \Q\  >  \Q* 


In  (3.24),  Q*  is  the  tangential  force  at  the  last  turning  point  in  the  loading  history 
(see  Figure  3.5),  /x  the  coefficient  of  friction,  and  KTfi  the  initial  tangential  stiffness 
determined  by 

where,  G\  and  G2  are  the  shear  moduli  of  the  two  spheres,  respectively.  Clearly, 
the  initial  tangential  stiffness  KTfi  is  dependent  on  the  normal  loading  P,  since  the 
contact  radius  a  is  a  function  of  P  according  to  (3.6). 

Thus  energy  is  dissipated  due  to  friction  even  for  elastic  contact.  This  dis- 
sipation of  energy  is  caused  by  the  micro  slips  on  the  contact  surface  as  discussed 
in  Mindlin  and  Deresiewicz  [1953].  In  the  present  paper,  we  focus  on  the  Q  vs.  8 
relationship  for  granular  flow  simulations. 

3.2.2.  Under  Varying  Normal  Force 

In  contact  problems,  the  normal  force  does  not  in  general  remain  constant. 
Mindlin  and  Deresiewicz  [1953]  proposed  an  incremental  solution  for  the  frictional 
elastic  contact  of  two  identical  spheres  that  are  subjected  to  varying  normal  and 
tangential  forces.  Mindlin  and  Deresiewicz  [1953]  theory  for  elastic  frictional  contact 
is  limited  to  the  so-called  "simple  loading"  histories  and  includes  eleven  loading 
cases. 
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OnE  ->  F  : 

KT  -- 

■*-(»- W 

On  O  ->  A  : 


*  ■  *™  ('  ^  £) 


1/3 


On  A  -*  L>  : 

KT  -- 

OnD 


/        -ON1/3 

if,  =  jf„  (i  -  J) 


Figure  3.5.   Q  vs.   S  curve  and  Tangential  stiffness  KT  for  constant 
normal  load  P. 


Remark  3.1.  The  "simple  loading"  histories  (to  be  explained  shortly)  are  based 
on  the  sixth  assumption  (rule  no.6)  in  Mindlin  and  Deresiewicz  [1953].  Any  step 
of  a  "simple  loading"  history  begins  with  an  equilibrium  position,  for  which  the 
distribution  of  traction  is  equivalent  to  a  state  of  P  constant  and  Q  varying  case. 
The  effects  of  a  change  in  the  state  of  loading  are  obtained  by  advancing  to  the 
desired  state  through  a  sequence  of  equilibrium  positions,  and  the  final  distribution 
of  traction  is  equivalent  to  another  state  of  P  constant  and  Q  varying  case.  In  the 
case  where  P  is  increasing  and  Q  is  increasing,  for  the  loading  to  remain  simple, 
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it  is  required  that  \AQ\  >  /x|AP|.  Similarly  for  the  case  where  both  P  and  Q  are 
decreasing,  "simple  loading"  requires  that  |AQ|  >  //|AP|.  I 

We  briefly  review  below  four  of  the  eleven  loading  cases  discussed  in  Mindlin  and 
Deresiewicz  [1953]. 

1.  P  increasing,  Q  increasing. 


Figure  3.6.  TFD  curves  for  P  increasing,  Q  increasing. 


Let  AP  and  AQ  be  increments  of  the  normal  force  P  and  of  the  tangential  force 
Q,  respectively.  The  state  before  the  change  of  loading  is  {P0,  QQ,  60},  i.e.,  state 
©  shown  in  Figure  3.6.  Assume  that  the  loading  history  before  state  ®  is  a  simple 
loading  history,  we  first  increase  the  normal  force  from  PQ  to  Px  =  P0  +  AP,  then 
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increase  the  tangential  force  from  Q0  by  an  increment  AQ.  There  are  two  subcases: 
AQ  >  nAP  and  AQ  <  fiAP. 

For  AQ  >  fiAP,  the  tangential  force  increment  AQ  is  decomposed  into  two 
parts:  AQ  =  AQ0i  +  AQ12,  with  AQ0i  =  (iAP.  When  both  AP  and  AQ  are  very 
small  (AP  ->  0,  AQ  -»  0),  the  tangential  stiffness  for  the  first  part  of  the  increment 
is  the  same  as  the  initial  tangential  stiffness  for  P  constant  loading  case,  i.e., 

(Kt)oi  =  (Kt,o)p=p0  •  (3.26) 

The  state  O  reached  at  the  end  of  increment  AQ0i  (first  part)  is  equivalent  to  a 
state  of  an  initial  loading  case  for  constant  P  =  Pl.  Then  the  tangential  stiffness 
for  the  second  part  of  the  increment  follows  the  constant  P  case,  i.e.,  by  (3.24)2,  we 
have 

(#r)i2  =  (tfr,o)/>=*  (l  -  ^)       ,  (3.27) 

where  Qi  =  Q0  +  AQ0i  =  Q0  +  fiAP  as  shown  in  Figure  3.6.  Therefore,  at  state  0 
Q2     =     Qo  +  vAP  +  (KT)l2A5l2 

=    Qo  +  ^AP  +  (Kt)u(a5--  -} 


(KTfi) 


P=Po. 


and 


82     =     S0  +  A5  =  S0  +  ASoi  +  A8U 

=     Sp  I        ^AP       |  AQ  ~ //AP  (3-29) 

(KT,o)p=p0  (KT)  12 

For  AQ  <  /iAF,  the  tangential  force  increment  AQ  is  not  large  enough  to 

complete  the  transition  from  state  ©  to  state  O  shown  in  Figure  3.6.  We  have  the 

following  FD  relationship  for  this  subcase 

Q'  =  Q0  +  (KTfi)p=p0A5  ,  (3.30) 

where  A5  <  A601  =  — — .   This  state  is  not  equivalent  to  a  virgin  state  of 

{^Tfi)P=P0 

tangential  loading  under  P  constant;  the  loading  history  after  this  loading  increment 
is  no  longer  a  simple  loading  history. 
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2.  P  decreasing,  Q  increasing. 

Now  consider  the  case  where  AP  <  0  and  AQ  >  0.  The  state  before  the  change  of 
loading  is  {P0,  Q0,  50},  i.e.,  state  ®  ,  which  is  assumed  to  be  one  state  of  a  simple 
loading  history;  see  Figure  3.7. 

/ 
Kt,o 


11   AQ23  =  AQ 


AQoi  =  - AQ12  =  /*AP,  (AF  <  0) 


<Jl       Jq  ^2       <^3 


Figure  3.7.  TFD  curves  for  P  decreasing,  Q  increasing. 


When  |AQ|  ->  0  and  |AP|  ->  0,  the  final  state  after  the  loading  increment 
(i.e.,  state  ©  in  Figure  3.7)  is  attained  from  the  initial  state  ©  after  a  sequence  of 
intermediate  states:  ©Apply  the  increment  P0  ->  Px  =  P0  +  AP  (AP  <  0)  and 
Qo  ->•  Q\  =  Qo  +  AQ0i  =  Q0  +  /j,AP  to  go  from  state  ®  to  state  O  as  shown  in 
Figure  3.7.    The  tangential  stiffness  for  this  transition  is  the  same  as  that  in  the 
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initial  loading  under  constant  normal  force  P  =  P0.  Therefore, 

<Ji  =  80  +  A<50i  =  S0  +  —^— (AP  <  0)  .  (3.31) 

{J^Tfi)p=P0 

®Go  from  state  O  to  state  0  by  holding  P  =  Px  constant,  and  by  increasing  the 
tangential  force  from  Qx  to  Q2  =  Q0  (see  Figure  3.7).  The  tangential  stiffness  for 
this  transition  is  the  same  as  the  tangential  stiffness  for  the  case  of  P  constant  and 
Q  increasing,  evaluated  at  the  state  P  =  Pi  and  Q  =  Qv  From  (3.24)2,  we  have 
the  tangential  stiffness 

(Ajp)n  =  (Kt,o)p=Pi  (l  -  ^)       ,  (3.32) 

and  therefore  the  tangential  displacement 

62  =  Sx  +  ASl2  =61  +  r^—  (AP  <  0)  .  (3.33) 

\At)\i 

®Go  from  state  @  to  state  ©  by  holding  P  =  Px  constant,  and  by  increasing 
the  tangential  force  from  Q2  =  Q0  to  Q3  =  Q0  +  AQ  (see  Figure  3.7).  This 
transition  follows  the  case  of  P  constant  and  Q  increasing,  with  the  tangential 
stiffness  evaluated  at  P  =  Px  and  Q  =  Q0.  Therefore 

63  =  S2  +  A823  =  52  +  —Q—  ,  (3.34) 

{KT)23 


where  the  tangential  stiffness  (KT)23  is  determined  by  (3.24)2  to  yield 

(3.35) 


{Krhz  =  (KT,o)p=pl  ( 1 —  1 


Finally,  combining  (3.31),  (3.33),  and  (3.34),  the  tangential  force-displacement  re- 
lationship is  expressed  as  follows 

Qz      =      <5o  +  (#r)23A523 

=     <2o  +  (#r)23(A5-A£oi-A512) 

\  {X-T,o)P=Po  {KT)i2   / 
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and 

.  fiAP  -fiAP        AQ 

Note  that  after  the  transition  from  state  ©  to  state  O  ,  subsequent  transitions 
from  state  O  to  state  0  and  to  state  ©  were  executed  under  the  the  constant  normal 
load  P  -  Pi.  Therefore,  if  the  loading  history  before  the  loading  increment,  i.e., 
P  decreasing  and  Q  increasing,  is  a  simple  loading  history,  then  the  loading  history 
after  the  loading  increment  remains  a  simple  loading  history. 

3.  P  increasing,  Q  decreasing. 

Consider  now  the  case  where  AP  <  0  and  AQ  >  0.  The  state  before  the  change 
of  loading  is,  i.e.,  state  ®  ,  {P0,  Qo,  M>  as  shown  in  Figure  3.8.  Assume  that  the 
state  ©  is  a  state  of  a  simple  loading  history.  In  this  case,  the  state  ©  is  equivalent 
to  a  state  on  a  TFD  curve  with  P  =  P0  constant,  and  with  the  turning  point  Q*Q, 
and  with  an  unloading  tangential  force  evaluated  at  Q  =  Q0;  see  the  solid  line  in 
Figure  3.8.  The  value  of  turning  point  tangential  force  Q*Q  is  determined  by  the 
loading  history  before  the  system  reaches  state  ©  .  For  initial  (virgin)  loading,  Q* 
is  set  to  be  zero.  When  Q  changes  direction,  i.e.,  either  from  increasing  to  decreasing 
or  from  decreasing  to  increasing,  Q*  is  set  to  be  the  value  of  the  tangential  force  Q 
of  previous  time  step.  For  all  other  cases,  Q*  of  the  current  time  step  is  set  to  be 
the  same  as  Q*  of  previous  time  step. 

We  first  increment  the  normal  force  to  Pj  =  P0  +  AP,  AP  >  0.  Next,  we 
decrement  the  tangential  force  by  the  amount  |AQ|.  Depending  on  the  magnitude 
of  AQ,  we  observe  two  subcases:  AQ  <  -//AP  and  AQ  >  -//AP.  (Equivalently, 
the  two  cases  may  be  stated  as  |AQ|  >  /j|AP|  and  |AQ|  <  //|AP|,  the  first  of  which 
is  the  criterion  for  a  simple  loading  history.) 
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Figure  3.8.  TFD  curves  for  P  increasing,  Q  decreasing. 

For  AQ  <  -//AP,  we  decompose  the  tangential  force  increment  AQ  into 
two  parts:  AQ  =  AQ01  +  AQ12,  with  AQ0i  =  -/iAP.  After  the  application  of 
the  first  part  of  AQ,  .e.,  AQ0i,  the  system  goes  from  state  ®  to  state  O  with  the 
same  tangential  stiffness  KT,o  as  that  for  a  virgin  tangential  loading  under  P  —  P0 
constant;  see  Figure  3.8.  Therefore,  the  state  O  represented  by  {Px,  Q1?  St}  is 
related  to  state  ®  as  follows 


P  =  P0  +  AP  , 


(3.38) 


Qi  =  Qo  +  AQ01  =  Qo-  /iAP 


Si  =  SQ  +  ASqi  =  S0  + 


-/iAP 
{Kt,o)p=p0 


(3.39) 
(3.40) 
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State  O  is  a  state  on  a  simple  loading  history  that  corresponds  to  a  TFD  curve  with 
P  =  Pi  constant,  and  with  the  turning  point  Q*  =  QJ+//AP,  and  with  an  unloading 
tangential  force  evaluated  at  Q  =  Qx.  When  the  second  part  of  the  tangential  load 
increment  (i.e.,  AQ12)  is  applied,  the  system  goes  through  a  transition  from  state 
O  to  stat  0  following  the  unloading  path  of  the  TFD  curve  with  P  =  Px  constant; 
see  the  dotted  line  in  Figure  3.8.  The  tangential  stiffness  for  this  transition  is 
obtained  from  (3.24)3  as  follows 

(KT)n  =  (KT,0)P=Pl  (l  -  %^y3  ■  (3.41) 

The  TFD  relationship  is  then  expressed  as  (AP  >  0,  AQ  <  0) 

r  r       a  r  c         AQ12  .       AQ  +  uAP 

S2  =  6,+  A8l2  =  <?!  +  —2±L  =  Si  +  ^7—^ •  (3.42) 

(A7J12  l-ttT)l2 

Combining  (3.40)  and  (3.42),  we  obtain 

Q2     =     Q0  +  AQ01  +  AQ12 

=     Q0  -  uAP  +  (KT)12A5l2 

-//AP    \ 


=     Qo-fiAP+(KT)l2[A6 


(3.43) 


(Kt,o) 


P=Po. 


and 


{H-T,o)p=p0  \&T)n 


(3.44) 


For  the  subcase  in  which  AQ  >  -//AP,  i.e.,  |AQ|  <  //|AP|,  the  tangential 
force  decrement  is  not  large  enough  to  complete  the  transition  from  state  ®  to 
state  O  shown  in  Figure  3.8.  The  final  state  of  this  case  of  loading  increment  lies 
somewhere  between  state  ©  and  state  O  of  Figure  3.8.  Therefore,  we  have  the 
following  FD  relationship 

Q'  =  Qo  +  (KTfi)P=PoAS  ,  (3.45) 

where  \AS\  <  \A501\  =  — — .  Since  this  state  is  not  equivalent  to  a  state  in 

\ft-Tfl)P=P0 

which  P  is  constant  and  Q  is  unloading,  the  loading  history  after  this  step  of  loading 
increment  is  no  longer  a  simple  loading  history. 
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After  this  step  of  loading  increment,  the  value  of  turning  point  tangential  force 
is  updated  as  Q\  =  Q*+  //AP. 

4.  P  decreasing,  Q  decreasing 

Consider  now  the  case  in  which  AP  <  0  and  AQ  <  0.  Before  the  loading  increment, 
the  system  is  at  state  ®  represented  by  {P0,  Qo>  <$o}>  and  assumed  to  be  a  state  on  a 
simple  loading  history  in  which  P  =  P0  constant  and  the  unloading  tangential  force 
is  evaluated  at  Q  =  Q0  after  the  turning  point  QI  (see  the  solid  line  in  Figure  3.9). 
The  turning  point  Q*0  is  determined  as  described  above.  To  proceed,  we  first  decrease 
the  normal  force  from  P0  to  Pi  =  P0  + AP  (AP  <  0).  Depending  on  the  magnitudes 
of  AQ  and  AP,  there  are  three  subcases:  (a)  Q0  <  Q*Q  +  2/iAP  (this  subcase  is 
shown  in  Figure  3.9).  When  Q0  >  Q*0  +  2//AP,  we  have  the  following  two  subcases: 
(b)  Ql  +  2//AP  <Qo<Q*0  +  //AP  (shown  in  Figure  3.10);  and  (c)  Q*  +  //AP  <  Q0 
(shown  in  Figures  3.11  and  3.12). 

For  the  subcase  (a)  in  which  Q0  <  Ql  +  2/iAP,  the  final  state  ©  shown  in 
Figure  3.9  is  reached  after  a  sequence  of  state  transition  starting  from  state  ©  as 
follows. 

©Decrease  the  normal  load  from  P0  to  P1  =  P0  +  AP(AP  <  0).  The  system 
goes  from  state  ®  to  state  O  as  shown  in  Figure  3.9.  State  O  ,  represented  by 
{Pi,  Qi,  8i},  corresponds  to  a  state  on  a  virgin  TFD  curve,  with  P  =  Px  constant, 
and  with  an  unloading  tangential  force  evaluated  at  Q  =  Qi  =  Q0  -  //AP  after 
a  updated  turning  point  value  Q\  =  Q*Q  +  //AP  (see  Figure  3.9).  The  tangential 
stiffness  for  this  transition  is  the  same  as  the  one  for  the  virgin  tangential  loading 
under  P  =  P0  constant  (see  Figure  3.9).  Therefore,  we  have 

<Si  =  50  +  AS0i  =  6Q  +  —p\ .  (3.46) 

{^■T,Q)P-P0 

©Holding  P  =  Pi  constant,  decrease  the  tangential  force  from  Q  =  Qx  to  Q  - 
<?2  =  Qo,  and  thus  make  the  system  go  through  a  transition  from  state  O  to  state 
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Pi=P0  +  AP 


AQl2  +  AQ23 


^3      <$2      $0     $1 


Figure  3.9.  TFD  curves  for  P  decreasing,  Q  decreasing  loading  incre- 
ment: Situation  (a)  in  whichQ0  <  Ql  +  2/iAP. 


0  on  the  unloading  path  of  the  TFD  curve  with  P  =  Px  constant  (dotted  line  in 
Figure  3.9).  Thus  the  tangential  stiffness  for  this  transition  is  then  obtained  from 
(3.24)3,  to  yield 

1/3 


(KT)i2  =  {KTfi)p=p1    1 


and  therefore  the  tangential  displacement 


Ql-Qi 
2/xPi 


(3.47) 


S2  =  Sl  +  A612  =  61  + 


//AP 
(KT)12' 


(3.48) 


48 

©Continue  on  the  unloading  path  of  the  TFD  curve  corresponding  to  P  =  Px 
constant  to  go  from  state  0  to  the  final  state  ©  by  decreasing  the  tangential  load 
from  Q  =  Q2  =  QQ  to  Q  =  Q3  =  Q0  +  AQ  (AQ  <  0).  Therefore, 

63  =  52  +  A823  =  62+       Q     ,  (3.49) 

(■firJ23 

where  the  tangential  stiffness  {KT)23  is  determined  by  (3.24)3  as  follows 

(Krh*  =  (KTfi)P=Pl  (l  -  ^^V  3  •  (3.50) 

By  combining  (3.46),  (3.48),  and  (3.49),  the  TFD  relationship  is  expressed  as  follows 

Q3     =     <2o  +  AQ01  +  AQl2  +  AQ23 
=     Qo  +  (KT)23AS23 

-HAP  11AP  \  ^-bl> 


Qo  +  (KT)23    A5  - 


(Kt,o)p=p0       (KT)l2, 


and 


*3  =  80  +  A501  +  ASl2  +  A523  =  60+.^^P     +  J^-  +  -^     . 

{XT,o)p=p0       [KT)i2       {Kt)23   ^3  52) 

It  is  noted  that  in  subcase  (a),  if  the  loading  history  up  to  state  ©  is  a  simple  loading 
history,  then  this  loading  history  continues  to  be  simple  at  of  state  ©  . 

Remark  3.2.  In  the  loading  cases  in  which  both  P  and  Q  decreases,  for  subcase 
(a),  when  Q0  <  Q*0  +  2/iAP,  we  observe  an  interesting  TFD  behavior  that  when 
the  normal  force  P  decreases  at  first,  the  tangential  force  Q  increases  for  the  first 
transition.  The  reason  is  that  when  the  tangential  force  is  decreasing,  there  is  a 
region  of  reverse  (i.e.,  opposite  to  the  current  tangential  force)  tangential  traction 
on  the  rim  of  the  circular  contact  area.  The  larger  the  amount  of  tangential  force 
decreases,  the  larger  the  region  of  reverse  tangential  traction.  When  the  normal 
force  decreases  by  AP,  the  contact  area  shrinks  consequently,  and  thus  some  of  the 
tangential  traction  is  released.  Since  the  outer  region  of  the  contact  area  is  bearing 
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reverse  tangential  traction,  the  tangential  traction  released  by  decreasing  of  normal 
force  P  is  mainly  the  reverse  traction.  Therefore,  the  integration  of  tangential 
traction  on  the  contact  area,  i.e.,  the  total  tangential  force  Q  increases.  Actually, 
the  same  thing  happens  in  the  two  subcases  (b)  and  (c)  described  below;  however,  in 
subcase  (b),  when  Qq+/j,AP  <  Q0,  the  amount  Q  decreased  previously  is  small,  and 
there  is  not  a  large  enough  reverse  traction  region  formed  on  the  rim  of  the  contact 
area  yet.  Therefore,  the  decrement  of  AP  caused  both  the  release  of  reverse  traction 
and  the  traction  in  the  current  tangential  force  direction.  The  overall  behavior  of 
Q  is  still  decreasing.  I 

For  the  subcase  (b)  in  which  Q0  >  Q*0  +  2/iAP(AP  <  0),  with  Q*0  +  2/xAP  < 
Qo  <  Qo  +  A*AP  as  shown  in  Figure  3.10.  The  final  state  0  is  reached  through  the 
following  sequence  of  transitions. 

©Decrease  the  normal  load  from  P0  to  P1  =  P0  +  AP,  (AP  <  0).  The  system 
goes  from  state  ©to  state  O  as  shown  in  Figure  3.10.  State  O  ,  represented  by 
{Pi,Qi,5i},  corresponds  to  a  state  on  a  virgin  TFD  curve,  with  P  =  Px  constant, 
and  with  a  loading  tangential  force  evaluated  at  Q  =  Qi  =  Ql  +  //AP.  The  reason 
for  this  is  at  state  ©  ,  the  amount  of  decreased  tangential  force  from  the  turning 
point  Qo  is  not  large  enough  and  thus  the  decreasing  normal  load  of  AP  released 
all  the  reverse  tangential  traction.  Therefore,  at  state  O  ,  the  tangential  traction 
on  the  contact  surface  is  the  same  as  a  initial  loading  traction.  In  calculation,  the 
stiffness  for  the  this  transition  is  (KT>0)p=Po.  Thus  the  tangential  displacement  Si 
at  state  O  is  expressed  as 

*  =  S0  +  AS01  =50+  Ql^\P  ~  Qo  .  (3.53) 

©Holding  P  =  Pi  constant,  decrease  the  tangential  force  from  Q  =  Qx  to  Q  = 
Q2  =  Qo  +  AQ,  (AQ  <  0),  thus  make  the  system  goes  from  state  O  to  0  .  This 
transition  is  equivalent  to  a  first  step  unloading  with  P  =  Px  constant.  Since  state 
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Figure  3.10.  TFD  curves  for  P  decreasing,  Q  decreasing:  subcase  (b) 
in  which  Q*0  +  2/iAP  <  Q0  <  Q*Q  +  fxAP. 


O  is  equivalent  to  a  virgin  loading  state,  and  in  this  transition  the  tangential  force  is 
unloading  (decreasing),  the  turning  point  tangential  force  Q*  need  to  be  updated  to 
Q\  =  Q\  =  Qo  +  {J.AP.  Therefore,  the  tangential  stiffness  is  determined  by  (3.24)3 
to  yield 

(K\            (K     \          fi       Qo  +  ^P-QoY/3  ,,^ 

(ArJ12  -  [KTfi)p=Pl  I  1 — I        .  (3.54) 

The  tangential  displacement  S2  of  state  0  ,  therefore,  can  be  expressed  as 


&2       =       #1  +  A5i2 

jr         AQ12 


jg+jiAP  -  Qq      Q2-Q*-fiAP 


(3.55) 


(Kt,o)p=p0 


(KT)l2 
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Also,  the  tangential  force  can  be  expressed  in  terms  of  displacement  by 

Q2     =     Qi  +  AQ12 

=     Qx  +  (KT)l2  ASX2 

=   QS  +  /xAP  +  (/rr)12  U5_Q*o  +  ^p-Qo\  (356) 

\  {ft-T,0)P=Po        ) 

For  subcase  (c)  in  which  QQ  >  Q*0  +  2//AP,  with  Q*0  +  jjlAP  <  Q0,  as  shown 
in  Figures  3.11  and  3.12.  The  final  TFD  state  of  the  system  is  reached  by  carrying 
out  following  sequence  of  transitions. 

©Decrease  normal  load  from  P  =  P0  to  P  =  Px  =  P0  +  AP,  (AP  <  0).  The 
system  goes  from  state  ®  to  state  O  as  shown  in  Figures  3.11  and  3.12.  At  state 
®  ,  the  amount  of  tangential  force  decreased  from  the  turning  point  Q*Q  is  very 
small,  i.e.,  Ql  -  Q0  <  -/iAP,  (AP  <  0),  thus  the  shrink  of  contact  area  release  all 
of  the  reverse  tangential  traction  and  a  part  of  tangential  traction  in  the  direction  of 
current  tangential  force.  The  overall  behavior  is  that  the  tangential  force  decreased 
from  Q0  to  Qx  -  Q^  +  fiAP.  State  O  ,  represented  by  {Pu  Q1;  Si},  corresponds  to  a 
state  of  virgin  TFD  curve,  with  P  =  Px  constant,  and  with  a  loading  tangential  force 
evaluated  at  Q  =  Qx  =  Q*  +  /iAP.  The  decrement  of  tangential  force  from  state 
®  to  state  O  is  AQ0i  =  Q\  -  Qo  =  Q*0  +  V&P  -  Qo  <  0.  When  AP  is  small,  the 
stiffness  for  the  transition  ©can  be  computed  with  P  =  PQ  constant  and  decreasing 


Q  at  Qoi  =  Qo  +  0.5AQoi.  By  (3.24)3,  we  have 


1/3 


(tfr)oi  =  (Kt,o)p=Po  (l  -  ^yj^J        •  (3.57) 

Therefore  the  tangential  displacement  of  state  O  is  expressed  as 

<$i     =     So  +  A£01 
=     do  + 


KT)oi  (3.58) 


JQ  +  liAP-Qo 
~     5°+  (K^x • 

©Dependent  on  whether  | AQ\  <  \AQ0X |  or  | AQ\  >  \AQ0X\,  the  transition  from  state 

Oto  state  ©is  performed  differently.    For  |AQ|  <  |AQ0i|  shown  in  Figure  3.11, 
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Figure  3.11.  TFD  curves  for  P  decreasing,  Q  decreasing:  subcase  (c) 
in  which  Q*0  +  fxAP  <  Q0,  with  |AQ|  <  |AQ0i|- 


holding  P  =  P\  constant,  increase  tangential  force  from  Q  =  Qj  to  Q  —  Q2  - 
Qo  +  AQ,  (AQ  <  0).  The  increment  of  tangential  force  AQ12  =  AQ  -  AQ0\  >  0. 
Therefore,  the  tangential  stiffness  for  this  transition  is  determined  by  (3.24)2  to  yield 

1/3 


{KT)u  -  {KTfi)P=Pl    1 


Then  the  tangential  displacement  82  of  state  @  is  expressed  as 

S2     =     Si  +  A8i2 

r  AQ12 

=    dl  + 


=    s0  + 


^VfiAP-Qp      Q2-Q*-nAP 
(KT)oi  (KT)n 


(3.59) 


(3.60) 
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To  express  the  tangential  force  in  terms  of  the  increment  of  the  tangential  displace- 
ment A5,  we  have 


Q2     =     Qi  +  AQl2 

=    Qi  +  {KT)n  AS12 

=     Q*0  +  »AP  +  (KT)12  (AS 


Ql  +  ^AP-Q0' 


(3.61) 


\  (KT)01 

If  the  followed  force  incremental  step  is  a  Q  decreasing  step,  the  turning  around 
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Figure  3.12.  TFD  curves  for  P  decreasing,  Q  decreasing:  subcase  (c) 
in  which  Q*0  +  pAP  <  Q0,  with  |AQ|  >  |AQ„i|- 


tangential  force  Q*  should  be  updated  as 

Qn+i  =  Q2  ,  (3.62) 

else,  set  Q*n+l  =  0. 
For  |AQ|  >  |AQoi|  of  transition  (D,  there  is  a  decreasing  of  tangential  force  from 
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Q  =  Q\  to  Q  =  Q2  —  Qo  +  AQ  as  shown  in  Figure  3.12.  Since  state  O  is  equivalent 
to  a  TFD  state  of  loading,  with  P  =  Pi  constant,  and  with  Q  =  Qu  when  tangential 
force  decreases,  the  turning  point  tangential  force  need  to  be  updated  to  Q\  =  Qi  = 
Qq  +  fiAP.  Therefore,  the  TFD  state  can  be  expressed  as 

$2      —      ^1  +  A(5i2 

x  AQ12 


and 


(Kt,o)p=pa  (3.63) 

5    |  Q*0  +  fiAP-QQ   |  Q2-Q*0-fiAP 

(Kt)oi  (-Kt,o)p=Pi 


Q2     =     Q.  +  AQu 

=     Qi  +  (KT,o)p=PlA6i2 

=     Ql  +  fiAP  +  (KTt0)P=Pl  (AS  -  Qo  +  l^P-Qo\  (3  64) 


CHAPTER  4 
EXISTING  FORCE-DISPLACEMENT  MODELS 


In  this  chapter,  we  briefly  introduce  some  of  the  existing  FD  models  that  have 
been  used  in  DEM  simulations  and  discuss  their  advantages  and  disadvantages. 

4.1.  Spring-Dashpot  Models 

The  spring-dashpot  contact  FD  model  (Figure  4.1)  is  probably  the  most  widely 
used  FD  model  in  DEM  simulation  of  the  motion  of  a  multibody  system  with  a  large 
number  of  objects.  We  believe  that  one  of  the  reasons  for  its  popularity  lies  in  that 
it  is  one  of  the  simplest  model  used  in  DEM  simulations.  As  shown  in  Figure  4.1,  the 
contact  FD  relation  is  modeled  using  a  spring  and  a  dashpot  assembled  in  parallel. 
Therefore,  when  two  objects  come  into  contact  with  each  other,  the  NFD  relation 
is  described  as  follows 

P  =  KNa  +  CNa  ,  (4.1) 

where  both  KN  and  CN  are  constant  parameters  of  the  spring-dashpot  model.  The 
TFD  relation  has  the  same  form  of  (4.1)  and  is  limited  by  the  friction,  i.e., 

Q  =  min(KT  6  +  CTS,  n  P)  ,  (4.2) 

where  both  KN  and  Cn  are  constant  parameters  of  the  spring-dashpot  model,  fiP 
is  the  friction  limit. 

Despite  of  its  highly  simplicity,  the  spring-dashpot  FD  model  has  been  em- 
ployed in  a  lot  of  simulations  and  produced  fairly  good  results  (e.g.,  Tsuji  et  al. 
[1992],  Ting  et  al.  [1993],  and  Mishra  [1995]).  The  advantages  of  using  the  spring- 
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Figure  4.1.  Spring-Dashpot  contact  force-displacement  model. 

dashpot  FD  model  are  based  on  that  the  model  is  simple,  direct,  and  easy  to  imple- 
ment. The  disadvantage  of  using  this  model  is  that  the  model  constants  K  and  C 
can  not  be  easily  chosen  when  applied  in  DEM  simulation.  The  lack  of  a  solid  basis 
for  obtaining  the  K  and  C  is  always  a  problem  for  using  this  model  in  simulation., 
Additionally,  the  dashpot  in  this  model  is  designed  to  account  for  the  energy  dissi- 
pation. The  dependence  of  the  model  on  the  collision  velocity  also  prevents  the  use 
of  quasi-static  simulation  to  correctly  evaluated  the  energy  dissipation  caused  by 
plastic  deformation.  For  the  aove  reasons,  the  spring-dashpot  FD  model  is  regarded 
as  a  primitive  FD  model  for  DEM  simulations. 

4.2.  Walton  and  Braun  [1986]  Force-Displacement  Models 


4.2.1.  Normal  FD  Model 

The  force-displacement  (FD)  law  based  on  Hertz  theory  gives  a  nonlinear 
elastic  relationship  between  the  normal  displacement  {ij)a  and  the  normal  contact 
force  P.  Consequently,  when  simulating  a  sphere  colliding  with  a  rigid  half  space, 
the  ratio  of  rebounding  velocity  to  the  incoming  velocity  of  the  sphere,  i.e.,  the 
coefficient  of  restitution,  obtained  using  the  Hertz  FD  law  is  e  =  1.0.  For  most  of 
collision  problems,  plastic  deformation  occurs,  causing  a  dissipation  of  energy,  and 
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(a)  Axisymmetric  mesh  for  FEA. 


(b)  Resulting  FD  curve  from  FEA. 


Figure  4.2.  The  FEA  mesh  and  results  that  the  Walton  and  Braun 
[1986]  NFD  model  based  on  (originally  from  Walton  [1993]). 


thus  making  the  coefficient  of  restitution  e  less  than  one,  i.e.,  e  <  1.0.  To  account 
for  the  effect  of  plastic  deformation,  Walton  and  Braun  [1986]  proposed  a  bilinear 
FD  law  for  normal  contact  of  spheres  based  on  the  results  of  the  finite  element 
analysis  of  a  sphere,  with  elasto-perfectly-plastic  material,  in  contact  with  a  rigid 
surface.  Figure  4.2(a)  depicts  the  FEA  mesh  in  Walton  [1993]2;  Figure  4.2(b)  shows 
the  resulting  FD  curve. 

Based  on  the  FEA  result  shown  in  Figure  4.2(b),  the  normal  force-displacement 
(NFD)  model  proposed  by  Walton  and  Braun  [1986]  is  a  bilinear  function  of  the  form 
(Figure  4.4) 


P  = 


K\a  for  loading, 

K2(a  —  a0)    for  unloading   , 


(4.3) 


where  P  is  the  normal  contact  force  between  two  particles,  a  the  normal  displace- 
ment (relative  displacement  of  the  centers  of  the  two  spheres),  Kx  and  K2  the  slopes 
The  FEM  mesh  and  the  result  were  originally  presented  in  Walton  et  al.  [1984] 
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of  the  straight  lines  representing  the  loading  and  unloading  stiffness  coefficients,  ato 
the  residual  displacement  after  complete  unloading. 

The  working  of  this  NFD  model  can  be  described  using  the  simple  concept  of  a 
partially-latching  spring  system  shown  in  Figure  4.3  and  Figure  4.4:  During  loading, 
only  the  spring  with  stiffness  Kx  functions,  since  the  latch  device  allows  free  sliding; 
during  unloading,  the  latch  device  locks,  thus  making  both  springs  with  stiffness 
K\  and  stiffness  (K2  -  K{)  work  simultaneously,  yielding  the  resulting  stiffness  of 
K2.  The  square  root  of  the  ratio  of  the  areas  underneath  the  loading  curve  and  the 
unloading  curve  corresponds  to  the  energy  dissipated  in  the  process,  and  is  related 
to  the  coefficient  of  restitution  e  as  follows 


'ABC 


e  =  ^AOC-  ^ 

It  can  be  shown  easily,  from  the  above  definition,  that 

V  a2 
In  simulation,  when  the  normal  loading  stiffness  K\  and  the  coefficients  of  restitution 
are  given,  the  normal  unloading  stiffness  K2  can  be  calculated  using  (4.5). 

4.2.2.  Tangential  FD  Model 

In  the  tangential  direction,  an  incremental  model  based  on  a  highly  simplifi- 
cation of  the  Mindlin  and  Deresiewicz  [1953]  contact  mechanics  theory  is  employed. 
Let  Qn  and  Qn+1  be  the  tangential  force  at  time  tn  and  t„+1,  respectively.  The 
relationship  between  Qn  and  Qn+1  is  given  by  the  following  incremental  formula 

Qn+l    =  Qn  +  KT,„  A6n  ,  (4.6) 

where  KT,n  denotes  the  tangential  stiffness  coefficient  at  time  tn,  and  ASn  the  in- 
cremental of  tangential  displacement  at  time  tn,  computed  based  on  the  motion  of 
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Friction  Surface 


Particle  A 


Particle  B 


Figure  4.3.  Partially-latching  spring  force  model 
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Figure  4.4.  Normal  contact  force-displacement  model 
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particles  in  the  previous  time  step  (see  (4.12)).  We  refer  the  readers  to  Section  4.2.3 
for  more  details  for  the  calculation  of  ASn. 

The  tangential  stiffness  KTtTl  is  a  function  of  Pn,  Qn,  and  Q*,  which  is  the 
value  of  tangential  force  Q  at  the  last  turning  point,  as  follows  (Walton  and  Braun 
[1986]) 


A' 


T,n 


Krfii1  ~    p  _qA       .  for  Q  increasing^), 

KT^~%n  +  Q*)       '  for  Q  decreasing^),         (4-7) 


where  KT,o  is  the  initial  tangential  stiffness  computed  following  (4.8)  below,  and  /i 
the  friction  coefficient.  For  initial  loading,  we  set  Q*  to  zero.  The  value  of  Q*  will  be 
subsequently  reset  to  the  value  of  Q  at  the  turning  points,  i.e.,  where  the  magnitude 
of  tangential  force  Q  changes  from  increasing  to  decreasing,  or  vice  versa. 

By  using  partially-latching  spring  system  to  model  the  contact  force-displacement 
behavior  in  the  normal  direction  and  connecting  the  initial  stiffness  of  contact  in 
the  tangential  direction  {Kt$)  with  the  stiffness  in  the  normal  direction  (Ki)  as 
described  in  Johnson  [1985,  p. 220],  and  Mindlin  and  Deresiewicz  [1953,  p.327],  the 
initial  tangential  stiffness  Kt,o  can  be  calculated  as: 

KT,o  =  Ki  2{l~U\  (4.8) 

2  —  v 

where  the  K\  is  the  loading  normal  stiffness  in  the  NFD  model  (4.3)  and  v  the 
Poisson's  ratio  of  simulated  particles,  our  model  can  reduce  the  stiffness  in  the 
tangential  direction  when  plastic  flow  occurs  in  the  contact  region. 

Remark  4.1.  Note  that  the  update  of  Q*  only  depends  on  the  turning  points  of 
tangential  force  Q  as  described  above;  regardless  of  the  change  in  P.  This  approach 
is  in  contrast  with  the  Mindlin  and  Deresiewicz  [1953]  theory  in  certain  cases.  For 
example,  in  the  case  where  both  P  and  Q  are  decreasing,  Q*  is  updated  at  every 
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time  step  where  P  is  decreasing,  even  though  there  are  no  turning  points  in  Q,  since 
Q  is  continuously  decreasing.  We  refer  the  readers  to  Vu-Quoc  and  Zhang  [1998a] 
and  Section  3.2  for  more  details.  I 

Comparing  to  Mindlin  and  Deresiewicz  [1953],  the  Walton  and  Braun  [1986] 
TFD  model  uses  only  two  expressions  for  the  tangential  stiffness  KTtK  for  all  tan- 
gential force  Q  loading  and  unloading  cases,  while  Mindlin  and  Deresiewicz  [1953] 
has  eleven  different  cases  with  much  more  complicated  conditions  and  expressions 
for  the  stiffness.  For  example,  for  the  cases  where  the  normal  force  P  is  constant, 
Mindlin  and  Deresiewicz  [1953]  calculated  the  tangential  stiffness  KT<n  using  (3.24). 

Comparing  (4.7)  with  (3.24),  one  sees  that  the  highly  simplified  model  (4.7) 
agrees  with  Mindlin  and  Deresiewicz  [1953]  only  when  the  normal  force  P  is  constant 
during  the  change  of  tangential  force  Q  under  the  following  conditions:  (1)  In  the 
virgin  loading  case,  i.e.,  Q*  =  0  (see  (4.7)2),  and  (2)  In  the  unloading  from  the  virgin 
loading  after  the  maximum  tangential  force  have  reached  very  close  to  the  frictional 
limit,  i.e.,  the  value  of  |  Q*  |  will  be  set  close  to  the  frictional  limit  (|  Q*  |->  pP),  In 
the  above  two  cases,  (4.7)  this  simplified  TFD  model  (4.7)  agrees  with  Mindlin  and 
Deresiewicz  [1953]  in  the  computation  of  the  tangential  stiffness  KTjn.  Furthermore, 
both  expression  (4.7)  and  (3.24)  ensure  that  the  tangential  stiffness  KT,n  goes  to 
zero  as  Q  goes  to  the  frictional  limit  fiP,  beyond  which  sliding  will  occur. 

It  should  be  noted  that  even  for  the  cases  where  normal  force  P  is  hold  con- 
stant, (4.7)  does  differ  significantly  from  (3.24).  For  example,  when  the  tangential 
force  Q  is  oscillating  and  the  magnitude  of  the  turning  point  tangential  force  Q*  is 
much  less  than  the  frictional  limit,  i.e.,  |  Q*  |<  MP,  (4.7)  and  (3.24)  yield  sharply 
different  tangential  stiffnesses.  Another  difference  between  (4.7)  and  (3.24)  is  the 
case  where  Q*  £  0  (i.e.,  not  the  virgin  loading  case),  and  where  Q  reverses  its 
direction  and  reaches  a  magnitude  beyond  that  of  Q*  (i.e.,  |  Q  \>\  Q*  |):   Here, 
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the  Mindlin  and  Deresiewicz  [1953]  theory  employs  a  formula  different  from  the  one 
used  when  |  Q  \<\  Q*  |  (see  (3.24)2  and  (3.24)4).  Despite  the  difference  in  (4.7)  and 
(3.24),  both  expressions  produce  similar  results  for  the  cases  where  P  is  constant. 

On  the  other  hand,  (4.7)  can  not  reproduce  the  results  obtained  with  (3.24) 
in  the  cases  where  P  varies.  In  Mindlin  and  Deresiewicz  [1953],  there  are  nine  cases 
in  which  P  varies;  for  each  of  these  cases,  Mindlin  and  Deresiewicz  [1953]  provided 
different  expressions  for  the  tangent  stiffness  using  derivations  "of  considerable  com- 
plexity" (Johnson  [1985,  p.221]).  In  Vu-Quoc  and  Zhang  [1998a],  we  presented  a 
model  that  is  much  more  accurate  and  robust  than  (4.7),  and  that  agrees  closely 
with  the  Mindlin  and  Deresiewicz  [1953]  theory  of  elastic  frictional  contact  for  a 
wide  range  of  time  histories  of  P  and  Q. 

4.2.3.  Implementation  of  the  Walton  Braun  [1986]  TFD  Model 

The  implementation  of  this  frictional  TFD  model  into  our  particle  system  sim- 
ulation code  involves  some  algebraic  and  vector  manipulations,  since  the  direction 
of  the  normal  to  the  tangential  surface  at  contact  changes  continuously  during  a 
typical  contact.  In  the  simulations,  due  to  the  small  time-step  size  employed  (typi- 
cally 1/40  of  the  duration  of  contact  between  two  spheres;  this  duration  is  far  less 
than  10-3  second  in  our  simulations),  the  displacements  from  one  time  station  to 
the  next  are  relatively  small.  Consider  two  spheres  (i)  and  (j)  in  contact  (each  of 
these  spheres  could  be  either  a  single-sphere  particle  or  a  constituent  sphere  in  a 
sphere-cluster  particle).  Let 

(j)*n         (O^n  /.  ^\ 

(ij)nn     ■=    TT2 ~ jf  (4.9) 

II  (i)rn   -   (0r«  II 

be  the  current  unit  vector  pointing  from  the  center  of  sphere  (i)  to  the  center  of 
sphere  (j),  with  (i)rn  and  ^rn  being  the  position  vectors  of  the  centers  of  spheres 
(0  and  (j),  respectively,  all  at  time  tn.  Since  in  general  the  direction  of  the  normal 
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(ij)fin  varies  continuously,  the  tangential  force  vector  at  time  tn  has  to  be  adjusted 
as  follows.  Let  Qn,0«d  be  the  tangential-force  vector  at  the  end  of  the  previous  time 
step.  The  current  tangential  force  vector  Qn  at  time  tn  is  computed  by  carrying  the 
vector  Qn,oid  to  the  current  tangent  plane  as  shown  in  Figure  4.5.  Such  operation  is 
accomplished  as  follows.  First,  Qn,0id  is  projected  into  the  tangent  plane  to  sphere 
(i),  having  normal  (ij)nn  by  (see,  e.g.,  Gurtin  [1981]) 


Qn,0     :=    [1  -   (ij)^n   ®   (i,)n„  ]  •   Qn 


old 


(4.10) 


Next,  the  current  tangential  force  Qn  is  given  by 


Q., 


old 


Figure  4.5.  Direction  change  of  tangential  force 


*4n     —    ||  ^4n,old  ||    (ij)^n    i      (ij)^n 


Qn,0 
Qn,0 


(4.11) 


Thus,  the  magnitude  of  Qn  is  the  same  as  that  of  Qn,0/d ,  whereas  the  direction  of 
Q„  is  that  of  the  projection  of  Q„)0w  into  the  tangent  plane  with  normal  Ui)^n  • 

The  relative  displacement  vector  A<5„  is  computed  as  follows 


A<5„      =      [  1  -  {ij)nn  8  (ij)n„  ]  •  (  0)xn_i  -  wxn_i)  At 

+  (U)R  0)Wn-i    -   (i)R  W^n-i  )  X    W)fin   At  , 


(4.12) 
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where  {  (j)Xn_i,  (i)Xn_±}  are  the  velocity  vectors,  {  (j)U»n_i  ,  {i)Un_i  }  the  angular 
velocity  vectors,  of  spheres  (j)  and  (z),  respectively,  all  at  time  tn_i,  and  At  the 
time-step  size  (see  Figure  4.6).  We  make  the  following  approximation 


(  tf)*n-4  _  W^n-i)  A*  ~  (ii)'n  ~  (#)*»-! 


in  expression  (4.12)  for  A<5n  in  our  implementation  for  the  TFD  model. 


(4.13) 


«Wn-i 


Z   II 


0)Xn-± 


(i)Wn-i 


Tangential  plane 


.;• 


Figure  4.6.  Quantities  involved  in  the  computation  of  Adn 


Recall  that  (ij)tn  is  the  direction  of  the  projection  of  Q„,oW  on  the  tangent 
plane  having  normal  {ij)nn  (see  (4.11)).  We  consider  the  direction  {ij)in  as  the 
direction  of  continuing  application  of  the  tangential  force  Q  and  thus  the  loading 
history  in  the  TFD  model  is  to  be  applied  in  this  direction.  On  the  other  hand, 
the  direction  that  lies  in  the  same  tangent  plane,  and  is  perpendicular  to  (ii)t„ , 
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is  considered  to  correspond  to  a  new  virgin  loading  of  tangential  force.  We  thus 
decompose  the  incremental  tangential  displacement  Adn  into  two  components,  one 
along  (ij)in  and  the  other  in  the  tangent  plane  and  perpendicular  to  (ij)in  : 


ASn  =  A<$„,||  +  ASn,± 


(4.14) 


as  shown  in  Figure  4.7.    With  ASn  known,  we  can  compute  A<5n>||  and  A6nt±  as 

A 


Tangent  plane 
at  contact  point 
with  normal  (y)fin 


Figure  4.7.  Decomposition  of  the  incremental  tangential  displacement 
Adn  at  time  tn. 


follows 


A5n,n  =  [  (ij)tn  S  (ij)t„  ]  •  A(5n  , 


(4.15) 


and 


A<5n>1  =  A8n  -  A6n,| 


(4.16) 


As  mentioned  above,  the  component  of  the  tangential  force  along  the  direction 
(ij)tn  is  incremented  form  the  projected  tangential  force  Qn  in  the  same  direction 
as  (4.11) 


Qn+l,||     =     Qn   +  KTtnAdn^  , 


(4.17) 
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where  the  current  tangential  stiffness  KT,n  in  the  direction  of  (ij)tn  is  determined 
by  (4.7)  and  scaled  with  the  change  of  normal  contact  force  using 

Q  -qip^t  (4-18) 

The  component  of  the  tangential  force  perpendicular  to  ^j)in  and  in  the  tangent 
plane  with  normal  (i:7)n„  is  computed  as  an  initial  increment  (virgin  loading)  as 

Qn+i.1   =  KTfi  A<$„>±  .  (4.19) 

Finally,  the  intermediate  updated  tangential  force  at  time  tn+l  is 

Q'n+l     =     Qn+l,||    +   Qn+1,1    ,  (4.20) 

which  is  the  counterpart  of  (4.14).  Since  it  is  not  assured  that  ||  Q'n+1  ||  <  /z||  Pn+1  ||, 
we  set  the  final  updated  tangential  force  at  time  tn+x  to  be 

Qn+1    =  rmn(\\Q'n+1\l  \\^Pn+1  \\)^±\  (4.21) 

4.3.  Thornton  [1997]  NFD  Model 

Ning  and  Thornton  [1993]  and  Thornton  [1997]  proposed  a  simplified  theoret- 
ical model  for  the  normal  contact  interaction  between  two  elastic-perfectly-plastic 
spheres  for  DEM  simulation.  The  Thornton  [1997]  NFD  model  assumes  that  quasi- 
static  contact  mechanics  theories  are  valid  during  a  sphere  impact.  During  elastic 
loading,  the  normal  traction  (i.e.,  the  distribution  of  normal  pressure  on  the  contact 
area)  and  NFD  relationship  follow  Hertz  theory;  when  plastic  deformation  occurs, 
the  normal  traction  is  less  than  or  equal  to  a  contact  yield  stress,  denoted  by  (aY)Th 
everywhere  inside  the  contact  area,  as  shown  in  Figure  4.8.  Thornton  [1997]  be- 
lieves that  there  is  a  linear  relationship  between  the  normal  displacement  a  and  the 
normal  contact  force  P  after  the  incipient  plastic  deformation.  For  unloading  after 
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Hertz 


Figure  4.8.  Normal  traction  in  the  Thornton  [1997]  NFD  model. 


plastic  deformation  occured,  Thornton  [1997]  follows  that  normal  FD  law  proposed 
by  Hertz  using  a  larger  radius  of  relative  contact  curvature  Rp  *  resulted  from  ir- 
reversible plastic  deformation.  The  Thornton  [1997]  NFD  model  yields  the  normal 
FD  curve(s)  shown  in  Figure  4.9. 

The  coefficient  of  restitution  e  from  the  Thornton  [1997]  NFD  model  is  a 
function  of  incoming  velocity  vin  expressed  as  follows 


'6V3' 
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\VinJ 


-n 
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R22) 


where  vy  is  defined  as  the  yield  velocity,  i.e.,  the  relative  incoming  velocity  when 
incipient  plastic  deformation  develops  (below  this  velocity,  no  plastic  deformation 
occurs),  and  is  given  by 

?^3\  1/2 


vy  =  3.194  ( <7>y->3  | 
where  m*  is  the  equivalent  mass  for  collision  that  defined  asm*  =  f 1 


(4.23) 


the  contact  yield  stress  (aY)Th  is  the  maximum  normal  pressure  on  the  contact  area 
(Pm)  when  yield  begins.  Hertz  theory  together  with  the  von  Mises  criterion  are  used 
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Figure  4.9.  Normal  force-displacement  curve(s)  of  Thornton  [1997]  model. 


to  obtain,  (<7y)r/i  =  1.61  aY  (see  Section  3.1,  also  see  Vu-Quoc  and  Lesburg  [1998], 
and  Johnson  [1985,  p. 155]),  where  oy  is  the  yield  stress  of  the  the  sphere  material 
The  radius  R*  of  the  relative  contact  curvature  and  the  equivalent  Young's  modulus 
E*  are  given  by  (3.2)  and  (3.1),  respectively,  according  to  Hertz  theory. 

We  will  show  later  (Chapter  6)  that  the  Thornton  [1997]  NFD  model  produce 
FD  curves  that  are  too  soft  compared  to  FEA  results.  The  contact  yield  stress,  i.e., 
the  maximum  normal  traction  in  the  contact  area,  obtained  from  FEA  results  is 
larger  than  (ay)Th  =  1.61  oy. 


CHAPTER  5 
AN  IMPROVED  TFD  MODEL  FOR  ELASTIC-FRICTIONAL 

CONTACT 


In  this  chapter,  we  present  an  improved  TFD  model  for  elastic-frictional  con- 
tact. This  model  is  constructed  by  incorporating  the  four  basic  cases  of  varying  P 
and  Q  from  the  Mindlin  and  Deresiewicz  [1953]  theory  (see  Section  3.2)  to  account 
for  the  effect  of  changing  normal  force  P. 

5.1.  Formulation  of  the  Model 

Considering  that  when  normal  force  P  is  constant,  the  Walton  and  Braun 
[1986]  TFD  model  (see  Section  4.2.2)  gives  relatively  accurate  results  for  the  TFD 
relationship,  we  use  Walton  and  Braun  [1986]  TFD  model  for  loading  cases  with  P 
constant.  When  Hertz  theory  is  chosen  as  the  NFD  model,  the  initial  tangential 
stiffness  KT,o  is  determined  by  (3.25);  when  the  Walton  and  Braun  [1986]  NFD  model 
is  chosen  as  the  NFD  model,  the  initial  tangential  stiffness  KTfi  is  determined  by 
(4.8). 

For  the  cases  with  both  P  and  Q  varying,  our  numerical  experiments  show 
that  (4.6)  and  (4.7)  cannot  correctly  model  the  TFD  relationship.  The  reason  is 
that  there  is  not  an  appropriate  change  in  stiffness  and  displacement  to  account  for 
the  transitions  caused  by  the  change  in  normal  force  P.  Therefore,  we  improve  the 
highly  simplified  model  of  Walton  and  Braun  [1986]  by  implementing  the  TFD  curve 
transitions  of  Mindlin  and  Deresiewicz  [1953].  That  is,  we  account  for  the  effects 
on  the  TFD  curve  due  to  varying  normal  load  P  by  transiting  to  a  TFD  curve  that 
exhibits  the  tangential  stiffness  that  is  appropriate  for  the  current  normal  load.  We 
incorporate  the  transitions  caused  by  varying  normal  force  P  for  the  following  four 
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cases  discussed  in  Section  3.2.2: 

1.  P  increasing,  Q  increasing 

2.  P  decreasing,  Q  increasing 

3.  P  increasing,  Q  decreasing 

4.  P  decreasing,  Q  decreasing 

For  example,  for  the  case  with  P  increasing  and  Q  increasing,  the  loading  state 
changes  from  {P0,  Q0,  50}  to  {Pu  Q2,  S2},  where  Px  =  P0  +  AP  (AP  >  0), 
and  Q2  =  Qo  +  AQ  (AQ  >  0),  as  shown  in  Figure  3.6.  There  are  two  subcases: 
AQ  >  fj,AP  and  AQ  <  /zAP.  For  AQ  >  fiAP,  the  tangential  force  is  given  by 
(3.28),  i.e., 

Q2  =  Qo  +  »AP  +  (KT)12  (as  -  ,/A.P     )   .  (3.28) 

\  {^Tfi)P=PoJ 

For  AQ  <  //AP,  the  tangential  force  is  given  by 

Qi  =  Qo  +  (KT,o)p=p0AS  .  (3.30) 

The  modification  for  the  rest  of  the  three  cases  is  similar.  We  refer  the  readers  to 
Section  3.2.2  for  more  detailed  formulae. 

Remark  5.1.  Both  Hertz  theory  for  normal  elastic  contact  and  Walton  and 
Braun  [1986]'s  NFD  model  can  be  used  to  carry  out  DEM  simulations  of  particle 
processes.  When  Hertz  theory  is  used  as  the  NFD  model,  the  tangential  stiffness 
for  initial  loading  KTfl  is  determined  by  (3.25).  Since  both  the  NFD  model  and  the 
TFD  model  are  based  on  the  elastic  frictional  contact  problems,  these  FD  models  are 
consistent  with  each  other.  When  the  Walton  and  Braun  [1986]  NFD  model  is  used 
for  the  normal  contact,  the  tangential  stiffness  for  initial  loading  KT<0  is  determined 
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by  (4.8).  For  the  Walton  and  Braun  [1986]  NFD  model,  when  the  coefficient  of 
restitution  e  is  less  than  1.0,  there  is  plastic  deformation  in  the  normal  contact  that 
induces  energy  dissipation.  The  Walton  and  Braun  [1986]  NFD  and  TFD  models 
are  thus  inconsistent  with  each  other,  since  while  their  NFD  model  accounts  for 
plastic  deformation,  their  TFD  model  does  not.  Plastic  deformation  occurs  in  real 
contact  problems,  and  thus  must  be  accounted  for  in  both  NFD  and  TFD  models 
(see  Vu-Quoc  and  Zhang  [19986]).  I 

5.2.  Accounting  for  Rolling  Effect 

We  also  implemented  a  correction  for  the  rolling  effect  in  our  improved  TFD 
model.  A  common  disadvantage  for  most  of  existing  TFD  models  is  the  lack  of 
consideration  for  rolling  effects.  Consider  two  spheres  in  contact  subjected  to  both 
normal  force  P  and  tangential  force  Q.  The  tangential  traction  is  distributed  on  a 
circular  contact  area  (the  tangential  force  can  be  obtained  by  integrating  the  tan- 
gential traction  over  the  contact  area).  When  rolling  happens  between  two  particles 
in  contact,  as  occurred  frequently  in  particle  flows,  part  of  the  contact  area  is  sepa- 
rated as  particles  roll  off  from  each  others,  and  the  tangential  traction  distributed  on 
that  area  will  be  released.  At  the  same  time,  some  area  in  the  rolling  direction  not 
previously  in  contact  is  'rolled'  into  additional  contact  area,  without  any  distributed 
tangential  traction.  Because  of  this  reason,  correction  must  be  taken  to  account  the 
rolling  effect  on  the  tangential  force  Q. 

For  simplicity,  consider  the  case  of  a  sphere  moving  over  a  planar  surface  (itself 
a  sphere  with  infinity  radius).  Assume  that  the  plane  is  not  moving  and  the  sphere 
is  moving  with  a  translation  velocity  v  parallel  to  the  planar  surface  and  with  an 
angular  velocity  uj  as  shown  in  Figure  5.1.  In  a  time  At,  the  center  of  sphere  O 
is  translated  by  a  distance  Ax  =  vAt  to  the  right,  and  rotates  through  an  angle 
A6  =  u)At  in  the  clockwise  direction  (Figure  5.1).  With  R  being  the  radius  of  the 
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rolled-off  area 


rolled-on  area 


Figure  5.1.  A  sphere 
moving  on  a  planar 
surface 


Figure  5.2.   Change  of  contact 
area  because  of  rolling 


rolling  sphere,  the  angular  velocity  lo  intend  to  move  the  contact  point  C  by  the 
amount  of  RAO  =  RuAt.  Therefore,  the  rolling  distance  of  the  contact  point  can 
be  expressed  by 


AsR  =  min{Ru)At  ,  vAt) 


(5.1) 


The  rest  of  the  motion  of  the  contact  point  C  is  due  to  sliding,  which  is  the  tangential 
displacement  6  for  the  calculation  of  tangential  forces  (as  discussed  in  Section  4.2.3, 
also  see  Vu-Quoc  et  al.  [1997]).  In  the  case  where  the  angular  velocity  is  in  the 
counterclockwise  direction,  thus  making  the  contact  point  C  moving  in  the  opposite 
direction,  all  the  motion  of  the  contact  point  C  is  sliding  motion,  and  could  be 
counted  as  tangential  displacement,  the  rolling  distance  is  zero,  i.e.,  AsR  =  0. 

The  change  of  contact  area  is  shown  in  Figure  5.2.  Let  a  be  the  radius  of  the 
contact  area.  Because  of  the  rolling  distance  AsR,  the  left  crescent-shaped  area  is 
rolled  off,  and  is  thus  released  of  the  tangential  traction  that  was  applied  on  it.  At 
the  same  time,  the  right  crescent-shaped  area  is  rolled  on,  but  carry  no  tangential 
traction;  see  Figure  5.2.  The  rolled-off  area  is  the  same  as  the  rolled-on  area;  we 
have 


A  =  7ra2  ,    and  AA  «  2aAsR  , 


(5.2) 


where  A  is  the  contact  area,  and  A.4  the  rolled-off  area  or  rolled-on  area. 
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The  effect  of  rolling  on  the  contact  tangential  force  is  complex  (see  Kalker 
[1990]  and  Yu  et  al.  [1995]).  An  approximate  way  to  account  for  the  effect  of  rolling 
on  the  TFD  relationship  would  be  to  scale  down  the  existing  tangential  displacement 
S  associated  with  the  tangential  force  Q  by  adding  following  adjustment  due  to 
rolling  to  the  tangential  displacement 

By  (5.2),  the  adjusted  tangential  displacement  S'  with  rolling  effect  is 

In  our  implementation  of  the  proposed  improved  TFD  model,  the  rolling  ef- 
fect is  accounted  by  adding  the  adjustment  of  tangential  displacement  ASR  to  the 
increment  of  tangential  displacement  AS 

AS'  =  AS  +  ASR  =  AS-  -^S  ,  (5.5) 

where  A<5'  is  the  adjusted  increment  of  tangential  displacement,  accounting  for  the 
rolling  effect,  and  is  used  to  compute  the  increment  AQ  for  the  tangential  force. 

5.3.  Comparison  with  Other  Models 

We  developed  a  MATLAB  code  for  the  Mindlin  and  Deresiewicz  [1953]  theory, 
Walton  and  Braun  [1986]  TFD  model,  and  the  proposed  improved  TFD  model  for 
elastic  frictional  contact.  This  code  allows  us  to  compare  the  proposed  improved 
TFD  model  with  the  Walton  and  Braun  [1986]  TFD  model  and  the  Mindlin  and 
Deresiewicz  [1953]  theory.  The  following  numerical  experiments  are  carried  out  on 
two  identical  aluminum  alloy  spheres  with  radius  R  =  0.1m,  and  with  the  following 
mechanical  properties:  Young's  modulus  E  =  2.5  x  108N/m2,  Poisson's  ratio  v  = 
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0.3,  coefficient  of  friction  \x  =  0.5.  For  consistency,  we  use  Hertz  theory  as  the  NFD 
model  for  all  TFD  models  applied  in  the  numerical  experiments. 

In  the  first  experiment,  we  hold  the  normal  force  P  constant,  while  imposing 
a  tangential  force  Q  that  varies  sinusoidally,  such  that  Q  increases  until  it  is  close  to 
the  frictional  limit  //P,  then  decreases  down  to  zero,  as  shown  in  Figure  5.3.  As  a 
result,  the  Q  —  8  curve  forms  a  closed  hysteresis  loop.  It  can  be  seen  from  Figure  5.3 
that  our  improved  TFD  model  produces  a  Q  -  5  curve  that  is  close  to  that  obtained 
from  the  Mindlin  and  Deresiewicz  [1953]  theory.  Please  note  that  in  the  case  of 
constant  normal  force,  the  improved  TFD  model  is  exactly  the  same  as  the  Walton 
and  Braun  [1986]  TFD  model. 

In  the  second  experiment,  we  make  both  P  and  Q  vary  sinusoidally  as  shown 
in  Figure  5.4.  Note  that  at  time  t  =  0,  P(0)  >  0  and  Q(0)  =  0;  the  shifting  of  the 
sine  curve  in  the  time  history  of  P  upward  so  that  P(t  =  0)  >  0  is  to  ensure  that 
we  are  dealing  with  the  simple  loading  cases,  which  require  that  |AQ|  >  fi\AP\  for 
each  increment  of  P  and  Q  (see  Mindlin  and  Deresiewicz  [1953]).  It  can  be  seen 
from  Figure  5.4  that  the  Walton  and  Braun  [1986]  TFD  model  differs  sharply  from 
the  Mindlin  and  Deresiewicz  [1953]  theory.  The  reason  lies  in  the  fact  that  the 
Walton  and  Braun  [1986]  TFD  model  does  not  properly  deal  with  the  effect  of  the 
change  of  normal  force  P  on  the  Q  -  5  curve.  Our  improved  TFD  model  produces  a 
Q-6  curve  that  is  almost  on  top  of  the  curve  produced  by  Mindlin  and  Deresiewicz 
[1953]  theory.  Our  improved  TFD  model  produces  more  accurate  results  for  elastic 
frictional  contact  in  the  tangential  direction  than  the  Walton  and  Braun  [1986]  TFD 
model. 

The  implementation  of  the  improved  TFD  model  is  similar  to  the  implemen- 
tation of  the  Walton  and  Braun  [1986]  TFD  model,  but  with  the  modification  to 


75 


200 


150 


S|00 

— 

a  50 
ft, 


Experiment  1:  P  Constant,  Q  Varying 


-50 


1 

[                                     1 

—  Q  (tangential  load) 

—  P  (normal  load) 

—  mu*P  (friction  limit) 







_.... ; 

-"^M- 

^ — i — --^             1 

0.2 


0.4 


0.6 
time 


0.8 


Experiment  1:  Q  —  8  curves 


x10 


Figure  5.3.  Comparison  of  TFD  models:  P  constant,  Q  sinusoidal. 
The  TFD  model  by  Walton  and  Braun  [1986]  (WB)  produces  results 
that  are  close  to  those  of  Mindlin  and  Deresiewicz  [1953]  (MD)  theory. 
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Figure  5.4.  Comparison  of  TFD  models:  P  sinusoidal,  Q  sinusoidal 
(simple  loading  history).  The  TFD  model  by  Walton  and  [1986]  ( WB) 
produces  results  that  are  far  from  those  of  Mindlin  and  Deresiewicz 
[1953]  (MD)  theory,  while  our  improved  TFD  model  produces  accurate 
results  compared  to  the  Mindlin  and  Deresiewicz[1953]  theory. 
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two  spheres 


discretized  volume 


Figure  5.5.  Discretized  volumes  in  two  contacting  spheres  for  FEA. 

account  for  the  transitions  caused  by  the  change  of  normal  force  (see  also  Vu-Quoc 
et  al.  [1997]  for  more  details). 

5.4.  Finite  Element  Validation 


In  this  section,  we  compare  the  finite  element  analysis  (FEA)  results  with  the 
results  obtained  using  Mindlin  and  Deresiewicz  [1953]  theory  and  our  improved  TFD 
model  for  simple  loading  histories.  In  realistic  particle-flow  problems,  non-simple 
loading  histories  are  to  be  expected.  Comparison  of  the  results  produced  by  finite 
element  analysis  with  the  results  produced  by  our  improved  TFD  model  applied  to 
non-simple  loading  histories  are  also  presented. 

Using  the  commercial  finite-element  software  ABAQUS  (version5.4),  we  car- 
ried out  a  series  of  FEA  of  different  contact  problems.  To  analyze  the  quasi-static 
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Figure  5.6.  A  Simple  loading  history  applied  for  FEA  validation. 


problems  of  two  aluminum  alloy  spheres  in  elastic  frictional  contact,  we  constructed 
FE  discretization  of  the  volumes  shown  in  Figure  5.5.  The  main  mechanical  prop- 
erties of  the  aluminum  alloy  spheres  are:  radius  R  =  0.1  m,  Young's  modulus 
E  =  7.00  x  104  MPa,  Poisson's  ratio  v  =  0.30,  and  coefficient  of  friction  //  =  0.20. 
We  refer  the  interested  readers  to  Vu-Quoc  and  Lesburg  [1998]  for  more  details  on 
our  3-D  FEA  model  of  static  contact  between  two  spheres. 

5.4.1.  FEA  with  Simple-Loading  History 

The  first  problem  for  our  FEA  is  based  on  the  loading  history  shown  in  Fig- 
ure 5.6.  Since  we  have  \AQ\  >  \yAP\  in  the  loading  history  in  Figure  5.6,  we  are 
having  here  an  example  of  a  simple-loading  history  (see  Section  3.2.2  Remark  3.1). 
Please  note  that  we  are  considering  static  contact  in  the  FEA,  so  the  time  t  is  just 
used  to  show  the  loading  sequence  and  without  any  other  meaning. 


400 


Tangential  force  vs.  tangential  displacement 


Figure  5.7.  Comparison  of  FEA  results  to  results  produced  by  Mindlin 
and  Deresiewicz  (MD)  [1953]  theory  (Vu-Quoc  and  Lesburg  [1998]). 


As  mentioned,  for  consistency,  Hertz  theory  is  employed  as  the  normal  force- 
displacement  (NFD)  model  together  with  our  improved  TFD  model,  since  we  restrict 
our  comparison  to  elastic-frictional  contact  only.  Figure  5.7  shows  the  Q  -  8  curves 
produced  by  FEA  and  by  the  Mindlin  and  Deresiewicz  [1953]  theory  for  the  simple 
loading  history  shown  in  Figure  5.6.  The  FEA  results  agree  with  the  results  of  the 
Mindlin  and  Deresiewicz  [1953]  theory  for  this  simple  loading  history.  Figure  5.8 
shows  a  comparison  of  the  Q-5  curves  produced  by  our  improved  TFD  model  and  by 
Walton  and  Braun  [1986]  TFD  model  with  the  Q  -  5  curve  produced  by  the  Mindlin 
and  Deresiewicz  [1953]  theory  for  the  same  loading  history  shown  in  Figure  5.6.  The 
results  produced  by  our  improved  TFD  model  also  agree  with  the  results  produced 
by  the  Mindlin  and  Deresiewicz  [1953]  theory,  and  thus  agree  with  the  FEA  results; 
the  Q  -  5  curve  produced  by  the  Walton  and  Braun  [1986]  TFD  model  is,  however, 
sharply  different  from  those  by  the  Mindlin  and  Deresiewicz  [1953]  theory  and  by 
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Figure  5.8.  Comparison  of  Q  -  6  curves:  The  loading  history  shown 
in  upper  part  is  the  same  as  the  one  shown  in  Figure  5.6.  The  Q  -  6 
curve  produced  by  our  improved  TFD  model  agree  with  the  result 
produced  by  the  Mindlin  and  Deresiewicz  [1953]  (MD)  theory,  while 
the  Q  -5  curve  produced  by  the  Walton  and  Braun  [1986]  (WB)  TFD 
model  does  not  by  a  large  amount. 


81 

FEA.  As  we  mentioned,  the  reason  for  the  inaccuracy  of  Walton  and  Braun  [1986] 
TFD  model  is  that  it  does  not  properly  deal  with  the  effect  of  varying  normal  force 
P. 

5.4.2.  FEA  for  Non-Simple  Loading  History 

Figure  5.9  displays  the  Q  -  5  curve  produced  from  FEA  results  and  the  curve 
produced  by  our  improved  TFD  model  for  the  loading  history  shown  in  the  upper 
part  of  Figure  5.10.  This  loading  history  can  be  described  as  follows:  from  time 
t  =  0.0  sec  to  time  t  =  1.0  sec,  normal  force  P  increases  from  P  =  20  N  to 
P-max  —  2000  N  at  a  constant  rate  of  increasing,  tangential  force  Q  increases  from 
Q  =  0.0  N  to  Qmax  =  380  N  at  another  constant  rate  of  increasing.  From  time 
t  —  1.0  sec  to  t  =  2.0  sec,  both  P  and  Q  decrease  from  their  maximum  values  to 
their  respective  initial  values  at  constant  rates  of  decreasing.  Since  the  coefficient 
of  friction  is  /i  =  0.2,  in  above  loading  history,  the  rate  of  increase  AQ/At  is  always 
less  than  the  rate  of  increase  of  the  friction  limit  fiAP/At.  By  Remark  3.1,  this 
loading  history  is  a  non-simple  loading  history. 

It  can  be  seen  from  Figures  5.9  and  5.10  that  although  the  Mindlin  and  Dere- 
siewicz  [1953]  theory  is  not  valid  for  non-simple  loading  histories,  our  improved 
TFD  model,  which  is  based  on  the  Mindlin  and  Deresiewicz  [1953]  theory,  can  still 
produce  results  close  to  FEA  results  for  the  non-simple  loading  history  shown  in 
the  upper  part  of  Figure  5.10.  The  results  produced  by  the  Walton  and  Braun 
[1986]  TFD  model,  as  shown  in  Figure  5.10,  shows,  however,  a  much  larger  energy 
dissipation  and  maximum  displacement  for  the  same  loading  history. 

Remark  5.2.  We  observe  from  the  FEA  results  shown  in  Figure  5.9  that  the 
Q  -  8  unloading  curve  of  FEA  results  is  on  top  of  loading  curve.  It  is  observed  that 
there  is  no  energy  dissipation  for  the  non-simple  loading  history  of  our  example.  The 
reason  for  this  situation  to  happen  is  that  during  the  loading,  the  rate  of  increase  of 


S-Q 

curves 

i 

1 

350 

- 

—  Improved  TFD 
♦    FEA  Q  loading 
°    FEA  Q  unloadin 

7 

jj?      -1 

S? 

Q? 

50 

0< 

»*t2 

0.5 


1.5  2 

*(m) 


2.5 


3.5 


82 


x10 


Figure  5.9.  Comparison  of  FEA  results  with  results  produced  by  our 
improved  TFD  model  for  a  non-simple  loading  history. 


the  normal  force  P  is  so  high  that  the  rate  of  increase  of  tangential  force  Q  is  lower 
than  the  rate  of  increase  of  the  friction  limit  fj,AP.  That  |AQ|  <  p\AP\  prevented 
the  formation  of  micro  slips  in  the  contact  area,  which  are  the  cause  for  energy 
dissipation  as  mentioned  in  Section  3.2.  During  the  unloading,  the  ratio  between 
the  rate  of  decrease  of  the  tangential  force  Q  and  the  rate  of  decrease  of  the  normal 
force  P  are  the  same  as  the  ones  for  the  loading  stage.  Such  an  unloading  path 
results  in  the  tangential  traction  to  be  developed  on  the  contact  surface  in  exactly 
the  same  manner  as  the  development  of  tangential  traction  for  the  loading  but  in 
the  opposite  direction.  Again,  this  ratio  prevented  micro  slips  from  being  developed 
in  the  contact  area.  Therefore,  the  Q-5  relationship  behaves  like  a  nonlinear  elastic 
system.  We  refer  the  interested  readers  to  Mindlin  and  Deresiewicz  [1953]  and  Vu- 
Quoc  and  Lesburg  [1998]  for  more  details  on  the  micro  slips,  the  slip,  and  the  stick 
regions.  I 
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Figure  5.10.  Comparison  of  Q  -  8  curves:  The  loading  history  shown 
in  upper  part  is  the  same  as  for  FEA  results  shown  in  Figure  5.9.  The 
Q  -  S  curve  produced  by  the  Walton  and  Braun  [1986]  (WB)  TFD 
model  is  sharply  different  with  the  curve  produced  by  our  improved 
TFD  model. 
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5.5.  Benchmark  Test:  Hard-Sphere  Collisions 

We  use  the  DEM  simulation  code  implemented  with  the  improved  TFD  model 
presented  in  this  chapter  to  carry  out  the  simulation  of  hard-sphere  collisions  (see 
Appendix  C).  Please  note  that  in  our  simulation,  we  use  "soft"  particle  modeling 
to  simulate  the  collision  of  hard  spheres. 

5.5.1.  Simulation:  Hard-Sphere  Collision  of  Special  Material 

With  the  improved  TFD  model  implemented  in  our  DEM  simulation  code,  we 
simulated  100  hard-sphere  collisions  with  a  rigid  planar  surface.  The  spheres  are 
of  special  materials  so  that  the  vibrational  period  of  the  spring-mass  system  in  the 
TFD  model  is  the  same  as  the  vibrational  period  of  the  spring-mass  system  in  the 
NFD  model  for  elastic  contacts.  These  100  hard  spheres  were  given  the  same  initial 
translational  velocity  perpendicular  to  the  rigid  surface,  and  subjected  to  different 
angular  velocities  so  that  the  spheres  have  different  incident  angles,  i.e.,  different 
vn/vSjt  at  the  contact  points.  Figure  5.11  shows  such  a  sphere  moving  down  to 
collide  with  a  rigid  planar  surface. 

Remark  5.3.  It  should  be  noticed  that  in  our  simulation  code,  a  planar  surface 
is  represented  by  a  single  sphere  with  the  same  radius  of  the  impacting  sphere,  but  of 
infinite  mass  and  zero  velocity.  By  symmetry,  the  behavior  of  two  identical  spheres 
in  contact  is  equivalent  to  a  single  sphere  in  contact  with  a  rigid  planar  surface.      I 

Figure  5.12  shows  the  results  of  simulation  of  hard-sphere  collisions  for  the 
special  material  described  in  Appendix  C.  For  this  material,  the  period  of  the 
normal  direction  of  contact  is  equal  to  that  of  the  tangential  direction  of  the  contact. 
The  Walton  and  Braun  [1986]  NFD  model  is  employed  for  normal  contact;  this 
model  can  only  accommodate  a  constant  normal  coefficient  of  restitution  e,  i.e.,  e 
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Figure  5.11.  Collision  of  a  sphere  with  a  planar  surface 


is  independent  of  the  incoming  velocity.  In  this  simulation,  except  the  properties 
for  special  materials,  we  set  e  =  0.5  for  all  spheres,  and  the  coefficient  of  friction  to 
H  =  0.4. 

It  can  be  seen  from  Figure  5.12  that  the  results  obtained  our  improved  TFD 

model  show  that,  for  sliding  collision,  the  tangential  coefficient  of  restitution  0  is  a 

linear  function  of  (  —2-  I ;  and  that  the  tangent  of  the  effective  recoil  angle  f  -^- ) 

\V^J  \v'n) 

is  also  a  linear  function  of  the  tangent  of  the  corresponding  effective  incident  angle 

(  — —  j .  Those  relationships  are  exactly  as  predicted  theoretically  in  Section  ??  by 

(C.25)  and  (C.26).  The  little  circles  'o'  on  Figure  5.12  divide  the  collision  regimes 

sliding  collision  ar 

=  1.389,  and  thus 


into  sliding  collision  and  sticky  collision.   At  this  critical  incident  angle,  we  have 
vs,t 


*-H^(Hi)ilU 


The  above  result  also  agrees  with  the  inequality  (C.31).  From  Figure  5.12,  we  also 
observe  that  there  are  two  important  parameters  that  control  the  collision  regimes. 
The  larger  the  coefficient  of  friction  /x  is,  the  more  likely  that  the  collision  is  sticky; 
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Figure  5.12.  Simulation  results  for  spheres  in  collisions  with  a  plane, 
special  material:  There  is  a  large  difference  between  the  results  from 
our  improved  TFD  model  and  those  results  from  Walton  and  Braun 
[1986]  TFD  model  around  the  point  of  changing  mode  of  contact.  Our 
results  agree  with  the  theoretical  results,  whereas  those  from  the  WB 
TFD  model  do  not. 
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of  course,  the  smaller  the  /j,  is,  the  more  likely  the  collision  is  sliding,  and  similarly 

for  the  incident  angle  ip,  or  the  ratio  f  — —  ) . 

\  vs,t  J 

The  simulation  results  obtained  by  using  the  Walton  and  Braun  [1986]  TFD 
model  are  also  presented  in  Figure  5.12.  They  agree  with  the  theoretical  results 
when  the  incident  angle  (ip  =  tan,-1!  —  ))  is  far  away  from  the  critical  angle  ^o 
at  which  -*-  =  1.389  and  0  =  (30.  When  the  incident  angle  is  close  to  the  critical 
incident  angle  Vo,  there  is,  however,  a  clear  difference  between  the  results  from  the 
Walton  and  Braun  [1986]  TFD  model  and  the  theoretical  predictions. 

Figure  5.13  presents  the  loading  histories  and  the  Q  -  S  curves  for  the  sphere 
with  the  critical  incident  angle  Vo,  i.e.,  the  sphere  with  incoming  velocity  ratio 

Vst 

-J-  =  1.389.  There  are  five  curves  in  the  upper  part  of  Figure  5.13  for  the  loading 
histories  of  the  collision:  The  dashed  line  is  the  normal  force  P  obtained  from  using 
the  Walton  and  Braun  [1986]  NFD  model  used  for  this  simulation;  the  line  with  the 
'+'  symbols  is  the  friction  limit  //P;  the  solid  line  is  the  tangential  force  Q  from 
simulation  using  our  improved  model  with  40  integration  time-steps  for  one  contact 
(ntcol  =  40);  the  line  with  the  'o'  symbols  is  the  Q  obtained  from  our  improved 
TFD  model  with  larger  integration  time-step  size  {ntcol  =  20);  the  'dash-dot  line' 
is  the  tangential  force  Q  obtained  from  the  Walton  and  Braun  [1986]  TFD  model. 
As  predicted  in  Appendix  C,  the  sphere  with  the  tangent  of  the  incident  angle 
vs,t  /vn=  1.389  is  the  one  at  the  boundary  of  sliding  collision  and  sticky  collision; 
in  this  case,  during  collision,  tangential  force  Q  should  be  at  the  friction  limit  //P. 
The  loading  histories  clearly  show  that  the  tangential  force  Q  from  our  improved 
TFD  model  lies  exactly  on  top  of  the  friction  limit  /xP,  as  expected  from  theoretical 
considerations.    On  the  other  hand,  the  tangential  force  Q  from  the  Walton  and 
Braun  [1986]  TFD  model  is  below  the  frictional  limit  /iP  for  more  that  two  third 
of  the  collision  time.  The  lower  part  of  the  figure  shows  three  Q  -  6  curves:  The 
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Figure  5.13.  Loading  histories  (upper)  and  Q  -  5  curves  (lower), 
special  material:  At  vs,t  /  vn  =  1.389,  Q  from  our  improved  TFD 
model  is  at  the  frictional  limit  pP  (upper  figure);  Q  obtained  from 
the  Walton  and  Braun  [1986]  (WB)  TFD  model  is  below  //P  for  most 
of  the  collision  time. 
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solid  line  is  the  result  from  our  improved  TFD  model  with  small  time  steps  (i.e., 
ntcol  =  40,  the  same  number  of  time  steps  as  in  for  the  simulation  with  the  Walton 
and  Braun  [1986]  TFD  model);  the  line  with  the  'o'  symbols  is  the  result  from 
our  improved  TFD  model,  but  with  time  steps  that  are  twice  as  large  (or  half  the 
number  of  time  steps,  i.e.,  ntcol  —  20);  the  dashed  line  is  the  result  from  the  Walton 
and  Braun  [1986]  TFD  model.  There  is  thus  a  clear  difference  between  the  Q  —  5 
curves  from  our  TFD  model  and  the  one  from  the  Walton  and  Braun  [1986]  TFD 
model.  Another  important  feature  of  our  improved  TFD  model  is  that  the  curves 
obtained  from  simulations  using  our  improved  TFD  model  with  different  time  step 
sizes  for  integration  are  close  to  each  other.  That  is,  our  improved  TFD  model  is 
stable  for  different  time  step  sizes  of  integration. 

5.5.2.  Simulation:  Hard-Sphere  Collision  of  Ordinary  Material 

Maw  et  al.  [1976]  presented  analytical  results  of  oblique  impact  of  homoge- 
neous elastic  spheres  on  a  half-space.  Their  calculation  was  based  on  Hertz  theory 
for  normal  contact  and  Mindlin  and  Deresiewicz  [1953]  theory  for  tangential  elas- 
tic frictional  contact.  The  Poisson's  ratio  of  the  material  in  Maw  et  al.  [1976] 's 
calculation  was  v  —  0.3. 

We  carried  out  DEM  simulation  for  the  collisions  discussed  in  Maw  et  al.  [1976]. 
We  used  the  same  Poisson's  ratio,  v  =  0.3,  as  in  Maw  et  al.  [1976]  in  our  simulation. 
Since  Hertz  theory  is  employed  for  the  normal  contact  force-displacement  law,  the 
coefficient  of  restitution  for  normal  collision  is  unity,  i.e.,  e  —  1.0.  Except  for  the  fact 
that  we  assume  the  deformation  involved  in  the  collisions  is  limited  to  the  elastic 
range,  and  that  the  friction  is  the  only  source  of  energy  dissipation,  all  parameters 
set  in  our  simulation  are  values  of  ordinary  materials  (such  as  aluminum).  We 
simulate  100  spheres  colliding  with  a  rigid  surface  in  the  same  way  as  described  in 
Section  5.5.1.  Figure  5.14  shows  the  simulation  results. 


90 


0.6 


0.4 


0.2 


~~ 


CK>- 


-0.2- 


-0.4 


Tangential  Coefficient  of  Restitution  /3 


Improved  TFD 
WB  [1986]  TFD 


3       1   X  4 


"(1  +  e)(1  +  F)£ 


5>   I   p 


Effective  Recoil  Angle  vs.  Incident  Angle 


Vsjt 


Figure  5.14.  Simulation  results  for  spheres  (ordinary  material)  collid- 
ing with  a  rigid  surface:  Tangential  coefficient  of  restitution  0  (upper), 
recoil  angle  vs.  incident  angle  (lower). 
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It  can  be  seen  from  Figure  5.14  that  there  is  no  critical  incident  angle  for  the 
ordinary  material  considered.  The  upper  part  of  Figure  5.14  shows  that  that  the 
tangential  coefficient  of  restitution  in  this  case  still  follows  the  qualitative  theoretical 
prediction  given  by  (C.25)  and  (C.26).  The  improved  TFD  model  and  the  Walton 
and  Braun  [1986]  TFD  model  agree  in  the  sliding  collision  regime,  but  differ  from 
each  other  in  the  sticky  collision  regime  and  in  the  "boundary"  between  sliding 
collision  and  sticky  collision.  Even  though  the  normal  coefficient  of  restitution  is 
unity,  i.e.,  there  is  no  energy  dissipation  caused  by  normal  contact,  the  upper  part  of 
Figure  5.14  shows  that  the  energy  dissipation  caused  by  the  tangential  force  is  not 
uniform  in  the  sticky  collision  regime,  as  manifested  through  the  steady  decrease  of 
the  tangential  coefficient  of  restitution  /?.  Such  non-uniform  energy  dissipation  in 
the  sticky  regime  is  different  from  the  uniform  energy  dissipation  found  for  special 
material,  as  manifested  by  the  plateauing  of  the  coefficient  (3  in  the  upper  part 
of  Figure  5.12.  The  reason  for  the  non-uniformity  of  the  tangential  coefficient  of 
restitution  could  be  due  to  the  combined  effect  of  friction  and  the  mismatch  in  the 
vibrational  periods  of  the  equivalent  spring-mass  system  in  the  NFD  model  and  in 
the  TFD  model.  When  the  normal  contact  force  P  decreases  to  zero  at  the  end  of  a 
collision  (see  upper  part  of  Figure  5.13),  the  tangential  force  Q  also  has  to  decrease 
to  zero  with  P.  If  the  vibrational  period  of  the  equivalent  spring-mass  system  in 
the  tangential  direction  is  not  the  same  as  that  in  the  normal  direction,  when  P 
reaches  zero,  Q  is  still  far  from  zero  (there  is  still  some  stored  elastic  energy  in  the 
tangential  direction).  As  a  result,  when  P  drops  to  zero,  so  must  Q,  and  thus  the 
remaining  stored  elastic  energy  in  the  tangential  direction  is  lost,  resulting  in  higher 
dissipation  of  energy,  and  thus  a  decrease  in  the  coefficient  /3  as  we  move  to  the 
right  on  the  horizontal  axis  in  the  upper  part  of  Figure  5.14. 

The  curves  describing  the  tangent  of  the  recoil  angle  vs.  the  tangent  of  incident 
angle  in  the  lower  part  of  Figure  5.14  agree  with  the  Maw  et  al.  [1976]  analytical 
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v' 
results.  When  the  tangent  of  the  recoil  angle  has  the  value  — —  =  —  1,  the  tangent 

of  the  incident  angle  is  — —  =  4.682,  which  is  accurate  compared  to  the  result  of 

vn 

Maw  et  al.  [1976]  of  — —  =  4.765,  considering  that  we  employed  a  highly  simplified 

vn 

TFD  model. 

The  difference  between  our  improved  TFD  model  and  the  Walton  and  Braun 
[1986]  TFD  model  in  the  upper  part  of  Figure  5.14  indicates  that  not  only  different 
force  magnitude  is  obtained  using  different  TFD  models,  but  also  different  behaviors 
of  particles  in  collision.  It  is  therefore  important  to  use  an  accurate  TFD  model  for 
an  accurate  prediction. 


CHAPTER  6 
ELASTO-PLASTIC  NFD  MODEL 


In  this  chapter,  we  present  the  formulation  and  validation  of  a  new  normal 
force-displacement  (NFD)  model  that  accounts  for  the  effect  of  both  the  elastic  and 
plastic  deformations  in  DEM  simulations.  To  construct  the  NFD  model,  we  carry 
out  a  series  of  finite  element  analyses  (FEA)  of  contact  problems  at  first.  The  NFD 
model  proposed  in  this  chapter  is  based  on  the  continuum  theory  of  plasticity  and 
the  observation  of  the  FEA  results. 

6.1.  FEA  Model  and  Loading  Paths 

Figure  6.1  shows  the  FEA  model  employed  in  our  FEA  of  the  normal  contact 
between  two  identical  spheres.  The  case  of  two  identical  spheres  in  contact,  sub- 
jected to  normal  force  only,  can  be  analyzed  in  an  efficient  manner  by  considering  a 
single  sphere  contacting  a  frictionless  rigid  surface,  as  a  result  of  the  symmetry  in  the 
problem.  Using  ABAQUS,  version  5.4,  we  constructed  an  axisymmetric  FE  model 
of  a  sphere  contacting  a  frictionless  rigid  surface,  as  shown  in  Figure  6.1(a),  The 
sphere  material  is  elastic/elasto-perfectly-plastic.  Invoking  Saint- Venant  principle, 
we  only  discretize  the  domain  within  the  square  in  dashed  line  in  Figure  6.1(a). 
Figure  6.1(b)  depicts  the  discretization  of  our  axisymmetric  finite  element  model, 
which  is  a  much  finer  mesh  around  the  contact  area  than  the  discretization  used  in 
Walton  [1993]  (see  Figure  4.2(a)). 

The  sphere  in  our  FEA  has  a  radius  of  R  =  0.1  m,  with  the  material  properties 
chosen  as  of  an  aluminum  alloy:  Young's  modulus  E  =  7.0  x  1010  N/m2,  Poisson's 
ratio  v  =  0.3.  When  plastic  plastic  property  is  imposed,  the  yield  stress  is  set  to 
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(a)  A  sphere  in  contact  with  a  friction- 
less  rigid  planar  surface. 


(b)  Axisymmetric  FEA  mesh  for  normal  con- 
tact problems. 


Figure  6.1.  FEA  model  for  contact  problems. 

cry  =  1.0  x  108  JV/ra2,  and  the  perfectly  plastic  model  was  selected  as  the  material 
behavior  in  the  plastic  regime.  Using  the  von  Mises  yield  criterion  and  Hertz  contact 
theory,  the  normal  contact  force  at  incipient  yield  is  obtained  to  be  PY  =  36.4  N 
(by  (6.19)  in  Section  3.1). 

Figure  6.2  shows  three  loading  paths  of  the  normal  force  P  used  in  the  FEA. 
We  refer  the  readers  to  Vu-Quoc  and  Lesburg  [1998],  Vu-Quoc  and  Zhang  [1998a], 
and  Vu-Quoc  et  al.  [1997]  for  more  details  on  the  FEA  models  and  FEA  results  of 
contact  problems,  including  elastic,  elasto-plastic  contact  problems  for  both  normal 
contacts  and  tangential  frictional  contacts. 

Before  performing  the  FEA  for  elasto-plastic  contact  problems,  we  validated 
the  FEA  model  by  applying  the  loading  path  AFG  {Pmax  =  1500  N,  in  Figure  6.2), 
with  the  elastic  material  properties  as  listed  above,  without  considering  the  yield 
condition  and  plastic  deformation.   Then  the  FEA  results  are  compared  with  the 
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Figure  6.2.  Loading  paths  of  normal  force. 

quantities  obtained  from  Hertz  contact  theory  (3.10),  (3.9),  and  (3.3).  Close  agree- 
ment between  our  FEA  results  and  the  results  from  Hertz  theory  is  observed. 

6.2.  Formulation  of  the  NFD  Model 


6.2.1.  Additive  Decomposition  of  the  Contact  Radius 

Let  aep  be  the  radius  of  the  contact  area  of  an  elasto-plastic  contact  under 
normal  contact  force  P,  ae  the  radius  of  the  contact  area  of  elastic  contact  under 
the  same  normal  force  P.  We  have  the  following  relationship 


7ep 


ae    for  P  <PY  , 


(6.1) 


\  aep  >  ae  for  P  >  PY  . 
In  other  words,  the  effect  of  plastic  deformation  is  to  increase  the  size  of  contact 
area.  Figure  6.3  shows  the  FEA  result  of  the  elasto-plastic  contact  radius  aep  versus 
normal  contact  force  P  for  P  loading  from  0  to  1500  N.  The  elastic  contact  radius 
ae  determined  by  Hertz  theory  (i.e.,  by  (3.6))  is  also  shown  in  Figure  6.3. 
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Figure  6.3.  Contact  radius  aep  versus  normal  force  P  for  elasto-plastic 
contact,  with  comparison  to  Hertz  theory  (elastic). 

Based  on  (6.1)  the  observation  from  Figure  6.3,  we  propose  the  following 
additive  decomposition  of  the  elasto-plastic  contact  radius  aep 


aep  =  ae  +  ap  , 


(6.2) 


where  a6  is  the  elastic  part  of  the  contact  radius  determined  by  Hertz  theory's  (3.6), 
and  a?  the  plastic  part  of  the  contact  radius.  The  above  decomposition  is  motivated 
by  the  formalism  of  the  theory  of  elasto-plasticity  and  the  principle  that  the  total 
strain  eep  is  the  sum  of  elastic  strain  ee  and  the  plastic  strain  ep. 

Figure  6.4  shows  the  plastic  contact  radius  ap  versus  the  normal  force  P  for 
loading  P  to  1500  N  and  unloading.  We  observe  from  Figure  6.4  that,  during 
loading,  the  plastic  radius  ap  increases  with  P  in  an  approximately  linear  fashion. 
During  unloading,  the  plastic  contact  radius  a?  does  not  obviously  decrease  with  the 
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Figure  6.4.  Plastic  contact  radius  ap  versus  normal  contact  force  P. 
Symbols  (+,  o):  FEA  results.  Solid  line:  model  for  loading.  Dashed 
line:  model  for  unloading. 


decreasing  P;  and  there  is  a  permanent  deformation  left  after  complete  unloading. 
In  other  words,  the  contact  radius  goes  to  a  nonzero  residual  value  (denoted  later 
as  ares)  as  the  normal  force  P  goes  to  zero.  Further,  we  note  that  the  elastic  part 
of  aep  is  nonlinear  with  respect  to  P,  as  can  be  seen  from  (3.6).  Based  on  these 
observations,  the  additional  radius  a?  of  contact  area  caused  by  plastic  deformation 
(from  now  on,  we  call  ap  the  plastic  part  of  the  radius  of  the  contact  area)  in  the 
proposed  NFD  model  is  approximated  as 


or 


Ca(P  —  PY)  for  loading 

Ca(Pmax  -  Py)     for  unloading 


(6.3) 


where  Ca  is  a  constant  that  can  be  determined  from  the  properties  of  the  spheres  in 
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contact.  For  example,  Ca  for  the  current  elasto-plastic  contact  problem,  the  FEA 

results  indicate  Ca  =  2.33  x  1(T7  N/m.    The  symbol  (  )  denotes  the  MacCauley 

bracket  defined  by 

,  v         f  0    for  x  <  0  ,      , 

(X)  =  {x    fora^O     •  ^ 

This  additive  decomposition  of  elasto-plastic  contact  radius  is  not  only  the 
foundation  of  the  proposed  NFD  model,  but  is  also  crucial  in  the  elasto-plastic  TFD 
model  (see  Section  8.1,  also  see  Vu-Quoc,  Lesburg  and  Zhang  [1998]  and  Vu-Quoc 
and  Zhang  [1998  c])  since  the  initial  tangential  contact  stiffness  is  closely  related  to 
the  radius  of  the  contact  area. 

The  additive  decomposition  of  the  elasto-plastic  contact  radius  aep  into  an 
elastic  part  (ae)  and  a  plastic  part  (aP).  We  observe  that  the  relationship  between 
a?  and  the  normal  load  P  given  by  (6.3)  parallels  that  between  the  plastic  strain  ep 
and  the  stress  a  in  uniaxial  problems  in  the  classical  model  of  elasto-plasticity  with 
isotropic  hardening,  in  which  the  following  relationships  hold 

eep  =  ee  +  ep  ,  (6.5) 

where  eep  is  the  elasto-plastic  strain,  ee  the  elastic  strain,  and  ep  the  plastic  strain, 

which  is  related  to  the  stress  a  by 

eP  _  |  Kh(a-aY)  for  loading 

\  Kh(&max  -  cry)     for  unloading     '  ^  '  ' 

where  Kh  is  the  coefficient  of  isotropic  hardening.  Figures  6.5  and  6.6  depict  relations 
(6.6)  and  (6.3),  respectively.  The  similarity  between  the  continuum  theory  of  elasto- 
plasticity  with  hardening  and  the  elasto-plastic  contact  between  spheres  form  a  point 
of  departure  in  the  construction  of  our  elasto-plastic  NFD  model. 

6.2.2.  Normal  Pressure  Distribution 

Figure  6.7  shows  for  the  normal  pressure  pFE  distribution  at  Pmax  =  1500  TV. 
This  figure  shows  that  the  normal  pressure  on  the  contact  surface  is  approximately 
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constant  at  a  level  of  2.3  x  108  N/m2,  or  2.3  times  the  material's  yield  stress  aY  - 
1.0  x  108  N/m2.  FEA  results  for  maximal  force  levels  of  Pmax  =  500  N  and 
Pmax  —  1000  N  show  similar  results  for  the  maximum  normal  pressure  pFE,  but 
show  different  elasto-plastic  contact  area  radii  aep  (Figure  6.8).  That  is,  when  the 
normal  contact  force  is  much  greater  than  the  incipient  yield  force,  i.e.,  P  >  PY, 
the  maximum  normal  pressure  is  always  roughly  twice  the  material  yield  stress.  For 
detailed  results  of  these  other  loading  histories,  see  Vu-Quoc  and  Lesburg  [1998]. 

Figure  6.7  also  shows  the  Hertz  prediction  (via  (3.3))  for  the  distribution  of 
normal  pressure  pHz  for  the  same  normal  force  level  Pmax  =  1500  N.  Comparing 
pH  with  pFE,  we  see  that  the  maximum  normal  pressure  from  Hertz  theory  is  much 
larger  than  that  from  the  FEA  results.  On  the  other  hand,  the  radius  of  contact 
area  from  (elastic)  Hertz  theory  is  smaller  that  that  from  FEA  results.  Since  both 
normal  pressures  shown  in  Figure  6.7  arise  from  the  same  normal  force  level  Pmax, 
the  integrals  of  the  normal  pressures  over  the  respective  contact  areas  should  be  the 
same. 
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Figure  6.7.  Normal  stress  distribution  on  the  contact  surface. 


Remark  6.1.  The  elasto-plastic  NFD  model  proposed  by  Thornton  [1997]  as- 
sumes that  the  normal  pressure  on  the  contact  surface  is  a  constant  near  the  center 
region  of  the  contact  area  (Section  4.3).  The  maximum  normal  pressure,  named  as 
contact  yield  stress  by  Thornton  [1997],  however,  is  (ay)th  —  1-61  aY  and  much  less 
than  what  we  obtained  from  FEA  results.  Therefore,  the  corresponding  radius  of 
contact  area  from  the  Thornton  [1997]  NFD  model  is  larger  than  our  elasto-plastic 
contact  radius  aep.  In  addition,  since  the  tangential  stiffness  of  contact  is  closely 
related  to  the  size  of  the  contact  area  (see  Vu-Quoc,  Lesburg  and  Zhang  [1998]  and 
Vu-Quoc  and  Zhang  [1998c]  for  more  details),  an  accurate  TFD  model  could  not  be 
developed  based  on  the  Thornton  [1997]  NFD  model.  I 

In  the  present  model,  we  approximate  the  distribution  of  the  normal  pressure 
on  the  elasto-plastic  contact  surface  by  an  elliptic  curve  as  shown  by  the  dashed  line 
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Figure  6.8.  Distribution  of  normal  pressure  p  on  contact  surface  for 
three  normal  force  levels.  Broken  lines  with  symbols  (o,  x,  +):  FEA 
results.  Solid  lines:  Hertz  theory  p# . 


in  Figure  6.7.  This  normal  pressure  can  be  expressed  as 


PPm(r)  =  (Pm) 


c]> 


^1/2 


aePj 


(6.7) 


where  the  maximum  normal  pressure  (pm)ep  is  determined  by  setting  the  integral  of 
ppm  of  (6.7)  over  the  elasto-plastic  contact  area  equal  to  the  normal  force  P.  We  can 
see  that  the  shape  of  the  normal  pressure  distribution  of  our  model  is  similar  to  that 
of  Hertz  theory,  but  the  distribution  is  over  the  elasto-plastic  contact  area.  Such  an 
approximation  of  normal  pressure  is  motivated  by  the  use  of  Mindlin  and  Deresiewicz 
[1953]  formalism  in  constructing  the  elasto-plastic  TFD  model.  It  is  important  to 
keep  in  mind  that  although  this  elliptic  approximation  of  normal  pressure  is  crucial 
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for  the  construction  of  our  TFD  model  (Section  8.1),  but  will  not  affect  the  NFD 
relationship  in  the  present  NFD  model. 

6.2.3.  Parabola  Law:  Normal  Displacement  vs.  Radius  of  Contact  Area 

Hertz  theory  gives  a  parabolic  relation  between  the  normal  displacement  and 
the  radius  of  the  contact  area.  In  the  cases  of  one  sphere  contacting  a  rigid  friction- 
less  plane,  the  parabola  law  (3.7)  can  be  simplified  to 

K)2 


aH  = 


R     ' 


(6.8) 


where  aH  is  the  normal  displacement  between  the  sphere  and  the  plane,  aH  the 
radius  of  contact  area.  Note  that  a#  and  a#  are  both  for  elastic  contact  and  are 
both  determined  via  the  relations  of  Hertz  theory. 
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Figure  6.9.  Normal  displacement  a  versus  the  radius  of  total  contact 
area  (aep  for  elasto-plastic  contact,  aH  for  elastic  contact). 
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Figure  6.9  shows  the  FEA  result  for  the  relationship  between  normal  displace- 
ment a  and  elasto-plastic  contact  radius  aep,  for  monotonic  loading  form  P  —  0  to 
P  =  1500  N.  The  an  versus  a#  relation  obtained  from  Hertz  theory  (via  (6.8))  is 
also  shown.  In  Figure  6.9,  the  a  —  aep  curve  from  FEA  results  follows  a  roughly 
parabolic  relation  that  is  similar  to  the  curve  from  Hertz  theory.  Our  analyses  of 
other  elasto-plastic  contact  cases  reveal  the  similar  trends  (see  Vu-Quoc  and  Lesburg 
[1998]). 

Based  on  the  FEA  results,  and  considering  that  the  first  half  of  (3.7)  is  largely 

derived  from  geometry  relation  (see  Johnson  [1985,  p. 84-89]  and  Appendix  D),  we 

assume  that  the  a  —  aep  relation  is  parabolic  for  the  loading  portion  of  the  force 

history.  That  is,  when  P  is  increasing,  we  have 

(«ep)2  ,      , 

a  =  -5T>  (6-9) 

where  R*  is  the  equivalent  radius  of  the  local  contact  curvature  accounting  for  the 

effect  of  plastic  deformation.  The  quantity  R*  is  defined  in  a  manner  similar  to  (3.2) 

by 

^  :=  f"V  +  ^)  '  (610) 

Rp         \  (i)RP       u)Rp  J 

For  the  contact  between  two  identical  spheres  or  between  a  sphere  and  a  rigid  plane, 
we  have  R*  —  Rp/2.  Therefore,  the  parabola  law  can  be  written  as 

(aep)2 
a  =  i-^  ,  (6.11) 

tip 

where  Rp  is  the  radius  of  local  contact  curvature  accounting  for  plastic  deformation. 
Using  (6.12)  this  radius  can  be  computed  based  on  the  original  radius  R  and  on  the 
level  of  plastic  deformation. 

Figure  6.10  shows  such  a  change  in  the  local  contact  curvature.  Therefore,  we 
propose  to  compute  the  radius  Rp  of  relative  curvature  by  the  following 

Rp  =  CR(P)R  ,  (6.12) 
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Figure  6.10.  Plastic  deformation  increases  the  radius  of  relative  con- 
tact curvature. 


where  Cr(P)  is  the  coefficient  for  adjusting  the  contact  radius  to  account  for  the 
plastic  deformation.  Considering  that  the  plastic  deformation  tends  to  flatten  the 
contact  surface  and  that  a  larger  normal  force  P  produces  a  larger  the  radius  of 
local  contact  curvature,  we  propose  to  approximate  Cr(P)  as 

'  1.0  for  P  <  PY 


CR(P)  = 


(6.13) 


1.0 +  Kc(P-Py)     for  P>PY     ' 

where  Kc  is  a  constant  determined  by  the  sphere  properties.  For  the  sphere  used  in 
FEA  in  this  chapter,  we  obtained  Kc  =  2.69  x  10"4  N~l.  Therefore,  when  P  <  PY, 
CR(P)  =  1.0  leads  to  Rp  =  R;  and  when  P  >  PY,  CR(P)  >  1.0  leads  to  Rp  >  R. 

For  the  case  of  normal  force  P  unloading  after  loading  to  a  maximum  normal 
force  Pmax,  we  assume  that  the  relation  between  normal  displacement  and  contact 
area  still  follows  the  parabola  law.  Since  the  plastic  deformation  is  irreversible, 
there  must  exist  a  residual  normal  displacement  aTes  after  the  complete  unloading 
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of  normal  force  P.  Considering  that  the  unloading  should  be  an  elastic  process,  we 
propose  the  parabola  law  for  the  P  unloading  stage  to  be 

a -are*  =  j^r-, E  ■  (6-14) 

Let  Qmax  and  (ae)max  be  the  normal  displacement  and  the  elastic  contact  radius 
corresponding  to  the  maximum  normal  force  Pmai,  respectively.  Substituting  amax, 
(ae)max,  and  Pmax  into  (6.14),  we  obtain 

(«e),2 


'max 


(6.15) 


(CR)P=Pmax  R 
The  residual  normal  displacement  ares  depends  on  the  maximum  normal  force  Pmai. 

Remark  6.2.  Apart  from  the  additive  decomposition  of  the  contact  area,  the 
use  of  (6.12)  to  correct  the  radius  of  the  local  contact  curvature  is  another  crucial 
component  for  our  successful  FD  models.  This  portion  also  plays  an  important  role 
in  the  TFD  model  in  accounting  for  the  effect  of  the  plastic  deformation.  I 

Please  note  that  the  present  NFD  model  is  developed  to  apply  to  elasto-plastic 
contact  in  combination  with  the  TFD  model  presented  in  Chapter  8  (also  see  Vu- 
Quoc,  Lesburg  and  Zhang  [1998]  and  Vu-Quoc  and  Zhang  [1998c]).  The  results 
from  our  3D  FEA  show  that  the  presence  of  a  tangential  force  does  not  significantly 
affect  either  the  P  —  a  relationship  or  the  plastic  flow  inside  the  sphere.  In  other 
words,  the  plastic  deformation  is  mainly  caused  by  the  the  normal  contact  force 
P.  Consequently,  the  present  NFD  model  does  not  need  to  be  adjusted  when  a 
tangential  force  is  present. 

The  two  important  parameters  in  our  model  are  Ca  and  Kc,  which  are  functions 
of  the  other  parameters  such  as  oy,  E,  u,  R,  etc.  Similar  to  the  idealization  of 
elasto-plastic  behavior  illustrated  in  Figure  6.11  (Lubliner  [1990]),  the  NFD  model 
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(a)  a  -  e  curve:  Uniaxial  tensile/compressing 
experiment  on  mild  steel. 


(b)  a  -  e  curve:  Elasto-plasticity  models 
of  continuum  theory. 


Figure  6.11.  Idealization  of  elasto-plasticity:  Model  parameters.  The 
yield  stress  oY  and  the  hardening  coefficient  K  are  extracted  from 
experimental  data. 


presented  here  is  general,  and  the  model  parameters  of  course  depend  on  the  material 
and  the  geometry  of  the  particles.  To  illustrate  the  workability  of  our  model,  the 
values  of  the  model  parameters  that  appear  in  this  paper  correspond  to  a  specific 
material  and  geometry.  One  should  not  use  these  values  for  other  examples  without 
verifying  their  validity.  This  situation  is  similar  to  the  case  where  one  should  not 
use  a  set  of  plasticity  model  parameters  for  a  given  material  (e.g.,  mild  steel)  to 
model  the  behavior  of  another  material  (e.g,  powder),  using  the  same  plasticity 
model.  While  the  plasticity  model  employed  is  in  itself  general,  the  values  of  the 
model  parameters  have  to  be  changed  depending  on  the  material  under  study.  In 
exactly  the  same  manner,  the  NFD  model  proposed  in  this  paper  is  in  itself  general, 
whereas  the  values  of  the  model  parameters  have  to  be  measured  depending  on  the 
material  and  the  geometry  of  the  particles.  Further  theoretical  work  can  be  done  to 
relate  these  model  parameters  to  other  basic  parameters  (e.g.,  aY,  E,  v,  R,  etc.). 
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Figure  6.12.  An  example  of  a  polycrystal;  Nickel  based  Inconel  718  alloy. 


From  experimental  observations,  idealized  plasticity  models  have  been  pro- 
posed, with  model  parameters  (e.g.,  aY,  K,  etc.)  to  be  measured  from  experiments. 
On  the  other  hand,  steel  itself  if  looked  closely  is  not  homogeneous,  but  is  a  poly- 
crystal (Figure  6.12,  Lemaitre  and  Chaboche  [1990]).  Thus  a  more  fundamental 
question  is  how  to  come  up  with  homogenized  plasticity  model  (with  parameters 
evaluated)  from  single-crystal  plasticity.  Here,  in  our  work,  we  follow  a  similar  phi- 
losophy: (i)  Use  numerical  experiments  to  observe  the  behavior  of  certain  critical 
quantities  (e.g.,  the  contact  radius,  normal  stress  distribution  on  contact  surface, 
etc.)  so  that  a  model  can  be  invented,  (ii)  propose  simple  experiments  to  measure 
the  model  parameters  (Zhang  and  Vu-Quoc  [19986]),  (iii)  indicate  fundamental  fu- 
ture work  to  link  the  model  parameters  to  other  model  parameters  of  the  material 
(e.g.,  cry,  E,  v)  and  of  the  geometry  of  the  particle  (e.g.,  R). 

6.2.4.  Normal  Force  Reloading 

The  simplest  contact  loading-unloading  cycle  is  the  one  in  which  during  the 
contact,  the  normal  force  increases  monotonically  from  zero,  and  then  decreases 
monotonically  till  the  end  of  the  contact.  A  normal  force  reloading  case  is  more 
complicated  than  that  of  a  simplest  contact  loading-unloading  cycle.  In  such  a  case, 
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the  status  of  the  normal  contact  force  P  changes  from  decreasing  to  increasing.  Such 
reloading  cases  are  encountered  in  DEM  simulation  of  granular  flows,  especially  for 
frictional  (or  dense)  flows.  When  the  maximum  normal  force  is  less  than  or  equal  to 
the  incipient  yield  normal  force  PY,  the  loading-unloading  of  the  contact  is  an  elastic 
process,  and  its  force-displacement  (FD)  relationship  follows  Hertz  theory.  When 
the  maximum  normal  force  Pmax  exceeded  the  yield  force  PY,  plastic  deformation 
occurs,  and  the  loading-unloading  process  is  more  complicated  because  of  the  effect 
of  plastic  deformation.  Figure  6.13  shows  the  NFD  relation  of  such  a  case. 


Figure  6.13.  Normal  force  reloading  when  Pmax  >  PY. 


In  Figure  6.13,  the  normal  force  P  increases  from  state  ©  of  P  =  0  to  state  O  of 
Pmax  =  Pi  at  first,  then  P  decreases  from  state  O  to  state  0  of  P  =  P2  >  0  before 
it  starts  to  reload.  Since  that  Pmax  =  Px  >  PY,  we  have  a  non-zero  residual  normal 
displacement  ares  =  a4  caused  by  plastic  deformation  that  can  be  determined  by 
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(6.15).  That  is,  if  we  continue  to  decrease  the  normal  displacement  a  from  a2  to 
a4,  the  normal  force  P  will  be  decreased  from  P2  to  0  as  indicated  by  state  O  .  Our 
problem  is  to  determine  the  P  —  a  relationship  for  the  case  where  the  normal  force 
P  reloads,  i.e.,  P  increases  from  P2  at  state  0  ,  and  for  the  case  of  the  P  unloading 
after  such  reloading. 

As  stated  in  Section  ??,  the  unloading  of  the  normal  force  P  from  state  O  to 
0  is  an  elastic  process,  with  a  non-zero  residual  normal  displacement  and  with  a 
modified  effective  contact  curvature  (recall  (??))  to  account  for  the  effect  of  plastic 
deformation.  The  reloading  NFD  relationship  should  follow  the  same  rule  (i.e., 
parabola  law)  for  the  initial  normal  loading,  and  should  account  for  the  effect  of 
previous  loading  and  unloading  history.  Therefore,  from  state  0  to  state  ©  ,  we  let 

(ae  +  a?)2 

2{a-a™)  =  k(r)if-  (6'16) 

In  (6.16)  the  radius  Cr(P)R*  of  effective  contact  curvature  is  the  same  as  the  one 
for  initial  loading  to  avoid  increasing  the  complexity  in  the  implementation  and  in 
the  computation. 

For  unloading  after  a  reloading  stage,  as  from  state  ©  to  0  shown  in  Fig- 
ure 6.13,  the  NFD  relationship  follows  the  parabola  law 

2(q  -  ares  -  a'res)  =  {a) ,  (6.17) 

K^R)p=PUax  H 

where  P^ai  =  P3  is  the  secondary  maximum  normal  force,  the  secondary  residual 
normal  displacement  a're3  can  be  determined  similar  to  (6.15)  as 

<es    =    teu*  -  "re.)    -  ^f  ^—  ,  (6.18) 

*{.<*>  R)P=P>nax  ti 

where  a'max  =  a3  is  the  maximum  normal  displacement  of  reloading,  and  the  cor- 
responding elastic  contact  radius  (ae-')max  is  determined  by  Hertz  theory.  In  (6.17), 
a  -  ares  -  a'res  is  the  effective  normal  displacement.  Therefore,  the  effect  of  previous 
plastic  deformation  is  accounted  for  by  accumulating  the  residual  displacements. 


110 

6.2.5.  Contact  Between  Two  Spheres  of  Different  Materials 

In  Vu-Quoc,  Zhang  and  Lesburg  [1998],  we  derive  in  detail  the  following  ex- 
pression for  the  yield  normal  force  PY,  i.e.,  the  value  of  P  at  which  an  incipient 
yield  occurs  inside  the  sphere, 

py  =  fcp L  M»f  4  •  (6.19) 

where  the  coefficient  AY(u)  is  a  function  of  the  Poisson's  ratio  v  of  the  sphere 
material,  aY  the  yield  stress.  Therefore,  when  the  contacting  spheres  are  of  different 
materials  (with  different  Poisson's  ratio,  or  yield  stress),  the  two  spheres  will  yield 
at  different  magnitudes  of  the  normal  force.  Since  the  value  of  PY  is  important 
to  judge  whether  there  is  plastic  deformation,  in  our  DEM  implementation  of  the 
elasto-plastic  FD  models,  the  following  method  is  employed  to  compute  the  incipient 
yield  forces  for  spheres  of  different  materials  in  contact.  Consider  the  case  of  that 
when  sphere  (i)  is  in  contact  with  sphere  (j),  we  have 

ir3(R*)2(l-  {i)v2)2   4    ,        v. 
(1)     Y  =  6&  MW)*  Wy  ,  (6.20) 

and 

mPY  =  tm^nM{nv?vya>.       (6.21) 

And  then  the  smaller  value  of  WPY  and  {j)PY  is  set  to  be  the  incipient  yield 
contact  force  for  the  two  spheres  in  contact.  When  the  contact  force  is  larger  than 
the  incipient  yield  force,  i.e.,  P  >  PY  =  min{{i)PY,  {j)PY),  the  contact  between 
the  two  spheres  is  treated  as  a  contact  with  plastic  deformation. 

In  addition,  when  two  spheres  of  different  materials  are  in  contact  with  each 
other,  the  initial  tangential  stiffness  K^Q  is  computed  by  using  the  approximation 
in  (??)  and  (??)  for  the  equivalent  elastic  moduli  for  elasto-plastic  contact. 
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6.3.  Algorithm:  Displacement-Driven 

From  Section  6.2,  to  apply  the  NFD  model  discussed  above  in  a  force-driven 
manner  is  straight  forward.  In  general  the  DEM  simulation  of  granular  flow  is,  how- 
ever, based  on  displacement-driven  version.  Assume  that  at  time  tn-i,  the  normal 
force  Pn-\  and  the  normal  displacement  an-i  are  known.  With  the  geometric  and 
mechanical  properties  of  the  the  moving  spheres  known,  the  normal  displacement 
an  at  time  tn  —  f„_x  +  At  can  be  computed  by  integrating  the  equation  of  motion 
of  the  moving  spheres.  The  goal  is  to  compute  the  normal  force  Pn  at  time  tn  re- 
sulting from  the  displacement  an.  For  simplicity,  we  only  present  the  formulae  for 
the  normal  contact  between  two  identical  spheres  in  this  section.  The  algorithm  for 
two  different  spheres  in  contact  is  similar  to  the  one  presented  here. 

Based  on  the  stress  analysis  in  Hertz  theory  and  on  the  von  Mises  yield  crite- 
rion the  incipient  yield  normal  force  Py  can  be  computed  using  (6.19).  Consequently, 
at  incipient  yield,  the  contact  area  radius  ay  and  the  normal  displacement  ay  can 
be  computed  using  (3.9)  and  (3.10),  i.e., 

ar  __  (sa^aj* , 

and 

ay  =  ^f  .  (6.23) 

During  loading,  as  long  as  an  is  less  than  or  equal  to  the  incipient  yield  dis- 
placement ay,  the  NFD  relationship  follows  Hertz  theory.  The  normal  contact  force 
Pn  can  be  computed  using  (3.10),  i.e., 

p*  "  w^)  al  ■  <6"24) 

When  an  >  aY,  from  (6.11),  we  have 

( aep  )2 

a-  =  m  '  (6'25) 
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Let  aenp  be  decomposed  according  to  (6.2),  and  CR(Pn)  as  given  in  (6.13);  we  obtain 

[1.0  +  Kc(Pn  -  PY)}  Ran  =  ( <  +  alf  ,  (6.26) 

where  aen  and  aPn  can  be  expressed  in  terms  of  Pn  using  (3.9)  and  (6.3).  We  thus 
have 

{[1.0+  *c(ft-iV)]  Jta.}'"     =      (5^!))'/3p./3    +    C^-Py)    . 

V        iE       I  (6.27) 

With  the  definition 

1     {3R(l-u2)\1/s 
relation  (6.27)  can  be  rewritten  as 

HPn)  =  (P„-iV)  +  c^1/3  -  i-  {[l.o  +  ^^-p^)]^}1/2  =  0. 

(6.29) 
The  nonlinear  equation  (6.29)  can  be  solved  for  the  normal  force  Pn  using  the 
Newton-Raphson  method  as  follows 

pi     —     pi-l     _     -F\"n       )  ,  > 

"  "  p(pi-i )  '  (O.30J 

where  the  Pln  designate  the  »th  iterative  value  of  Pn,  and  the  derivative  of  function 

HPir1)  is 

jTUpr-U    =    1  CL(P^)  _    J_  KcRV2  al/2 

3  U)         "2CQ[1  +  ^(prl_Pr)]1/2-(63i) 

The  initial  guess  for  the  Newton-Raphson  procedure  in  (6.30)  and  (6.31)  can  be 
obtained  by  extrapolating  from  previously  computed  solution: 

P°     —     D  i      *»-l  —  Pn-2   i  s  , , 

rn    -  Pn-i  + {an  -  an_!    .  (6.32 

After  having  computed  the  normal  force  P„,  the  elastic  contact  area  radius  aen  can 
be  determined  by  (3.9),  and  the  plastic  contact  area  radius  <  can  by  (6.3). 
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A  negative  increment  of  the  normal  force,  i.e.,  APn  =  Pn  —  P„_i  <  0,  indicates 
that  the  normal  force  is  unloading  after  it  reaches  the  maximal  normal  force  Pmax', 
the  normal  displacement  at  that  turning  point  is  then  recorded  as  amax.  Let  aemax 
and  apmax  be  the  corresponding  elastic  and  plastic  contact  area  radii,  respectively, 
at  the  turning  point.  The  force-displacement  relationship  for  unloading  is  nonlinear 
elastic  with  the  modified  radius  of  relative  contact  curvature  R*p  =  CR{Pmax)R  now 
held  fixed  at  the  last  value  reached  at  P  =  Pmax-  The  residual  normal  displacement 
ares,  therefore,  can  be  determined  using 

(ae      )2 

„  „  <>     max  /  (a  oq\ 

Ores  =  amax  - .  (0.33) 

During  unloading,  the  plastic  contact  area  radius  remains  constant,  i.e., 

(6-34) 


The  elastic  contact  area  radius  aen  is  determined  by  Hertz  theory  for  an  equivalent 
contact  with  relative  contact  curvati 
ares.  Hence,  from  (3.10),  we  obtain 


contact  with  relative  contact  curvature  — rrr  and  normal  displacement  an 

^R\Pmax)tl 


<   =  [CR(Pmax)R(an-ares)]l/2  ,  (6.35) 

and 

p-  =  (astrb))  (°»)S  ■  (636) 

The  detailed  pseudocode  for  the  implementation  of  the  proposed  elasto-plastic 
NFD  model  is  presented  in  Algorithm  6.1. 
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Algorithm  6.1.  Elasto-plastic  NFD  model:  Displacement-driven  version. 

;  Data  :   R,E,v,ay. 

2  Calculate  Py  via  (6.19). 

3  Calculate  ay  via  (6.23). 

5  Input  :   displacements  {a„_2,  a„_i,  an},and  forces  {Pn-2,  ^n-i}- 

6  Goal :   compute  Pn,  a**  ,  aen  ,  avn  . 
8  Calculate  Aq„  =  an  —  a„_i. 

io  ®if  Aa„  =  0 

n  Update  Pn  =  P„_i,  <p  =  <%_x ,  <  =  <_j ,   apn  =  o^_i . 

13  ©elseif  Aan  >  0  (Loading) 

14  set  Pinc  =  true. 

is  ®if  an  <  ay  (elastic) 

16  Calculate  Pn  via  (6.24).  (Pn  <  Py) 

n  Calculate  aen  via  (3.9). 

is  <  =  0  by  (6.3). 

19  <  =  <  by  (11). 

20  (Delseif  an  >  ay  (elasto  —  plastic) 

21  Find  Pn  via  Algorithm  6.2. 

22  Calculate  aen  via  (3.9). 

23  Calculate  ap  via  (6.3). 

24  Calculate  a*p  via  (6.2). 

25  ©endif 

26  ©elseif  Ao„  <  0  (Unloading) 

27  ®if  Pinc  =  true 

*o  Set  *max  —  ■*  n— 1* 

29  SeZ  Ctmax  —  ™n— !■ 
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30 

set  amax  —  Q>n-\  ■ 

31 

Calculate  ares  via  (6.33) 

32 

set  Pinc  =  false. 

33 

(Dendif 

3.{ 

set  aPn  =  aPmax  as  in  (6.34). 

35 

Calculate  a„  via  (6.35). 

36 

Calculate  Pn  via  (6.36). 

31 

Calculate  off  via  (6.2). 

38  ®endif 

Algorithm  6.2.  Solving  (6.29)  for  Pn:  Newton-Raphson  method. 

;  Data  :  Tolerance  Tol. 

2  Compute  P°  via  (6.32). 

3  ©while  riPft  >  Tol. 

4  set  i  =  i  +  1. 

5  Calculate  P^  via  (6.30). 

6  ©endwhile 

7  set  Pn  =  Pi 

6.4.  FEA  Validation  and  Comparison  to  Thornton  [1997] 

In  order  to  compare  the  proposed  model  with  FEA  results  and  other  mod- 
els, we  performed  nonlinear  elasto-plastic  FEA  for  the  problem  of  a  sphere  being 
pressed  against  a  frictionless  rigid  surface  as  shown  in  Figure  6.1(a),  applied  with 
the  loading  paths  ABC,  ADE,  and  AFG  that  shown  in  Figure  6.2.  The  geometric 
and  material  properties  are  the  same  as  listed  in  Section  6.1.  In  FEA,  the  NFD 
relationship  is  produced  in  a  force-driven  manner,  i.e.,  the  normal  force  path  is  the 
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input  and  the  normal  displacement  path  is  the  output  of  the  computation.  The 
normal  contact  displacement  cxfe  obtained  from  the  FEA  is  then  used  as  the  input 
to  calculate  the  corresponding  normal  force  P  by  the  MATLAB  code  implemented 
with  displacement-driven  versions  of  both  the  proposed  elasto-plastic  NFD  model 
and  the  Thornton  [1997]  NFD  model.  The  force-displacement  (FD)  curves  as  well 
as  the  related  coefficients  of  restitution  generated  by  our  elasto-plastic  NFD  model 
are  compared  with  FEA  results  and  with  the  results  generated  using  the  Thornton 
[1997]  NFD  model  in  Figures  6.14,  6.15,  and  6.16.  In  these  Figures,  the  NFD  curves 
from  Hertz  theory  are  also  presented  for  reference. 
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Figure  6.14.  Normal  force  P  versus  normal  displacement  a  by  different 
models  from  the  FEA  displacement  path  for  the  loading  path  AFG 
in  Figure  6.2. 
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Figure  6.14  shows  various  P  versus  a  curves  produced  by  FEA,  the  proposed 
elasto-plastic  NFD  model,  and  the  Thornton  [1997]  NFD  model.  The  coefficient 
of  restitution  from  the  results  of  the  proposed  elasto-plastic  NFD  model  is  epm  = 
0.7541,  while  the  coefficient  of  restitution  from  FEA  results  is  eFE  =  0.7372;  the 
difference  is  only  2.3  %.  It  can  be  seen  that  the  P  -  a  curve  produced  by  the 
proposed  elasto-plastic  NFD  model  agrees  with  the  P  -  a  curve  produced  by  FEA. 
The  maximum  normal  force  {Pmax)Pm  from  the  proposed  NFD  model  is  1495  N; 
the  difference  is  only  0.3  %.  The  P  -  a  curve  produced  by  the  Thornton  [1997] 
NFD  model  is,  however,  much  too  soft,  i.e.,  one  obtain  a  much  smaller  maximum 
contact  force  (Pmax)Th  for  the  same  displacement  level,  compare  to  FEA  results.  At 
the  maximum  normal  displacement  amax  ~  1.56  x  10~5  m,  the  normal  force  by  the 
Thornton  [1997]  NFD  model,  {Pmax)Th  =  770.5  N  is  about  half  of  the  corresponding 
FEA  force  level,  {Pma.x)FE  =  1500  N.  The  corresponding  coefficient  of  restitution 
from  the  Thornton  [1997]  NFD  model  is  eTh  =  0.5641,  suggesting  a  much  larger 
energy  dissipation  (i.e.,  the  area  enclosed  by  loading  and  unloading  curve  and  the 
x  axis)  ratio,  resulting  in  a  difference  with  the  FEA  coefficient  of  restitution  about 
23.5  %. 

Similar  to  Figure  6.14  is  Figure  6.15  that  shows  the  P  -  a  curves  for  the 
FEA  displacement,  which  is  produced  in  a  force-driven  manner  for  the  loading  path 
ADE  (Pmax  =  1000  N)  shown  in  Figure  6.2.  The  results  from  the  proposed  NFD 
model  agree  closely  with  FEA  results.  The  corresponding  coefficient  of  restitution 
from  the  proposed  elasto-plastic  NFD  model  is  epm  =  0.7994,  while  the  coefficient 
of  restitution  from  FEA  results  is  eFE  =  0.7757;  the  difference  between  them  is 
small  (3.1  %).  The  maximum  normal  force  (Pmax)pm  from  the  proposed  NFD  model 
is  962.1  N,  differs  from  the  FEA  maximum  force  {Pmax)FE  =  1000  N  by  3.8  %. 
The  coefficient  of  restitution  from  the  Thornton  [1997]  NFD  model  is  eTh  =  0.6091, 
which  differs  from  eFE  and  eep  by  about  22  %.    The  results  from  the  Thornton 
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Figure  6.15.  Normal  force  P  versus  normal  displacement  a  by  different 
models  from  the  FEA  displacement  path  for  the  loading  path  ADE 
in  Figure  6.2. 


[1997]  NFD  model  display  a  much  too  soft  behavior,  as  in  the  previous  case,  with 
much  smaller  maximum  force  and  much  larger  energy  dissipation  ratio.  Quantita- 
tively, the  maximal  force  (Pmax)Th  obtained  from  the  Thornton  [1997]  NFD  model 
is  {Pmax)Th  =  559.6  AT  at  the  maximum  displacement  amax  ~  1.14  x  10~5  m  and 
differs  from  the  FEA  force  level  by  44  %. 

Similar  to  Figure  6.14  and  Figure  6.15  is  Figure  6.16  that  shows  the  P  -  a 
curves  for  the  FEA  displacement,  which  is  produced  in  a  force-driven  manner  for 
the  loading  path  ABC  (Pmax  =  500  N)  shown  in  Figure  6.2.  Again,  it  can  be  seen 
that  the  results  from  the  proposed  elasto-plastic  NFD  model  agree  closely  with  FEA 
results.  The  corresponding  coefficient  of  restitution  from  the  proposed  elasto-plastic 
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Figure  6.16.  Normal  force  P  versus  normal  displacement  a  by  different 
models  from  the  FEA  displacement  path  for  the  loading  path  ABC 
in  Figure  6.2. 


NFD  model  is  epm  =  0.8620,  which  agrees  well  to  the  coefficient  of  restitution  from 
FEA  results,  eFE  =  0.8407  with  a  difference  of  2.5  %.  The  maximum  normal  force 
{Pmax)pm  from  the  proposed  NFD  model  is  468.1  N,  differs  from  the  FEA  maximum 
force  (Pmax)FE  =  500  N  by  6.4  %.  Similar  to  the  previous  two  cases,  the  Thornton 
[1997]  NFD  model  yield  results  that  are  much  too  soft,  with  the  maximum  force 
(PmaxWh  =  325.2  N,  which  is  much  smaller  than  the  corresponding  maximum  force 
level  of  FEA  with  the  maximum  displacement  amax  ~  0.68  x  10-5  m;  the  difference 
is  34.9  %.  Similarly,  the  energy  dissipation  ratio  in  the  Thornton  [1997]  NFD  model 
is  also  much  larger  than  that  in  FEA  results.  The  coefficient  of  restitution  from  the 
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Thornton  [1997]  NFD  model  is  eTh  =  0.6929,  which  is  about  17.8  %  smaller  than 
eFE. 

In  summary,  the  proposed  elasto-plastic  NFD  model  produces  not  only  ac- 
curate P  -  a  relationship,  but  also  correct  coefficient  of  restitution  and  energy 
dissipation  compared  with  FEA  results.  The  Thornton  [1997]  NFD  model  produces 
much  softer  P  -  a  relationship,  smaller  coefficient  of  restitution,  and  larger  energy 
dissipation  ratio,  for  the  same  maximum  normal  displacement  level. 

6.5.  Simulation  of  Single  Sphere  Collisions 

Using  the  proposed  elasto-plastic  NFD  model,  we  carry  out  the  simulation  of 
a  sphere  in  normal  collision  against  a  frictionless  rigid  planar  surface  with  various 
magnitudes  of  the  incoming  velocity;  see  Figure  6.17,  in  which  vin  designates  the 
incoming  velocity,  and  vout  the  outgoing  velocity.  Due  to  symmetry,  this  collision 
problem  is  equivalent  to  two  identical  spheres  colliding  with  each  other  with  the 
relative  incoming  velocity  of  2vin  and  the  relative  outgoing  velocity  2vout.  Also, 
in  our  simulation,  the  properties  of  the  spheres  are:  radius  fi  =  0.1  m,  Young's 
modulus  E  -  7.0  x  1010  N/m2,  Poisson's  ratio  v  =  0.3,  and  yield  stress  oY  = 
1.0  x  108  N/m2.  The  normal  force  at  incipient  yield  given  by  (6.19)  is  PY  =  36.4  N. 
The  mass  m  of  the  sphere  is  determined  by 

m  =  p  ^  7T  R3  ,  (6.37) 

where  p  is  the  density  of  the  sphere  material.  For  our  simulation,  we  choose  the 
density  to  be  the  same  as  that  of  the  aluminum  alloy,  i.e.,  p  =  2.699  x  103  kg/m3, 
the  mass  of  the  sphere  is  computed  to  be  m  =  11.306  kg. 

We  also  simulate  the  above  sphere  collision  problem  using  the  Thornton  [1997] 
NFD  model.  The  results  produced  by  both  the  proposed  elasto-plastic  NFD  model 
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Figure  6.17.  A  sphere  colliding  with  a  frictionless  rigid  planar  surface. 

and  the  Thornton  [1997]  NFD  model  —  such  as  the  outgoing  velocities,  coefficient 
of  restitution,  contact  force  histories,  etc.  —  are  presented  and  compared. 

6.5.1.  Simulation  Algorithm:  Leap-Frog  Scheme 

Since  the  tangential  force  and  the  rotation  of  the  sphere  are  absent,  the  al- 
gorithm is  much  simpler  than  when  these  two  quantities  are  present  (see  Vu-Quoc 
et  al.  [1997]).  Let  x  to  be  the  distance  from  the  sphere  center  to  the  rigid  surface. 
Initially,  at  time  t0  =  0,  set  the  initial  position  of  the  sphere  center  to  x0  and  the 
velocity  at  t±  to  vin,  i.e.,  v\  =  vin.  A  typical  time  step  is  as  follows:  Assume  that 
at  time  tn_i,  the  position  xn_i  and  the  velocity  vn_i  are  known.  The  velocity  is 
evaluated  at  half  time  steps  in  the  leap-frog  algorithm.  At  time  tn  =  tn_i  +  At,  the 
position  xn  of  the  sphere  can  be  calculated  by 


•  '■  / 


xn-\  +vn_i  At  , 


(6.38) 


where  At  is  the  integration  time-step  size.    For  the  simulation  results  shown  in 
Figures  7.9,  6.18,  6.19,  and  6.20,  the  time-step  size  is  set  to  At  =  1.0  x  10~6  sec. 
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If  xn  <  R,  the  sphere  is  in  contact  with  the  rigid  surface.  In  this  case,  the 
normal  contact  displacement  an  can  be  evaluated  by 

an  =  R-xn  .  (6.39) 

If  Aan  =  an  —  an_i  >  0,  the  collision  is  in  the  compression  stage,  i.e.,  P  increases; 
else  if  Aan  =  an— a„_i  <  0,  the  collision  is  in  the  rebounding  stage,  i.e.,  P  decreases. 
The  normal  contact  force  Pn  at  time  tn  can  be  computed  using  Algorithm  3.1.  Then 
the  acceleration  vn  of  the  sphere  at  time  tn  can  be  determined  by  Newton's  second 
law  as 

vn  =  -—  ,  (6.40) 

m 

where  vn  is  the  acceleration  of  the  mass  center  of  the  sphere,  and  the  negative  sign 
indicates  that  the  normal  contact  force  is  in  the  opposite  direction  to  the  incoming 
velocity.  Since  the  acceleration  of  gravity  is  not  considered  in  the  simulation,  the 
sphere  moves  at  constant  velocity  when  there  is  no  contact,  with  the  plane  remains 
fixed.  Therefore,  the  velocity  of  the  sphere  at  time  tn+i  can  be  expressed  as 

vn+i  =  vn_±+vnAt.  (6.41) 

Attention  should  be  paid  for  the  stage  when  sphere  is  separating  from  the 
rigid  surface.  Since  the  normal  contact  force  should  always  be  positive  or  zero, 
when  P  is  decreasing  and  reaches  zero,  the  sphere  is  considered  separated  from  the 
surface.  Consequently,  P  is  then  set  to  be  zero  thereafter,  even  though  the  normal 
displacement  may  not  be  zero  (there  maybe  some  residual  normal  displacement  due 
to  plastic  deformation  as  shown  in  Figures  6.14  -  6.16). 

The  coefficient  of  restitution  for  such  a  collision  can  be  defined  as 

vout 

e  :=  -f*  ,  (6.42) 
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or  equivalently  based  on  the  energy  dissipation  as  follows 

1/2 


(Area  under  unloading  curve \ 
Area  under  loading  curve  J 


loading 

£ 

i€{at-aj_i>0} 


1  \ 

-(ai-ai_1)(Pi  +  Pi+1) 


1/2 


unloading  -i 

£      -5 

\i€{a^-c^_i<0} 


(oi-Qtj_1)(Pj  +  Pi+l) 


(6.43) 


In  our  simulation,  both  (E.3)  and  (6.43)  yield  the  same  numerical  result  for  the 
coefficient  of  restitution.  When  we  use  the  Thornton  [1997]  NFD  model  in  our  sim- 
ulation, the  coefficient  of  restitution  computed  using  (6.43)  agrees  with  expression 
(4.22). 

6.5.2.  Simulation  Results  and  Comparison  with  Thornton  [1997] 

The  simulation  of  a  sphere  in  normal  collision  with  the  rigid  planar  surface  is 
carried  out  with  various  magnitudes  of  the  incoming  velocity.  With  the  convergent 
criterion  for  the  Newton-Raphson  method  (see  Algorithm  3.2)  set  to 


pi  pi— I 

n   „.  n      <  0.005  , 

Tit  — 


(6.44) 


and  with  the  time-step  size  for  numerical  integration  set  to  At  =  1.0  x  10~6  sec, 
the  maximal  number  of  Newton-Raphson  iterations  in  our  simulation  was  two.  The 
simulation  results  are  presented  and  discussed  below. 

Figure  6.18  shows  the  normal  force  P  versus  the  contact  time  and  the  NFD 
relationship  according  to  two  models  for  the  incoming  velocity  vin  =  0.02  m/s. 
Not  only  that  there  are  differences  in  the  values  of  the  outgoing  velocity  v^t  and 
coefficient  of  restitution  e  as  obtained  from  the  present  NFD  model  and  the  Thornton 
[1997]  model,  there  are  also  large  differences  in  the  values  of  the  maximum  normal 
force  Pmax  and  the  maximum  normal  displacement  amax  as  obtained  from  the  two 
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Figure  6.18.  Simulation  of  a  sphere  in  collision  with  a  frictionless 
planar  surface  for  incoming  velocity  vin  =  0.02  m/s.  Top:  Time 
history  of  P.  Bottom:  P  versus  a. 
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mentioned  NFD  models.  Using  the  present  NFD  model,  we  obtain  (Pmax)ep  = 
635.7  N,  which  much  larger  than  the  value  {Pmax)Th  =  478.4  N  obtained  by  using 
the  Thornton  [1997]  NFD  model.  The  values  of  the  collision  time  are  also  different 
with  rep  ~  1.17  x  10~3  sec  for  the  present  model  and  rT^  ~  1.29  x  10-3  sec  for  the 
Thornton  [1997]  model.  In  Remark  6.3,  we  provide  an  explanation  on  the  difference 
in  the  collision  time. 

Parallel  to  Figure  6.18  is  Figure  6.19,  which  shows  the  contact  force  P  versus 
contact  time  and  the  P  versus  a  relationship  for  the  sphere  collision  problem  with 
incoming  velocity  vin  —  0.04  m/s.  Similar  to  the  case  with  vin  =  0.02  m/s,  there 
are  large  differences  in  the  results  obtained  from  the  proposed  NFD  model  and 
the  Thornton  [1997]  NFD  model.  The  maximum  normal  force  obtained  from  the 
proposed  elasto-plastic  NFD  model,  (Pmax)ep  =  1435  N,  is  much  larger  than  that 
obtained  from  the  Thornton  [1997]  NFD  model,  (Pmax)Th  =  957  N.  It  is  noted  that 
this  displacement-driven  simulation  produces  a  value  of  (Pmax)ep  that  is  close  to  the 
maximum  applied  normal  force  Pmax  =  1500  N  in  the  force-driven  FEA  using  the 
loading  path  AFG  in  Figure  6.2.  It  follows  that  the  P  —  a  relationship  produced 
by  the  proposed  NFD  model,  as  shown  at  the  bottom  part  of  Figure  6.19,  is  close 
to  the  P  —  a  relationship  by  the  proposed  NFD  model  shown  in  Figure  6.14;  the 
same  can  be  said  for  the  coefficient  of  restitution.  The  coefficient  of  restitution 
e-r/i  by  the  Thornton  [1997]  NFD  model  in  the  current  simulation  is  eTh  =  0.5331, 
suggesting  a  larger  energy  dissipation  by  the  collision  than  that  from  the  proposed 
NFD  model  for  the  same  incoming  velocity.  We  notice  that  the  similarity  between 
the  FD  relationships  and  coefficients  of  restitution  depends  only  on  the  maximum 
value  of  the  normal  force,  and  not  the  rate  of  loading  and  unloading.  The  reason 
is  that  both  the  proposed  elasto-plastic  NFD  model  and  the  Thornton  [1997]  NFD 
model  are  based  on  time  independent  plasticity.  Again,  it  should  also  be  noticed 
that  the  collision  times  from  the  two  models  are  different:  rep  ~  1.00  x  10~3  sec 
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Figure  6.19.  Simulation  of  a  sphere  in  collision  with  a  frictionless 
planar  surface  for  incoming  velocity  vin  -  0.04  m/s.  Top:  Time 
history  of  P.  Bottom:  P  versus  a. 
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from  the  proposed  NFD  model,  and  rTh  ~  1.20  x  10-3  sec  from  the  Thornton  [1997] 
NFD  model. 

Figure  6.20  is  similar  to  Figures  6.18  and  6.19,  but  for  the  incoming  velocity  of 
vin  =  0.10  m/s,  with  the  same  observations  made  on  the  previous  figures.  The  max- 
imal normal  force  produced  by  our  elasto-plastic  NFD  model,  (Pmax)ep  =  4404  N,  is 
much  larger  than  the  maximal  normal  force  produced  by  the  Thornton  [1997]  NFD 
model,  {Pmax)Th  =  2393  N.  The  collision  time  from  the  proposed  elasto-plastic 
NFD  model  elasto-plastic  NFD  model,  rep  ~  0.76  x  10~3  sec,  is  much  shorter  than 
the  collision  time  from  the  Thornton  [1997]  NFD  model,  rTh  ~  1.10  x  10~3  sec. 

Remark  6.3.  In  the  above  simulation  results,  the  P  —  a  relationship  obtained 
from  the  Thornton  [1997]  NFD  model  is  much  softer  than  that  from  the  proposed 
NFD  model3.  Let  KTh  and  Kep  be  the  tangential  stiffness  in  the  P  -  a  relationship, 
for  the  Thornton  [1997]  NFD  model  and  for  the  proposed  NFD  model,  respectively. 
We  have  KTh  <  Kep.  The  collision  time  from  the  Thornton  [1997]  NFD  model 
is  larger  than  that  from  the  proposed  model,  i.e.,  rTh  >  Tep-  Assume  that  we 
are  working  with  linear  models  to  simplify  the  discussion.  Based  on  the  impulse 
principle,  we  have 

2mvin  =  PTh  TTh  =  Pep  rep  .  (6.45) 

where  PTh  is  the  average  normal  force  from  the  Thornton  [1997]  NFD  model,  and 
Pep  the  average  normal  force  from  the  proposed  NFD  model.  Since  rTh  <  rep,  we 
have  PTh  <  Pep  .  This  simple  argument  explains  the  reason  for  obtaining  (Pmax)Th  < 
(Pmax)eP  as  shown  above. 

A  similar  situation  occurs  when  we  use  the  same  normal  force  model,  but 

different  tangential  force  models  as  in  Vu-Quoc  and  Zhang  [1998a].  The  difference 

in  the  flow  velocity  is  not  as  pronounced  as  the  difference  in  the  force  statistics.      I 
3    See  Figures  6.14,  6.15,  6.16,  6.18,  6.19,  and  6.20. 
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Figure  6.20.  Simulation  of  a  sphere  in  collision  with  a  frictionless 
planar  surface  for  incoming  velocity  vin  =  0.10  m/s.  Top:  Time 
history  of  P.  Bottom:  P  versus  a. 
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Figure  7.9  shows  the  simulation  results  in  the  velocities  and  coefficient  of 
restitution  produced  from  the  proposed  elasto-plastic  NFD  model  and  from  the 
Thornton  [1997]  NFD  model.  The  incoming  velocity  vin  ranges  from  0.02  m/s  to 
0.20  m/s.  The  top  part  of  Figure  7.9  shows  the  outgoing  velocity  zw  versus  the 
incoming  velocity  vin.  For  a  given  incoming  velocity,  the  outgoing  velocity  from  the 
Thornton  [1997]  NFD  model  is  less  than  the  corresponding  outgoing  velocity  from 
our  elasto-plastic  NFD  model.  The  bottom  part  of  Figure  7.9  shows  the  coefficient 
of  restitution  e  versus  the  velocity  ratio  vin/vY.  With  the  incoming  velocity  for 
incipient  yield  determined  by  (4.23)  to  be  vY  =  1.67  x  10_3m/sec4,  the  velocity  ratio 
vin/vY  thus  ranges  from  12  to  120.  From  Figure  7.9,  the  coefficient  of  restitution 
from  the  proposed  elasto-plastic  NFD  model  is  larger  than  that  from  the  Thornton 
[1997]  NFD  model  for  a  given  incoming  velocity.  In  other  words,  the  kinetic  energy 
dissipation  caused  by  plastic  deformation  produced  by  the  proposed  elasto-plastic 
NFD  model  is  less  than  that  corresponding  value  produced  by  the  Thornton  [1997] 
NFD  model.  Considering  that  (i)  both  models  are  quasi-static  models,  (ii)  quasi- 
static  FEA  results  agree  with  the  proposed  elasto-plastic  NFD  model,  while  the 
Thornton  [1997]  NFD  model  produces  softer  P-a  relations  in  all  tests,  the  proposed 
NFD  model  is  the  more  accurate  and  reliable  of  the  two. 

Remark  6.4.  It  is  not  guaranteed  that  a  NFD  model  that  produces  accept- 
able coefficient  of  restitution  e  can  produce  accurate  NFD  relationship.  Since  the 
coefficient  of  restitution  e  is  usually  obtained  from  the  square  root  of  the  ratio  of 
releasing  energy  to  the  storing  energy,  i.e.,  the  area  under  the  unloading  curve  to 
the  area  under  the  loading  curve  on  the  figure  of  the  NFD  curves.  For  example,  in 
Figure  6.22,  two  different  NFD  relationships  are  depicted,  with  the  solid  line  rep- 
Recall  that  we  are  dealing  here  with  the  case  of  a  sphere  colliding  against  a  rigid  surface. 
For  the  collision  of  two  identical  spheres,  the  relative  incipient-yield  incoming  velocity  is  doubled 
to  2vY  ~  3.34  x  l(r3  m/s. 
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Figure  6.21.  Simulation  of  a  sphere  in  collision  with  a  frictionless 
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Figure  6.22.  Sharply  different  NFD  models  may  yield  similar  coeffi- 
cients of  restitution. 


resenting  either  the  presented  NFD  model  or  the  Thornton  [1997]  NFD  model,  and 
the  dotted  line  representing  the  Walton  and  Braun  [1986]  NFD  model.  It  is  possible 
that  even  though  the  two  NFD  relationships  are  completely  different,  the  resulting 
coefficients  of  restitution  may  be  very  close,  i.e., 

area  of  BAC  ^  area  of  EDF 

area  of  OAC  ~  axea.  of  ODF'  ^6'46^ 

Hence,  it  is  not  sufficient  to  use  the  coefficient  of  restitution  to  compare  the  accu- 
racy of  NFD  models.  A  combination  of  both  NFD  relationship  and  coefficient  of 
restitution  may  be  necessary  (see,  e.g.,  Zhang  and  Vu-Quoc  [19986]).  I 


CHAPTER  7 
DYNAMIC  FEA  OF  ELASTO-PLASTIC  SPHERE  COLLISIONS 


7.1.  Finite  Element  Model  for  Dynamic  Analysis 

Figure  6.17  shows  a  sphere  colliding  against  a  frictionless  flat  plate,  a  situation 
equivalent  to  two  identical  spheres  with  the  same  velocity  amplitude  colliding  against 
each  other.  In  our  nonlinear  dynamic  FEA,  the  size  and  the  material  properties  of 
the  sphere  are  chosen  to  be:  Radius  R  =  0.1  m,  Young's  modulus  E  -  7.0  x 
1010  N/m2,  Poisson's  ratio  v  =  0.3,  and  density  p  =  2.699  x  103  kg/m3.  For 
elasto-plastic  collisions,  elasto-perfectly-plastic  model  with  von  Mises  yield  criterion 
is  employed.  The  yield  stress  of  the  material  is  chosen  to  be  aY  =  1.0  x  108  N/m2. 

Since  that  there  is  no  rotation  of  the  particle  about  itself  in  the  collision  that  we 
are  studying,  axisymmetric  FE  models  are  employed  to  carry  out  the  analyses.  All 
axisymmetric  elements  used  are  CAX6  elements  of  the  nonlinear  FE  code  ABAQUS 
[1995].  Figure  7.1  shows  one  of  the  meshes  employed  in  our  FEA.  In  this  FE  model, 
the  half  sphere  is  discretized  into  1640  axisymmetric  six-node  triangular  elements 
(Figure  7.1(a))  with  a  total  of  3288  nodes,  and  with  three  levels  of  mesh  refinement 
around  the  contact  area  (Figure  7.1(b)).  We  designate  this  FE  model  as  model  B. 
The  other  two  FE  models,  model  A  and  model  C,  employed  in  our  analyses  are 
similar  to  the  one  shown  in  Figure  7.1,  but  with  different  number  of  levels  of  mesh 
refinement  and  different  numbers  of  elements.  Model  A  has  928  axisymmetric  six- 
node  triangular  elements  and  1886  nodes,  with  two  levels  of  mesh  refinement  around 
the  contact  area.  Model  C  2951  axisymmetric  six-node  triangular  elements  and 
5892  nodes,  with  four  levels  of  mesh  refinement  around  the  contact  area.  When  not 
specified,  the  FEA  results  presented  later  are  obtained  using  model  B  (Figure  7.1). 
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(a)  Sphere  discretization. 


(b)  Zoomed-in  view  around  the  contact  area. 


Figure  7.1.  Axisymmetric  finite  element  model  of  the  sphere. 
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Figure  7.2.  Incompatible  elements  connected  by  multi-point  constraints  (MPC's). 


For  low  velocity  impacts,  the  deformation  of  the  sphere  during  a  collision 
is  concentrated  in  a  small  region  around  the  contact  area  (see  later  results,  such 
as  the  contours  of  Mises  stress  presented  in  Sections  7.2  and  7.3).  To  accurately 
represent  the  overall  response,  we  refine  the  FE  mesh  in  the  small  region  close  to 
the  contact  point  (Figure  7.1(b)).  The  mesh  refinement  is  achieved  by  the  use  of 
incompatible  interelement  matching  at  the  boundary  of  the  different  zones  of  refined 
mesh,  as  illustrated  in  Figure  7.2.  In  our  FE  models,  these  incompatible  elements 
are  connected  to  each  other  using  multi-point  constraints  (MPC's).  In  Figure  7.2, 
the  second  order  triangular  elements  O  .  0  .  and  ©  are  connected  using  quadratic 
MPC's.  Node  m  of  element  ©  and  node  n  of  element  ©  do  not  have  independent 
degrees  of  freedom  (DOF);  their  displacements  are  determined  by  the  quadratic 
functions  of  the  displacements  of  nodes  i,  j,  and  k,  which  are  common  to  elements 
©  ,  0  ,  and  ©  . 

The  contact  detection  and  contact  analysis  between  the  sphere  and  the  rigid 
surface  are  carried  out  using  the  ID  IRS21A  contact  elements  of  ABAQUS  [1995]. 
For  the  FE  model  shown  in  Figure  7.1,  the  size  of  the  contact  elements  around  the 
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contact  area  is  about  1.02  x  10-4  m  (half  of  the  size  of  the  triangular  element), 
which  is  much  less  than  the  radius  of  the  contact  area.  For  example,  the  maximum 
radius  of  contact  area  is  about  2.32  x  10~3  m  for  the  elasto-plastic  collision  with  an 
incoming  velocity  vin  =  0.10  m/s  (see  Section  7.3).  Therefore,  it  can  be  concluded 
that  the  discretization  of  the  sphere  is  fine  enough  to  describe  the  collision  behavior 
accurately. 

7.2.  FEA  of  Elastic  Sphere  Collisions 

Using  the  nonlinear  FE  code  ABAQUS  [1995],  with  the  FE  models  described 
in  Section  7.1,  we  carry  out  a  series  of  dynamic  FEA  for  elastic  collisions  between  an 
elastic  sphere  and  a  frictionless  rigid  surface  with  different  incoming  velocities.  As 
mentioned  in  Section  1,  the  behavior  of  such  collisions  can  be  solved  theoretically 
using  Hertz  theory  through  a  quasi-static  procedure.  In  this  section,  we  compare  our 
dynamic  FEA  results  of  elastic  collisions  with  the  corresponding  results  obtained 
by  applying  Hertz  theory  through  a  quasi-static  procedure.  In  addition,  the  error, 
which  may  be  caused  by  the  energy  dissipation  of  elastic  wave  propagation  inside 
the  sphere,  is  discussed  by  comparing  the  results. 

7.2.1.  FEA  Results 

An  important  result  from  our  dynamic  FEA  of  elastic  collisions  is  the  coef- 
ficient of  restitution.  Recall  that  the  coefficient  of  restitution  in  a  collision  in  the 
normal  direction  (Figure  6.17)  is  defined  by  (E.3).  In  our  FEA,  the  incoming  ve- 
locity Vin  of  the  sphere  is  an  input  parameter,  whereas  the  outgoing  velocity  vout 
of  the  sphere  is  obtained  by  averaging  the  velocities  of  all  nodes  of  the  FE  mesh 
at  a  time  right  after  the  sphere  is  separated  from  the  rigid  surface.  The  coefficient 
of  restitution  obtained  from  FEA  is  presented  in  Table  7.1.  The  results  show  that 
using  either  model  A,  model  B,  or  model  C,  the  coefficient  of  restitution  obtained 
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Figure  7.3.  Force-displacement  curve  for  elastic  collision  with  incom- 
ing velocity  vin  —  0.20  m/sec. 


from  FEA  of  elastic  collision  is  close  to  one,  i.e.,  more  than  99  %  of  the  kinetic 
energy  is  recovered  from  the  collision,  and  the  sphere  rebounds  with  an  outgoing 
velocity  of  about  the  same  magnitude  as  that  of  the  incoming  velocity,  but  in  the 
opposite  direction.  The  following  conclusion  can  be  drawn:  For  low-velocity  elastic 
collision  between  a  sphere  (with  properties  described  in  Section  7.1)  and  a  friction- 
less  rigid  surface,  the  energy  dissipation  caused  by  the  elastic  wave  inside  the  sphere 
is  very  small,  thus  can  be  ignored.  More  results  and  discussion  on  this  issue  will  be 
presented  in  Section  7.2.2  below. 


Table  7.1.  Coefficient  of  restitution  for  elastic  collisions 


Vin  {m/sec) 

Model  A 

Model  B 

Model  C 

0.02 

0.9976 

0.9997 

1.000 

0.06 

0.9983 

0.9970 

1.000 

0.10 

0.9923 

0.9984 

0.9975 

0.20 

0.9993 

0.9999 

1.000 
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Figure  7.3  shows  the  normal  contact  force  versus  normal  displacement  curve  for 
the  elastic  collision  with  incoming  velocity  vin  —  0.20  m/sec.  The  unloading  path  of 
the  force-displacement  (FD)  curve  from  FEA  results  is  almost  on  the  top  of  the  load- 
ing path  of  the  FD  curve,  meaning  that  there  is  almost  no  energy  dissipation.  The 
loading  curve  produced  using  Hertz  theory  by  (3.8)  is  also  presented  in  Figure  7.3, 
which  shows  that  the  FEA  results  agree  well  with  the  Hertz  theory  for  elastic  con- 
tact. At  the  points  with  the  highest  normal  contact  force  Pmax  —  1.144  x  104  N,  the 
maximum  normal  displacement  obtained  from  FEA  results  is  amax  —  4.95  x  10~5  m; 
while  the  corresponding  normal  displacement  produced  using  Hertz  theory  by  (3.8) 
is  {oLmax)Hz  =  4.99  x  10-5  m.  The  difference  between  the  result  from  dynamic  FEA 
and  the  result  from  Hertz  theory  is  only  0.8  %. 

Table  7.2.  Collision  duration  (in  sec)  vs.  incoming  velocity  for  elastic  collisions 


Vin  (m/sec) 

Hertz  Theory 

Model  A 

Model  B 

Model  C 

0.02 

1.200  x  10-3 

1.16  x  10~3 

1.16  x  10-3 

1.16  x  10~3 

0.06 

9.298  x  10-4 

9.33  x  10~4 

9.27  x  10-4 

9.30  x  10-4 

0.10 

8.395  x  10~4 

8.38  x  10-4 

8.36  x  10"4 

8.38  x  10"4 

0.20 

7.308  x  10-4 

7.28  x  10-4 

7.28  x  10~4 

7.30  x  10-4 

We  also  extracted  the  collision  duration  time  r  from  our  dynamic  FEA  by 
subtracting  the  time  tc,  when  the  sphere  comes  into  contact  with  the  rigid  surface, 
from  the  time  ts,  when  the  sphere  completely  separates  from  the  rigid  surface,  i.e., 
r  =  ts-tc.  The  maximum  possible  error  committed  on  r  is  the  integration  time-step 
size,  which  is  very  small;  for  example,  the  time-step  size  around  the  separation  of 
the  sphere  for  the  collision  with  incoming  velocity  vin  =  0.10  m/sec  using  FE  model 
B  is  3.207  x  10~6  sec.  The  results  from  FEA  using  different  models  are  presented 
in  Table  7.2  and  Figure  7.4,  and  are  compared  with  the  theoretical  prediction  using 
Hertz  theory,  i.e.,  (3.22).  Compared  to  the  time-step  size,  the  error  of  the  computed 
collision  duration  time  for  the  collision  with  incoming  velocity  vin  =  0.10  m/sec 
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Figure  7.4.  Collision  duration  vs.  incoming  velocity  for  elastic  collisions. 


is  about  0.38%,  or  less  than  1%.    Again,  our  FEA  results  agree  closely  with  the 
theoretical  prediction  using  Hertz  theory  with  a  quasi-static  procedure. 

Figures  7.5(a)  and  7.5(b)  show  the  distributions  of  the  normal  pressure  on 
the  contact  surface  obtained  from  our  dynamic  FEA  results.  In  these  figures,  the 
Hertz  normal  pressure  by  (3.3)  is  represented  by  the  solid  line;  the  original  FEA 
results  are  represented  by  the  small  circles  'o\  To  remove  the  spurious  oscillations 
in  the  original  FEA  results,  we  perform  an  averaging  process  to  produce  a  much 
smoother  curve,  shown  by  the  symbols  'x'.  The  oscillations  in  the  original  FEA 
results  is  due  probably  to  the  type  of  contact  elements  employed.  The  contact 
radius  a  from  FEA  results  is  obtained  by  using  cubic  spline  interpolation  at  zero 
normal  pressure  p  =  0.  This  cubic  spline  is  based  on  the  two  averaged  data  points 
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Figure  7.5.   Normal  pressure  profile  over  contact  area.   Original  dy- 
namic FEA  data  (o);  averaged  data  (x). 


that  are  closest  to  the  the  r  axis,  and  their  two  mirror  symmetric  points  about  the  r 
axis.  The  distribution  of  the  normal  pressure  p  for  the  elastic  collision  with  incoming 
velocity  vin  =  0.02  m/sec  at  the  time  when  the  normal  contact  force  P  reaches  its 
maximum  value  Pmax  =  716.6  N  is  shown  in  Figure  7.5(a).  Even  though  the  original 
FEA  results  are  oscillating  around  the  Hertz  normal  pressure,  the  averaged  normal 
pressure  from  FEA  results  agrees  closely  with  Hertz  theory.  In  addition,  the  contact 
area  radius  a  =  0.000877  m  from  FEA  results  agrees  with  that  from  Hertz  theory, 
&hz  —  0.000887  m,  with  a  small  difference  of  1.1  %.  In  this  case,  from  Figure  7.5(a), 
there  are  nine  contact  elements  involved  in  the  contact.  Similarly,  the  distribution 
of  the  normal  pressure  p  of  the  collision  with  incoming  velocity  vin  —  0.10  m/sec  at 


the  time  when  the  normal  contact  force  P  is  at  its  maximum  value  P„ 


4938  N 


is  presented  in  Figure  7.5(b).  Again,  we  observe  good  agreements  between  FEA 
results  and  Hertz  theory.  In  Figure  7.5(b),  there  are  17  contact  elements  involved 
in  the  contact. 
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(b)  Collision  with  uin  =  0.10  m/sec,  loading 
at  t  =  4.45  x  10-4  sec  and  P  =  4938  N. 


Figure  7.6.  Contour  of  Mises  stress  inside  the  sphere  during  elastic  collisions. 


Figures  7.6  and  7.7  show  the  contour  of  the  Mises  equivalent  stress  inside  the 
sphere  during  the  collision  at  some  selected  time  stations.  The  Mises  equivalent 
stress  is  defined  as  (ABAQUS  [1995]) 


5<s :  S)  , 


(7.1) 


where  S  is  the  stress  deviatoric  tensor.  This  Mises  equivalent  stress  q  is  actually 
another  form  of  the  second  invariant  J2  in  terms  of  the  stress  deviator.  In  elasto- 
plastic  problem,  the  Mises  equivalent  stress  q  by  (7.1)  can  be  used  to  check  the 
plastic  deformation.  When  the  von  Mises  yield  criterion  (3.13)  (see  Malvern  [1969]) 
is  applied,  the  region  where  q  <  ay  is  elastic,  and  the  region  where  q  =  oy  is  plastic. 

Figure  7.6(a)  shows  the  contour  of  the  Mises  equivalent  stress  inside  the  sphere 
for  the  elastic  collision  with  incoming  velocity  vin  =  0.10  m/sec  at  time  t  =  9.90  x 
10-5  sec  when  the  normal  contact  force  increases  to  P  =  999.1  N.  Figure  7.6(b) 
shows  the  contour  of  the  Mises  equivalent  stress  inside  the  sphere  for  the  elastic 
collision  with  incoming  velocity  vin  =  0.10  m/sec  at  time  t  =  4.45  x  10-4  sec 
when  the  normal  contact  force  increases  to  P  =  4938  N.  Both  Figures  7.6(a)  and 
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Figure  7.7.  Contour  of  Mises  stress  inside  the  sphere  during  elastic  collisions. 


7.6(b)  show  that  the  highest  Mises  stress  is  not  on  the  contact  surface,  but  inside 
the  sphere,  at  about  half  of  the  radius  a  of  contact  area  above  the  contact  surface. 
During  a  collision,  high  stress  level  are  concentrated  in  a  small  region  close  to  the 
contact  surface. 

Figure  7.7(a)  shows  the  contour  of  the  Mises  equivalent  stress  inside  the  sphere 
for  the  elastic  collision  with  incoming  velocity  vin  =  0.20  m/sec  at  time  t  =  3.64  x 
10-4  sec  when  the  normal  contact  force  reaches  its  maximum  value  P  =  1.144  x 
104  TV.  Figure  7.7(b)  shows  the  contour  of  the  Mises  equivalent  stress  inside  the 
sphere  for  the  elastic  collision  with  incoming  velocity  vin  =  0.20  m/sec  at  time 
t  =  5.06  x  10-4  sec  when  the  normal  contact  force  decreases  to  P  =  8279  TV  after  it 
reaches  its  maximum  value.  From  Figure  7.7(a)  to  Figure  7.7(b),  even  though  the 
stress  contours  look  similar,  the  value  of  the  Mises  equivalent  stress  on  these  contours 
decreases.  The  stress  state  inside  the  sphere  changes  gradually,  i.e.,  without  any 
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dramatic  changes,  going  from  loading  to  unloading.  This  feature  in  elastic  collisions 
is  very  different  from  that  of  elasto -plastic  collisions  (see  Section  7.3  below). 

7.2.2.  FEA  Results  of  the  Elastic  Collisions  of  Soft  Spheres 

To  show  the  effect  of  the  elastic  modulus  on  the  collision  behavior,  we  also 
carry  out  dynamic  FEA  using  the  FE  model  B  described  in  Section  7.1,  with  different 
Young's  moduli  for  the  sphere  material.  For  the  elastic  collision  with  incoming 
velocity  vin  =  0.10  m/sec,  the  coefficient  of  restitution  obtained  from  FEA  by 
averaging  the  rebounding  velocity  of  all  nodes  in  the  model  is  shown  in  Table  7.3. 

Table  7.3.     Coefficient  of  restitution  for  the  sphere  with  different 
Young's  moduli  in  elastic  collisions,  vin  —  0.10  m/sec. 


E  (N/m2) 

7.0  x  1010 

7.0  x  106 

7.0  x  103 

e 

0.9984 

0.9890 

0.7094 

Figure  7.8  shows  the  distributions  of  the  rebounding  velocity  of  all  the  nodes 
in  the  FE  model  right  after  the  sphere  separates  from  the  rigid  surface.  When  the 
Young's  modulus  of  the  sphere  material  is  E  =  7.0  x  1010  N/m2,  the  one  we  use 
for  most  dynamic  FEA  in  this  paper,  the  coefficient  of  restitution  of  the  elastic 
collision  is  almost  equal  to  one,  with  a  relatively  uniform  distribution  of  velocity, 
except  at  a  small  region  close  to  the  contact  area,  where  there  is  some  fluctuation 
in  the  magnitude  of  the  rebounding  velocity,  due  to  wave  propagation.  When  the 
Young's  modulus  is  E  =  7.0  x  106  N/m2,  which  is  ten  thousandth  of  the  one  used  in 
most  of  our  FEA,  the  coefficient  of  restitution  is  a  little  smaller  than  the  one  with 
higher  Young's  modulus,  but  it  is  still  very  close  to  one.  When  the  Young's  modulus 
is  set  to  a  very  small  value  E  =  7.0  x  103  N/m2,  the  effect  of  wave  propagation 
is  clearly  shown  in  Figure  7.8(c),  resulting  in  a  coefficient  of  restitution  much  less 
than  one,  when  the  rebounding  velocity  is  computed  by  averaging  the  instantaneous 
velocity  of  all  nodes.  In  this  case,  because  the  sphere  material  is  much  softer  than 
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Figure  7.8.  Rebounding  velocity  in  the  sphere  versus  node  numbers 
for  elastic  collision  with  incoming  velocity  vin  =  0.10  m/sec. 
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in  the  two  previous  cases,  disturbance  propagates  at  a  slower  speed  and  with  higher 
amplitude.  As  a  result  the  average  velocity  is  much  smaller  in  amplitude  compared 
to  the  incoming  velocity,  and  thus  a  sharp  decrease  in  the  coefficient  of  restitution. 

Clearly,  from  Table  7.3  and  Figure  7.8,  the  computation  of  the  coefficient  of 
restitution  as  shown  in  (E.3),  with  vout  being  the  average  velocity  of  all  nodes  at 
rebounding,  depends  on  the  material  properties  such  as  Young's  modulus  E,  mass 
density  p,  etc.  In  other  words,  when  the  ratio  E/(pR)  is  smaller,  the  time  time  for 
the  elastic  wave  propagating  across  the  sphere  is  longer,  thus  the  effect  of  elastic 
wave  propagation  on  v^t  is  larger.  For  most  of  the  elastic  and  elasto-plastic  collisions 
studied  in  this  paper,  the  ratio  E/(pR)  is  large,  resulting  in  much  higher  elastic  wave 
propagation  speed.  In  the  case  where  Young's  modulus  E  —  7.0  x  1010  N/m2,  mass 
density  p  —  2.699  x  103  kg/m3,  and  sphere  radius  R  =  0.1  m,  the  collision  duration 
time  r  is  hundreds  times  longer  than  the  time  for  the  elastic  wave  to  propagate 
across  the  diameter  of  the  sphere,  thus  make  valid  the  use  of  quasi-static  FD  model 
at  the  contact  point. 

7.3.  FEA  of  Elasto-Plastic  Sphere  Collisions 

In  this  section,  we  present  the  dynamic  FEA  results  for  elasto-plastic  collisions 
between  a  sphere  of  elasto-perfectly-plastic  material  and  a  frictionless  rigid  planar 
surface.  In  addition,  we  compare  our  FEA  results  with  the  results  of  DEM  simula- 
tion using  the  Vu-Quoc  and  Zhang  [19986]  elasto-plastic  NFD  model  (discussed  in 
Chapter  6)  to  show  the  correctness  of  the  NFD  model. 

Similar  to  the  FEA  of  elastic  collisions  presented  in  Section  7.2,  we  carry  out 
dynamic  FEA  of  elasto-plastic  collisions  between  the  sphere  described  in  Section  7.1 
and  a  frictionless  rigid  surface  with  various  incoming  velocities  using  the  nonlinear 
FE  code  ABAQUS  [1995].  Elasto-perfectly-plastic  material  properties  as  described 
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in  Section  7.1  are  used.  The  coefficient  of  restitution  for  collisions  with  different 
incoming  velocities  obtained  from  FEA  results  are  listed  in  Table  7.4.  The  coefficient 
of  restitution  in  Table  7.4  are  all  less  than  one,  showing  that  there  are  energy 
dissipations  caused  by  plastic  deformation.  The  coefficient  of  restitution  decreases 
with  increasing  incoming  velocity,  because  the  larger  the  incoming  velocity,  the 
higher  the  level  of  plastic  deformation,  and  thus  the  higher  the  level  of  energy 
dissipation. 

Table  7.4.  Coefficient  of  restitution  for  elasto-plastic  collisions 


Vin  (m/sec) 

Model  A 

Model  B 

Model  C 

0.02 

0.8076 

0.8132 

0.8132 

0.06 

0.6951 

0.6858 

0.6930 

0.10 

0.6352 

0.6524 

0.6229 

0.20 

0.5635 

0.5853 

0.5481 

0.02      0.04      0.06      0.08       0.1        0.12      0.14      0.16      0.18       0.2 

Incoming  velocity  Vin  (m/sec) 


Figure  7.9.  Coefficient  of  restitution  from  DEM  simulations  and  FEA 
using  different  FEA  models. 
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Figure  7.9  shows  coefficient  of  restitution  versus  the  incoming  velocity  with 
results  coming  from  (i)  FEA,  (ii)  discrete  element  method  (DEM)  simulations  using 
the  Vu-Quoc  and  Zhang  [19986]  elasto-plastic  NFD  model  (denoted  by  "  VZ  NFD 
model",  see  Chapter  6),  and  (iii)  the  Thornton  [1997]  NFD  model.  The  results 
from  FEA  using  FE  models  A,  B,  and  C  (see  Section  7.1)  are  presented  using 
the  symbols  '+',  '*',  and  'o',  respectively.  For  collisions  with  incoming  velocities 
vin  =  0.02  m/sec,  0.06  m/sec,  and  0.10  m/sec,  the  results  from  DEM  simulation 
using  the  Vu-Quoc  and  Zhang  [19986]  NFD  model  agree  well  with  the  FEA  results. 
For  the  collision  with  incoming  velocity  vin  =  0.20  m/sec,  which  is  about  120  times 
of  the  yield  velocity5  vY  and  for  which  the  maximum  normal  contact  force  reaches 
Pmax  —  8373  N,  the  coefficient  of  restitution  from  FEA  is  e  =  0.5853,  while  that 
from  the  Vu-Quoc  and  Zhang  [19986]  NFD  model  is  evz  =  0.4773;  the  difference 
between  the  two  results  is  18.5  %.  We  will  discuss  the  cause  of  this  difference  later. 

The  coefficient  of  restitution  from  the  Thornton  [1997]  NFD  model  given  by 
(4.22)  is  also  shown  in  Figure  7.9  for  comparison.  Note  that  in  (4.22)  and  (4.23), 
the  incoming  velocity  vin  and  yield  velocity  vY  are  the  relative  incoming  velocity  of 
two  spheres  in  collision,  we  need  to  double  the  incoming  velocity  when  considering 
the  collision  between  one  sphere  and  a  frictionless  rigid  surface  which  is  equivalent 
to  the  collision  of  two  identical  spheres  with  doubled  relative  incoming  velocity.  In 
comparison  with  our  dynamic  FEA  results,  the  coefficient  of  restitution  from  DEM 
simulation  using  the  Vu-Quoc  and  Zhang  [19986]  NFD  model  is  clearly  superior  to 
that  obtained  from  the  Thornton  [1997]  NFD  model,  for  incoming  velocity  in  the 
range  shown  in  Figure  7.9,  namely,  when  vin/vY  <  120.  We  refer  the  readers  to  Vu- 
Quoc  and  Zhang  [19986]  for  more  detailed  comparison  of  the  Vu-Quoc  and  Zhang 
[19986]  NFD  model  and  the  Thornton  [1997]  NFD  model. 

5    Plastic  deformation  begin  to  develop  inside  the  sphere  for  the  incoming  velocity  vin  =  vy  = 
1.667  x  10~3m/sec  computed  by  (4.23). 
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Figure  7.10.  Normal  contact  force  P  vs.  normal  displacement  a. 


Figure  7.10  shows  the  normal  contact  force  P  versus  the  normal  displacement 
a  for  the  collisions  with  incoming  velocity  vin  =  0.02  m/sec  (vm/vy  —  12)  and 
vin  =  0.06  m/sec  (vin/vy  —  36).  The  results  produced  by  the  DEM  simulations 
using  the  Vu-Quoc  and  Zhang  [19986]  elasto-plastic  NFD  model  agree  closely  with 
the  corresponding  FEA  results.  The  maximum  normal  contact  force  Pmax,  the 
maximum  normal  displacement  amax,  and  the  residual  normal  displacement  ares 
caused  by  plastic  deformation  are  listed  in  Table  ??. 

Table  7.5.  Maximum  force  PmQI,  maximum  displacement  amax,  and 
residual  displacement  ares  vs.  incoming  velocity  vin 


(m/sec) 

*max  \P>  ) 

Umax  (m) 

ares  (m) 

FEA 

VZNFD 

FEA 

VZ  XFD 

FEA 

VZNFD 

0.02 

647.8 

635.7 

8.25  x  10~6 

8.48  x  l(r(1 

2.78  x  10~6 

2.22  x  10"6 

0.06 

2224 

2341 

2.11  x  10"5 

2.12  x  10"5 

1.07  x  10-5 

1.05  x  10-5 

0.10 

3922 

4404 

3.30  x  10"5 

3.21  x  10"5 

1.90  x  10~5 

2.00  x  10"5 

0.20 

8373 

1.045  x  104 

6.08  x  10~5 

5.55  x  10~5 

4.01  x  ur5 

4.31  x  10~5 

Similar  to  Figure  7.10,  Figure  7.11  shows  the  normal  contact  force  P  versus  the 
normal  displacement  a  for  the  collisions  with  incoming  velocities  vin  =  0.10  m/sec 
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Figure  7.11.  Normal  contact  force  P  vs.  normal  displacement  a. 


{vin/vy  =  60)  and  vin  =  0.20  m/sec  (vin/vY  =  120).  In  Figure  7.11(a),  with 
Vin/vy  =  60,  the  NFD  relation  produced  by  the  DEM  simulations  using  the  Vu-Quoc 
and  Zhang  [19986]  elasto-plastic  NFD  model  agrees  reasonably  well  with  the  corre- 
sponding FEA  results.  By  (6.19),  the  incipient-yield  contact  force  is  Py  =  36.45  N 
for  the  sphere  with  properties  given  in  Section  7.1.  In  this  case,  the  maximum 
normal  contact  force  is  Pmax  =  3922  N  from  FEA  results  (Table  7.5),  and  thus 
the  ratio  Pmax/Py  =  107.6.  In  Figure  7.11(b),  with  vin/vY  =  120,  there  is  a  clear 
departure  of  the  results  using  the  Vu-Quoc  and  Zhang  [19986]  NFD  model  from  the 
FEA  results.  In  this  case,  the  maximum  normal  contact  force  Pmax  —  8373  AT  is 
much  larger  than  the  yield  normal  force  Py  by  a  ratio  of  Pmax/Py  =  229.7.  Such 
large  maximum  normal  force  is  the  reason  for  the  departure  of  the  results  using  the 
Vu-Quoc  and  Zhang  [19986]  NFD  model  from  FEA  results,  because  the  parameters 
Ca  and  Kc  employed  in  the  Vu-Quoc  and  Zhang  [19986]  NFD  model  were  extracted 
for  maximum  normal  force  less  than  1500  N  (i.e.,  Pmax/Py  =  41.1).  Clearly,  the 
maximum  normal  force  Pmax  =  8373  A^  is  way  outside  the  range  of  validity  of  the 
parameters  employed.  In  other  words,  to  make  the  results  using  the  Vu-Quoc  and 
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Zhang  [19986]  NFD  model  work  up  to  Pmax  =  8373  N,  we  need  to  extend  the  range 
of  Pmax  to  this  force  level  in  the  extraction  of  the  model  parameters  Ca  and  Kc. 

Table  7.6.  Comparison  of  collision  time  r  vs.  incoming  velocity  uin 


vin  (m/sec) 

Hertz  (elastic) 

FEA  (elasto-plastic) 

VZ  NFD  (elasto-plastic) 

0.02 

1.16  x  10-3 

1.12  x  10~3 

1.18  x  10-3 

0.06 

9.30  x  10-4 

9.01  x  10-4 

8.99  x  10~4 

0.10 

8.40  x  10~4 

8.22  x  10~4 

7.64  x  10"4 

0.20 

7.31  x  10~4 

7.31  x  10~4 

5.97  x  10-4 

10" 


Hertz  (elastic) 

*      FEA  (elasto-plastic) 
x     VZ  NFD  (elasto-plastic) 


-x^ 


10" 


10 


Vin  (m/sec) 


Figure  7.12.    Collision  duration  time  for  elasto-plastic  collision  vs. 
incoming  velocity. 


The  collision  duration  time  r  for  the  elasto-plastic  collision  obtained  from  our 
FEA  and  from  the  DEM  simulations  using  the  Vu-Quoc  and  Zhang  [19986]  NFD 
model  is  shown  in  Figure  7.12  and  in  Table  7.6.  The  computation  method  is  the 
same  as  explained  in  Section  7.2.1.  Since  the  integration  time-step  size  for  the 
nonlinear  dynamic  FEA  is  automatically  chosen  by  ABAQUS,  and  the  time-step 


150 


a  =  0.00232m 
ahz  =  0.00156m 


Hertz 

o      ABAQUS  Dynamic 
x     ABAQUS  Average 


(a)  Collision  with  Vin  =  0.02  m/sec,  at  maxi- 
mum normal  force  Pmax  =  647.8  N. 


(b)  Collision  with  V{n  =  0.10  m/sec,  at 
maximum  normal  force  Pmax  —  3922  N. 


Figure  7.13.  Normal  pressure  over  contact  area  for  elasto-plastic  collisions. 


size  for  elasto-plastic  analysis  is  even  smaller  compared  to  that  for  elastic  analysis, 
the  error  for  the  data  presented  in  Figure  7.12  and  in  Table  7.6  is  much  smaller  than 
1%.  For  example,  the  time-step  size  around  the  separation  time  of  the  FE  model 
B  from  the  rigid  planar  surface,  for  Vin  =  0.10  m/sec  is  7.663  x  10-7,  making  the 
error  on  r  of  about  0.09%.  For  the  results  using  DEM  simulation,  the  time-step  size 
is  fixed  at  1.0  x  10~6  sec,  thus  making  the  error  on  r  about  0.13%.  The  collision 
duration  time  for  elastic  collision  obtained  using  Hertz  theory  as  given  by  (3.22)  is 
also  presented  for  comparison.  Again,  when  v^jvy  <  60,  the  results  from  DEM 
simulation  using  the  Vu-Quoc  and  Zhang  [19986]  NFD  model  agree  accurately  with 
those  from  FEA.  It  is  also  observed  that  the  collision  duration  time  from  FEA  for 
elasto-plastic  collision  is  very  close  to  the  collision  time  for  elastic  collision  from  Hertz 
theory,  meaning  that  the  effect  of  plastic  deformation  on  the  collision  duration  time 
is  very  small,  at  least  for  the  cases  in  which  12  <  vin/vY  <  120.  Such  observation 
deserves  further  study. 
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Figure  7.13  shows  the  distribution  of  the  normal  pressure  on  the  contact  surface 
obtained  from  our  dynamic  FEA  for  elasto-plastic  collisions.    The  Hertz  normal 
pressure  as  given  by  (3.3)  (for  elastic  contact)  is  also  presented;  the  original  FEA 
data  are  presented  by  the  symbols  'o\    Similar  to  what  presented  in  Figure  7.5, 
we  average  the  original  oscillating  FEA  data  to  obtain  a  much  smoother  curve 
shown  in  Figure  7.5  using  the  symbols  'x'.  The  contact  area  radius  a  of  area  from 
FEA  results  is  obtained  by  using  cubic  spline  interpolation  in  the  same  manner 
as  for  results  shown  in  Figure  7.5.   The  distribution  of  the  normal  pressure  p  for 
the  elasto-plastic  collision  with  incoming  velocity  vin  =  0.02  m/sec  at  the  time 
when  the  normal  contact  force  P  reaches  its  maximum  value  Pmax  =  647.8  N  is 
shown  in  Figure  7.13(a).    The  contact  area  radius  a  =  1.07  x  10-3  m  from  the 
FEA  results  for  the  elasto-plastic  collision  is  larger  than  the  contact  area  radius 
ahz  =  8.58  x  10~4  m  from  Hertz  theory  for  the  elastic  collision  under  the  same 
normal  force  level.    Similarly,  the  distribution  of  the  normal  pressure  p  for  the 
elasto-plastic  collision  with  incoming  velocity  vin  =  0.10  m/sec  at  the  time  when 
the  normal  contact  force  P  reaches  its  maximum  value  Pmax  =  3922  N  is  presented 
in  Figure  7.5(b).    Again,  we  observe  that  the  contact  area  radius  from  the  FEA 
results  for  the  elasto-plastic  collision  is  larger  than  that  from  Hertz  theory  for  the 
elastic  collision  under  the  same  normal  force  level.    In  both  Figures  7.13(a)  and 
7.13(b),  the  magnitude  of  the  normal  pressure  on  the  contact  surface  inside  the 
contact  area  is  roughly  constant,  and  is  more  than  twice  that  of  the  material  yield 
stress  cry.  The  normal  pressure  distribution  on  the  contact  surface  from  the  dynamic 
FEA  results  agrees  with  that  obtained  from  the  static  FEA  results  for  elasto-plastic 
contact  problems  presented  in  Vu-Quoc  and  Lesburg  [1998]  (Figure  6.7).  We  refer 
the  readers  to  Vu-Quoc  and  Lesburg  [1998]  and  Vu-Quoc,  Zhang  and  Lesburg  [1998] 
for  more  detailed  discussion,  on  the  static  FEA  results  of  elasto-plastic  contact 
problems. 
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(a)  Collision  with  vin  =  0.10  m/sec,  loading 
at  t  =  1.15  x  10"4  sec  and  P  =  999.7  N. 


a  =  9.99E+07 
h  =  7y9E+07 
C  =  S.99E+07 
U  -  UMf 
e=  I.00E-H17 
f»2.54E+03 


(b)  Collision  with  vtn  =  0.10  m/sec,  loading 
at  t  =  4.78  x  10"4  sec  and  P  =  3920  N. 


Figure  7.14.  Contour  of  Mises  stress  inside  the  sphere  during  elasto- 
plastic  collisions. 


Figure  7.14(a)  shows  the  contour  of  the  Mises  equivalent  stress  inside  the 
sphere  for  the  elasto -plastic  collision  with  incoming  velocity  vin  —  0.10  m/sec  at  time 
t  =  1.15  x  10-4  sec  when  the  normal  contact  force  increases  to  P  =  999.7  N.  The 
sphere  material  is  modeled  by  the  elasto-perfectly-plastic  model  with  the  von  Mises 
yield  criterion,  according  to  which  the  material  will  yield  when  the  Mises  equivalent 
stress  q  (given  by  (7.1))  is  equal  to  the  yield  stress  oY.  With  oY  =  1.0  x  108  N/m2, 
the  area  encircled  by  the  contour  line  marked  a  in  Figure  7.14(a)  is  the  plastic  zone. 
The  same  applies  to  Figures  7.14(b),  7.15(a),  7.15(b),  and  7.16.  Figure  7.14(a) 
shows  that  the  plastic  deformation  is  first  developed  not  on  the  contact  surface  but 
at  a  point  inside  the  sphere,  and  close  to  the  contact  area.  When  the  normal  contact 
force  increases,  the  plastic  zone  expand  to  reach  the  contact  surface,  beginning  from 
the  edge  of  the  circular  contact  area,  while  the  material  on  the  contact  surface  and 
around  the  center  of  the  contact  area  remains  elastic.  Compare  Figure  7.14(a)  to 
Figure  7.6(a),  we  see  that  the  maximum  Mises  stress  inside  a  sphere  with  elastic- 


153 


u  =  y,yyE+07 

ti  =  7.99E+07 
I  =  5.99E407 
<1  =  .1.00E+07 
e=1.00E-tO7 
f=3.l4E-t03 


0.001m 


1  ■  9.99E+07 
b  =  7.99E»<>7 
t  =  5.99E*(r7 
d  =  J.OOE-107 
e=1.00E»07 
f»3.03E»03 


0.001m 


(a)  Collision  with  uin  =  0.20  m/sec,  loading  (b)  Collision  with  vin  =  0.20  m/sec,  begin- 

at  t  =  4.41  x  10-4  sec  and  P  -  8373  JV.  ning  unloading  at  t  =  4.74  x  10-4  sec  and 

P  =  8347  N. 


Figure  7.15.  Contour  of  Mises  stress  inside  the  sphere  during  elasto- 
plastic  collisions. 


perfectly-plastic  material  is  limited  to  the  material  yield  stress  aY,  which  is  much 
lower  than  the  stress  reached  in  an  elastic  collision. 

Figure  7.15(a)  shows  the  contour  of  Mises  equivalent  stress  inside  the  sphere 
for  the  elasto-plastic  collision  with  incoming  velocity  vin  =  0.20  m/sec  at  time 
t  =  4.41  x  10~4  sec  when  the  normal  contact  force  increases  to  P  =  8373  N.  When 
the  normal  loading  is  high,  the  plastic  zone  develops  to  the  contact  surface  on  most 
part  inside  the  contact  area.  Figure  7.15(b)  shows  the  contour  of  Mises  equivalent 
stress  inside  the  sphere  for  the  elasto-plastic  collision  with  incoming  velocity  vin  — 
0.20  m/sec  at  time  t  =  4.74  x  10~4  sec  when  the  normal  contact  force  decreases 
to  P  =  8347  N,  right  after  the  normal  contact  force  reaches  its  highest  value, 
and  when  the  sphere  starts  to  separate  from  the  rigid  surface.  At  this  time,  even 
though  the  normal  contact  force  P  =  8347  iV  is  much  larger  than  the  incipient  yield 
force  PY  =  36.45  N,  once  the  normal  force  starts  unloading,  the  Mises  equivalent 
stress  inside  the  sphere  immediately  decreases  to  a  level  q  <  aY  everywhere.  With 
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Figure  7.16.  Contour  of  Mises  stress  inside  the  sphere  during  the 
elasto-plastic  collision  with  vin  —  0.20  m/sec,  unloading  at  t  =  6.93  x 
10"4  sec  and  P  =  1017  N. 


the  plastic  deformation  frozen,  the  material  behaves  elastically  during  the  normal 
contact  force  unloading  session. 

Figure  7.16  shows  the  contour  of  Mises  equivalent  stress  inside  the  sphere 
for  the  elasto-plastic  collision  with  incoming  velocity  vin  =  0.20  m/sec  at  time 
t  =  6.93  x  10-4  sec  when  the  normal  contact  force  decreases  to  P  =  1017  N 
after  this  force  reaches  its  highest  value  and  after  the  sphere  is  separates  from  the 
rigid  surface.  Comparing  Figure  7.16  (P  =  1017  N,  unloading)  and  Figure  7.14(a) 
(P  —  999.7  N,  loading),  we  see  that  the  stress  distribution  during  unloading  with 
plastic  deformation  can  be  very  different  from  the  stress  distribution  during  loading, 
even  at  the  same  normal  force  level.  Unlike  elastic  collision,  the  distribution  of  stress 
inside  the  sphere  in  an  elasto-plastic  collision  is  dependent  on  the  loading  history. 


CHAPTER  8 
ELASTO-PLASTIC  TFD  MODEL 


The  elasto-plastic  TFD  model  proposed  in  this  paper  is  consistent  with  the 
elasto-plastic  NFD  model  presented  in  Vu-Quoc  and  Zhang  [19986]  (Chapter  6).  It 
is  developed  from  the  Vu-Quoc  and  Zhang  [1998a]  TFD  model  for  elastic-frictional 
contact  introduced  in  Chapter  5.  The  account  for  the  effect  of  plastic  deformation 
is  based  on  the  same  formalism  used  for  the  elasto-plastic  NFD  model,  i.e.,  the 
additive  decomposition  of  the  radius  aep  of  elasto-plastic  contact  area  by  (6.2), 
and  the  modification  of  the  radius  R*  of  local  contact  curvature  by  (6.12).  In  the 
following,  we  discuss  the  formulation  of  the  TFD  model  that  accounts  for  the  plastic 
deformation  and  then  present  the  algorithm  and  pseudo  code  of  the  proposed  elasto- 
plastic  TFD  model. 

8.1.  Accounting  for  the  Effect  of  Plastic  Deformation 

In  the  Vu-Quoc  and  Zhang  [19986]  NFD  model,  to  account  for  the  effect  of 
plastic  deformation  on  the  normal  force-displacement  relationship,  we  introduce  the 
additive  decomposition  of  the  radius  aep  elasto-plastic  contact  area  into  the  elastic 
part  ae  and  the  additional  part  caused  by  plastic  deformation  ap,  according  to  (6.2). 
Following  Hertz  theory,  the  radius  ae  of  elastic  contact  area  is  determined  by  (3.6) 
as  follows 

where  R*  is  the  equivalent  radius  of  relative  contact  curvature  defined  by  (3.2), 
and  E*  the  equivalent  elastic  modulus  for  the  contact  defined  by  (3.1).  In  addition 
to  the  increase  of  contact  area,  another  feature  of  elasto-plastic  contact  is  that 
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the  plastic  deformation  is  irreversible,  and  tend  to  flatten  the  contact  surface,  thus 
make  the  relative  contact  curvature  decreasing.  The  increase  of  the  radius  of  contact 
curvature,  as  caused  by  plastic  deformation  when  a  sphere  contacts  a  rigid  planar 
surface,  is  shown  in  Figure  6.10.  In  Vu-Quoc  and  Zhang  [19986],  we  use  a  coefficient 
Cr{P)  >  1.0  to  modify  the  local  radius  of  contact  curvature.  For  given  material 
properties  and  radii  of  spheres  in  contact,  the  coefficient  Cr(P)  is  determined  by 
the  normal  force  P  (using,  e.g.,  (6.13)). 

In  3-D  finite  element  analyses  (FEA)  of  two  identical  elastic-perfectly-plastic 
spheres  contacting  against  each  other  with  friction,  we  observe  the  following  force- 
displacement  (FD)  behavior  of  the  tangential  contact  stiffness  (see  Vu-Quoc  and 
Lesburg  [1998]): 

1.  When  the  contact  is  in  the  elastic  range,  i.e.,  without  yield  and  plastic  defor- 
mation, the  FD  behavior  in  normal  direction  follows  the  Hertz  theory;  the  FD 
behavior  in  tangential  direction  follows  the  Mindlin  and  Deresiewicz  [1953] 
theory. 

2.  For  the  aluminum  alloy,  which  is  the  material  employed  in  the  FEA  in  Vu- 
Quoc  and  Lesburg  [1998],  while  the  plastic  zone  under  the  combined  loading 
of  P  and  Q  remains  very  close  to  the  plastic  zone  created  by  the  normal  force 
P  alone,  plastic  deformation  clearly  affects  the  TFD  behavior  (see  Remark  8.1 
for  more  explanation). 

3.  In  the  case  where  the  normal  force  P  is  applied  on  the  sphere  until  its  mag- 
nitude becomes  very  large  compared  to  the  yield  normal  force  Py  (P  3>  Py), 
and  then  held  constant  while  the  tangential  force  Q  is  applied  with  increas- 
ing magnitude,  even  though  there  is  a  large  amount  of  plastic  deformation 
involved,  the  TFD  behavior  is  stiffer  than  that  obtained  for  the  elastic  case 
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using  the  Mindlin  and  Deresiewicz  [1953]  theory  (see  Remark  8.1  and  Vu-Quoc 
and  Zhang  [19986]  for  more  details).  Figure  8.1  shows  the  TFD  curves,  com- 
puted by  FEA  and  by  Mindlin  and  Deresiewicz  [1953]  theory,  for  two  identical 
aluminum  alloy  spheres  of  radius  R  =  0.1  m  in  contact  with  each  other.  The 
spheres  are  subjected  to  a  constant  normal  load  P  =  2600  N  and  varying 
tangential  force  Q.  FEA  results  were  obtained  for  elasto-plastic  behavior  of 
the  material. 

4.  When  both  the  normal  force  P  and  the  tangential  force  Q  are  increasing,  the 
FD  behavior  in  the  normal  direction  follows  what  described  in  Vu-Quoc  and 
Zhang  [19986],  i.e.,  softer  than  Hertz  (elastic)  theory;  the  FD  behavior  in  the 
tangential  direction  is  also  softer  than  that  from  the  Mindlin  and  Deresiewicz 
[1953]  (elastic)  theory,  as  a  result  of  the  plastic  deformation. 

5.  The  TFD  curves  for  both  elastic  and  elasto-plastic  materials  display  a  hystere- 
sis effect  when  the  applied  tangential  force  Q  goes  through  cycles  of  loading, 
unloading  and  reloading.  The  TFD  curve  for  the  elasto-plastic  material  dis- 
play a  softer  behavior  during  loading.  Figure  8.2  shows  the  FEA  results  of 
the  same  sphere  as  in  Figure  8.1,  subjected  to  varying  normal  and  tangential 
forces  (P  and  Q),  and  a  comparison  with  the  Mindlin  and  Deresiewicz  [1953] 
elastic-frictional  contact  theory.  The  step  like  behavior  in  the  TFD  curve  dur- 
ing loading  is  due  to  the  change  in  the  normal  load  P  throughout  the  loading 
phase.  The  maximum  magnitude  of  P  is  Pmax  =  1500  N. 

Remark  8.1.  Since  Q  <  jjlP  throughout  the  loading  and  unloading  stages,  and 
since  the  coefficient  of  friction  chosen  was  /j,  =  0.2,  the  effect  of  the  tangential  force 
Q  on  the  plastic  deformation  is  relatively  smaller  than  that  of  the  normal  force  P. 
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Figure  8.1.  Two  identical  aluminum  alloy  spheres  in  contact:  TFD 
curves  from  FEA  of  elasto-plastic  sphere  material,  and  from  Mindlin 
and  Deresiewicz  [1953]  (MD[1953])  elastic  theory.  Constant  normal 
force  P  =  2600  N,  and  varying  tangential  force  Q. 


Also,  it  is  interesting  to  observe  that  plastic  deformation  makes  the  TFD  curve 
stiffer,  compared  to  that  of  elastic  material,  in  the  case  where  the  normal  load  P  is 
constant.  The  reason  is  that  when  the  sphere  yields  under  the  normal  force  P  that 
is  much  larger  than  the  yield  normal  force  PY,  the  contact  area  is  also  much  larger 
than  that  of  the  elastic  case.  It  follows  that  there  is  more  contact  area  to  resist  the 
tangential  force  Q  through  friction.  On  the  other  hand,  when  both  P  and  Q  are 
varying,  plastic  deformation  affects  the  TFD  relationship  that  is  softer  and  has  a 
step-like  pattern  shown  in  Figure  8.2.  We  refer  the  readers  to  Vu-Quoc  and  Lesburg 
[1998]  for  more  details.  I 
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Figure  8.2.  Two  identical  aluminum  alloy  spheres  in  contact:  TFD 
curves  from  FEA  of  elasto-plastic  sphere  material,  and  from  Mindlin 
and  Deresiewicz  [1953]  (MD[1953])  elastic  theory.  Varying  normal 
force  P  and  tangential  force  Q. 
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Based  on  the  FEA  results,  it  can  be  concluded  that  the  plastic  deformation 
affects  the  TFD  behavior  in  following  ways:  (i)  Increase  the  contact  radius  a,  and 
thus  increase  the  tangential  stiffness,  (ii)  Increase  the  radius  of  local  contact  cur- 
vature R*,  and  thus  increase  the  tangential  stiffness,  (iii)  The  plastic  zone  weakens 
the  resistance  to  the  tangential  force,  and  thus  decreases  the  tangential  stiffness. 
For  most  of  the  loading  cases  considered,  FEA  yields  a  TFD  relationship  that  is 
softer  than  that  of  the  Mindlin  and  Deresiewicz  [1953]  theory  for  elastic  frictional 
contact. 

Let  us  look  at  the  TFD  relationship  described  in  Chapters  3  and  5.  Only  the 
calculation  of  initial  tangential  stiffness  KT$  (see  (3.25))  is  connected  to  the  effect  of 
plastic  deformation  described  above.  Considering  that  the  TFD  curves  from  elasto- 
plastic  FEA  results  retain  the  same  shape  as  those  from  the  Mindlin  and  Deresiewicz 
[1953]  theory,  we  retain  much  of  the  formulation  described  in  Chapters  3  and  5  to 
account  for  the  effect  of  changing  in  the  normal  force,  and  this  for  all  loading  cases. 
Recall  that 

Kr>  =  Sa(2-^f-  +  2-^f.)~\  (3.25) 

If  one  inserts  the  increased  elasto-plastic  contact  radius  aep  into  (3.25),  the  tangential 
stiffness  is  increased  to  account  for  the  effect  of  plastic  deformation.  In  this  case, 
the  weakening  of  tangential  stiffness  by  plastic  deformation  could  not  be  properly 
represented.  For  this  reason,  we  introduce  the  equivalent  Young's  modulus  (E*)ep 
for  the  elasto-plastic  contact  in  the  tangential  direction. 

For  the  cases  where  the  normal  force  P  is  increasing,  we  replace  a  by  aep,  R* 
by  R*p,  and  E  by  (E*)e?,  in  (8.1)  to  obtain 

-  =  (s8£f  •  <8-2> 
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Therefore,  for  P  increasing, 

{     ]        "  4(aeP)3   "  '        4(a<*)3       '  [      j 

From  (8.3)  It  can  be  seen  that  since  the  contact  radius  aep  >  ae  when  there  is 
a  plastic  deformation,  this  enlarged  contact  area  tends  to  decrease  (E*)ep,  if  the 
other  quantities  are  held  constant.  On  the  other  hand,  since  the  radius  of  contact 
curvature  /?*  >  R*  when  there  is  plastic  deformation,  this  increase  in  the  radius 
of  contact  curvature  tends  to  increase  (E*)ep.  For  most  cases,  the  effect  of  aep  is 
stronger,  and  thus  the  equivalent  elasto-plastic  Young's  modulus  (E*)ep  is  usually 
less  than  the  original  material  Young's  modulus  E,  as  if  the  Young's  modulus  is 
weakened  by  the  plastic  deformation.  It  should  be  noticed  that  since  (E*)ep  is 
proportional  to  R*p  =  CR(P)R*  as  given  in  (8.3),  the  use  of  (E*)ep  in  the  computation 
of  the  tangential  stiffness  in  the  TFD  relationship  therefore  also  accounts  for  the 
effect  of  the  increase  in  the  radius  of  contact  curvature  due  to  plastic  deformation. 

Recalling  that  G  =  — -,  and  assuming  that  the  two  spheres  in  contact 

have  the  same  Poisson's  ratios,  i.e.,  i^v  =  (j)i/  =  u,  we  can  rewrite  (3.25)  as  follows 

fr,.^(P-"4g-">  +  P+'>g-'»r.  ,8.4) 

V  (i)-k  (j)E         J 

We  can  express  the  initial  tangential  stiffness  for  the  TFD  relationship  in  terms  of 
the  Young's  modulus  E*  by  using  (3.1)  in  (8.4).  Once  this  step  is  done,  we  again 
replace  E*  by  (E*)ep  to  account  for  plastic  deformation  in  the  computation  of  KTfi 
and  obtain 


A' 


y,  =  4aep  (ETr  (IrjJ)   •  (8.5) 


Therefore,  when  the  normal  force  P  is  increasing,  expression  (8.5)  is  used  in  the 
computation  of  the  tangential  stiffness  in  the  TFD  relationship  to  account  for  the 
effect  of  plastic  deformation. 
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When  the  normal  force  P  is  decreasing,  the  plastic  deformation  is  frozen,  as 
the  spheres  undergo  elastic  unloading.  Therefore,  the  following  formula  is  used  to 
modify  the  equivalent  elastic  modulus 

(T?*\ep  3PCR{Pmax)R* 

{E  ]   =  — ijSy — '  (   } 

where  the  value  of  CR  is  frozen  at  is  value  at  P  =  Pmax,  and  the  contact  radius  in  the 
denominator  is  the  elastic  part  ae.  The  tangential  stiffness  in  the  TFD  relationship 
is  computed  using  expression  (8.5)  for  the  initial  tangential  stiffness  KT,o,  but  with 
{E*)ep  computed  from  (8.6). 

It  should  be  noticed  that  since  plastic  deformation  is  mainly  attributed  to 
the  normal  force  P,  when  P  remains  a  constant  during  the  loading  or  unloading 
of  the  tangential  force  Q,  the  plastic  zone  is  considered  as  unchanged.  Therefore, 
the  modification  of  tangential  stiffness  for  the  case  where  P  is  a  constant  should  be 
similar  to  that  of  the  case  where  P  is  decreasing,  i.e.,  (8.6)  is  used  to  compute  the 
equivalent  Young's  modulus  (E*)ep. 

The  modification  of  the  tangential  stiffness  of  the  TFD  relationship  can  prop- 
erly account  for  the  effect  of  plastic  deformation  for  a  range  of  the  ratio  of  increment 
of  P  over  increment  in  Q.  Further  work  is  needed  to  extend  this  range,  which  is  large 
enough  for  granular  flow  simulations.  We  refer  the  readers  to  Vu-Quoc,  Lesburg  and 
Zhang  [1998]  for  more  detailed  discussion. 

8.2.  Algorithm  and  Implementation  of  the  Elasto-Plastic  TFD  Model 

In  a  DEM  simulation  code,  the  increment  of  tangential  displacement  between 
two  spheres  in  contact  is  evaluated  by  the  relative  position  and  velocities  of  these  two 
spheres  in  each  timestep  of  numerical  integration  (see  Vu-Quoc  et  al.  [1997]).  At  time 
tn+i,  the  normal  contact  force  Pn+1  is  computed  by  the  elasto-plastic  NFD  model 
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that  is  consistent  with  the  present  TFD  model,  and  whose  algorithm  is  presented 
in  Vu-Quoc  and  Zhang  [19986].  We  use  this  present  elasto-plastic  TFD  model 
to  compute  the  current  tangential  contact  force  Qn+\  based  on  the  increment  of 
tangential  displacement  A£n+1  =  5n+i  —  5n,  and  on  the  loading  history  previously 
calculated. 

We  can  see,  from  previous  discussion,  that  the  effect  of  plastic  deformation  on 
the  TFD  relationship  is  accounted  for  by  using  (8.5)  to  compute  the  initial  tangential 
stiffness  using  the  radius  aep  of  the  elasto-plastic  contact  area  and  the  equivalent 
Young's  modulus  (E*)ep.  Noticing  that  the  shape  of  the  TFD  curves  obtained  from 
elasto-plastic  FEA  is  similar  to  that  obtained  from  Mindlin  and  Deresiewicz  [1953] 
theory  and  from  the  Vu-Quoc  and  Zhang  [1998a]  TFD  model,  we  employ  the  same 
procedure  as  described  in  Chapter  5  to  account  for  the  effect  of  varying  normal 
force  P.  The  implementation  of  the  present  elasto-plastic  TFD  model  is  described 
algorithmically  in  the  pseudo  code  below.  In  Algorithm  8.1,  the  elasto-plastic  NFD 
model  is  the  one  presented  in  Chapter  6  (and  Vu-Quoc  and  Zhang  [19986]). 

Algorithm  8.1.  Elasto-plastic  TFD  model:  Displacement-driven  version. 

1  Input  :    (i)R,  (j)R,E,v,aY. 

2  Py  calculated  using  the  elasto  —  plastic  NFD  model. 

s  Pn,Pn+i,  and  Pmax  calculated  using  the  elasto  —  plastic  NFD  model. 
4  o^+i,On+i)  and  an+i  calculatedusing  the  elasto  —  plastic  NFD  model. 

6  Displacement  {Sn,  Sn+l},  forces  {Qn,  Q*n}. 

7  Goal  :   compute  next  tangential  force  Qn+\ . 

8  Initialization  :   Q*Q  —  0,  Qinc  —  true. 
10  Calculate  APn+i  =  Pn+\  —  Pn. 

li  Calculate  A6n+i  =  5n+i  —  5n. 
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13  Set  Q*n+l  =  Ql 

15  ©if  AP„+1  =  0  (P  constant) 

n  ©if  Pn+1  <  PY  {elastic) 

is  Calculate  Kt,q  via  (3.25). 

19  ©elseif  Pn+1  >  PY  (plastic) 

20  Calculate  (E*)ep  via  (8.6). 
Calculate  Kt,o  via  (8.5). 


21 


22  ©endif 

24  ©if  A6n+i  >  0  (Q  increasing) 

25  Calculate  Kr,n  via  (3.24). 

26  Calculate  Qn+\  via  (4.6). 

27  Set  Qinc  =  true. 

28  ©elseif  A8n+i  <  0  (Q  decreasing) 

29  if  Qi„c  =  true 

so  Set  Q*n+l  =  Qn. 

3i  endif 

32  Calculate  Kr,n  via  (3.24). 

33  Calculate  Qn+\  via  (4.6). 

34  Set  Qinc  =  false. 

35  ©endif 

37  ©elseif  APn+i  >  0  (P  increasing) 

39  ®if  Pn+1  <  PY  (elastic) 

40  Calculate  Kt,o  via  (3.25). 
4i  ®elseif  Pn+1  >  PY  (plastic) 

42  Calculate  (E*)ep  via  (8.3). 

43  Calculate  KT,o  via  (8.5). 

44  ©endif 
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46  ©if  A5n+i  >0(Q  increasing) 

47  ©if  A<5n+1  > 


(KT,o)p=pn 

48  Calculate  KT,n  via  (3.27). 

49  Calculate  Qn+\  via  (3.28). 
so                               ©elseif  A£n+1  < 


(KTfi)p=pn 
si  Calculate  Qn+\  via  (3.30). 

52  WARNING  :   NOT  a  simple  loading  step. 

53  ©endif 

54  Set  Qinc  =  true. 

56  ©elseif  ASn+i  <  0  (Q  decreasing) 

57  if  Qinc  -  true 

58  Set  Q*n+l  =  Qn. 

59  endif 

fiAP 


®if  HA<Jn+1||> 


n+l| 


(KT,o)p=pn 
6i  Calculate  KT,n  via  (3.41). 

62  Calculate  Qn+\  via  (3.43). 

63  ©elseif  ||A(Jn+1||  < 


{Kt,o)p=pu 

64  Calculate  Qn+\  via  (3.42). 

65  WARNING  :   NOT  a  simple  loading  step. 

66  ©endif 

67  Update  Q*n+l  =  Q*n  +  pAP. 

68  Set  Qinc  =  false. 

69  ©endif 

7i  (Delseif  APn+1  <  0  (P  decreasing) 

73  ©if  Pn+1  <  PY  {elastic) 

74  Calculate  Kt,q  via  (3.25). 

75  ©elseif  Pn+1  >  PY  (plastic) 
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76  Calculate  (E*)ep  via  (8.6). 

77  Calculate  Kt,o  via  (8.5). 

78  (Dendif 

so  ®if  ASn+x  >0(Q  increasing) 

si  Calculate  Krtn  via  (3.32). 

82  Calculate  K'Tn  via  (3.35); 

83  Calculate  Qn+\  via  (3.36). 

84  Set  Qinc  =  true. 

86  (Delseif  A6n+i  <  0  (Q  decreasing) 

87  if  Qinc  =  true 

s*  Set  Q*n+1  =  Qn. 

89  endif 

90  ®if  Qn  <  Q*n+l  +  2/iAP 

9i  Calculate   KT<n  via  (3.47). 

92  Calculate   K'Tn  via  (3.50). 

93  Calculate   Qn+i  via  (3.51). 

94  Update  Q*n+1  =Q*n  +  fxAP. 

96  ®elseif  Qn  >  Q*n+1  +  2//AP 

97  ®lf  Q'n+l  +  2»AP  <Qn<  Qn+1  +  ^P 

98  Calculate  KT>n  via  (3.54); 

99  Calculate  Qn+i  via  (3.56). 
'oo  Update  Q*n+l  =  Q*n  +  /iAP 
">i  ©elseif  Q*n+1  +  /iAP  <  Qn 

102  Calculate  K'Tn  via  (3.57). 

103  ©if    ||A«J||   <   \\Qn+l  +  V&P  ~  Qn 

KT,n 

'°4  Calculate  KT,n  via  (3.59). 
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105 
106 
107 
108 
109 
110 
112 

m 

115 

in  (Dendif 


©endif 
©endif 
Set  Qinc  =  false. 


©endif 


©elseif  ||A«J||  <  || 


Q*n+1+liAP-Qn. 


Set  KT,n  =  KTfi. 


KT,n 


©endif 


Calculate  Qn+\  via  (3.61). 
Update  Q*n+l  =Q*n  +  /iAP. 


8.3.  FEA  Validation 

We  implemented  the  present  elasto-plastic  TFD  model  into  a  MATLAB  code. 
The  TFD  curves  produced  by  using  the  present  TFD  model  are  compared  to  the 
corresponding  TFD  curves  obtained  from  3-D  FEA  results  for  the  static  contact 
problem  between  two  identical  aluminum  alloy  spheres.  Finite  element  analyses  are 
performed  for  the  loading  history  shown  in  Figure  8.3  and  Table  8.1. 

Table  8.1.  Force  parameters  for  loading  history  shown  in  Figure  8.3. 


Loading  History 

*max   I*' J 

Wmax  \™j 

PQbg  W 

VPmax  (N) 

A 

1500 

270 

300 

300 

B 

500 

90 

100 

100 

C 

250 

45 

50 

50 

D 

2600 

500 

2600 

520 

The  mechanical  properties  of  the  aluminum  alloy  sphere  are:  Young's  modulus 
E  =  7.0  x  1010  N/m2,  Poisson's  ratio  v  =  0.3,  material  yield  stress  aY  =  1.0  x 
108  N/m2,  and  coefficient  of  friction  between  the  sphere  and  the  planar  surface  fi  = 
0.2.  The  radius  of  the  aluminum  alloy  sphere  is  R  =  0.1  m.  For  the  FEA,  elastic- 
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Figure  8.3.  Loading  histories  for  the  comparison  of  TFD  curves. 


perfectly-plastic  and  time-independent  plasticity  are  employed.  For  the  purpose  of 
comparison,  only  some  of  the  tangential  force-displacement  curves  are  presented  in 
this  chapter,  and  we  refer  the  interested  readers  to  Vu-Quoc  and  Lesburg  [1998]  for 
more  details  on  the  related  FEA  models  and  results. 

The  TFD  curves  shown  in  Figure  8.4  are  produced  using  the  following  proce- 
dures: At  first,  we  use  the  loading  history  A  (shown  in  Figure  8.3  and  Table  8.1)  as 
the  input  for  the  FEA  using  ABAQUS  with  elastic-perfectly-plastic  sphere  material 
in  the  contact  problem  to  compute  the  time  history  of  the  normal  displacement  de- 
noted by  afe  and  of  the  tangential  displacement  Sfe.  Since  the  TFD  model  presented 
in  Section  8.2  is  of  the  displacement-driven  type,  the  FEA  displacement  results  afe 
and  Sfe  are  used  as  input  into  our  MATLAB  code,  which  is  based  on  Algorithm 
8.1,  to  compute  the  tangential  force  Qpm.  The  normal  force  P  is  calculated  using 
the  elasto-plastic  NFD  model  described  in  Vu-Quoc  and  Zhang  [19986].  The  TFD 
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curve  from  Mindlin  and  Deresiewicz  [1953]  theory  is  obtained  by  inputing  the  load- 
ing history  A  (shown  in  Figure  8.3  and  Table  8.1)  to  obtain  the  output  of  tangential 
displacement  history  5min  for  elastic  contact.  The  results  with  the  loading  histories 
B,C,  and  D  shown  in  Figures  8.5,  8.6,  and  8.7,  respectively,  are  produced  using  a 
similar  procedure. 

Remark  8.2.  The  TFD  curves  in  Figures  8.4,  8.5,  8.6,  and  8.7  are  produced 
from  procedures  that  are  different  in  nature.  That  is,  the  FD  curves  from  the  FEA 
results  are  produced  using  a  force-driven  procedure,  while  the  FD  curves  from  the 
proposed  elasto-plastic  TFD  model  are  produced  using  a  displacement-driven  pro- 
cedure. Since  at  the  beginning  we  do  not  know  the  time  history  of  the  tangential 
displacement,  we  use  FEA  to  produce  such  time  history  using  a  force-driven  proce- 
dure, in  which  the  time  history  of  P  and  Q  is  given.  The  time  history  of  the  tan- 
gential displacement  obtained  from  FEA  is  then  used  as  input  for  the  present  TFD 
model  to  obtain  the  time  history  of  the  tangential  force  in  a  displacement-driven 
procedure.  The  results  from  Mindlin  and  Deresiewicz  [1953]  theory  are  produced  in 
a  force-driven  procedure  for  comparison.  I 

Figure  8.4  shows  the  TFD  curves  under  varying  normal  force  P  with  Pmax  = 
1500  N.  It  can  be  seen  that  the  TFD  curve  produced  by  the  present  elasto-plastic 
TFD  model  agrees  with  the  TFD  curve  from  FEA  results.  Since  Pmax  =  1500  N  > 
Py  =  36.45  N,  both  the  curve  from  FEA  results  and  the  curve  from  the  present 
TFD  model  show  much  larger  energy  dissipation  in  the  tangential  direction  than 
the  TFD  curve  from  the  Mindlin  and  Deresiewicz  [1953]  theory  for  elastic  contact. 
Clearly,  Mindlin  and  Deresiewicz  [1953]  theory  cannot  predict  the  TFD  relationship 
correctly  for  elasto-plastic  contact  when  there  is  plastic  deformation.  Quantitatively, 
the  maximum  tangential  force  employed  in  FEA  is  (Qfe)max  =  270  N,  which  is 
part  of  the  time  history  of  the  applied  forces  that  produce  the  time  history  of 
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Figure  8.4.  TFD  curves  for  loading  history  A  (Figure  8.3  and  Ta- 
ble 8.1):  Comparison  of  the  present  elasto-plastic  TFD  model,  FEA, 
and  Mindlin  and  Deresiewicz  [1953]  (MD[1953])  elastic  contact  theory. 


tangential  displacement  used  as  input  for  the  present  TFD  model.  In  this  fashion, 
the  maximum  tangential  force  produced  from  the  present  TFD  model  is  (Qpm)max  = 
295.5  TV,  which  differs  from  {Qfe)max  by  9.4  %.  There  is  very  good  overall  agreement 
between  the  TFD  curve  from  FEA  and  the  TFD  curve  from  the  present  TFD  model 
as  shown  in  Figure  8.4.  It  is  noted  that  even  the  step-like  behavior  during  the 
loading  stage  is  reproduced  by  the  present  TFD  model.  We  emphasize  that  there  is 
thus  far  no  TFD  model  in  the  literature  that  exist  for  elasto-plastic  contact,  while 
existing  TFD  model  for  elastic  contact  cannot  achieve  the  overall  quality  shown  in 
Figure  8.4.  The  coefficient  of  restitution  /3  for  tangential  direction  represents  the 
energy  dissipation  ratio  in  the  tangential  direction  of  the  contact,  which  is  computed 
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by  taking  the  square  root  of  the  ratio  between  the  restoring  energy  (area  under  the 
unloading  curve)  and  the  storing  energy  (area  under  the  loading  curve)  in  tangential 
direction,  i.e., 


P     := 


/Area  under  tangential  unloading  curve \ 
\  Area  under  tangential  loading  curve   / 


1/2 


loading 

E 

ie{6i-6i-i>0} 


M-8i-i)(Qi  +  Qn-i) 


\ 


1/2 


unloading  •« 


(8.7) 


Vi€{4-4-i<0} 

Figure  8.4  shows  the  tangential  coefficient  of  restitution  from  the  present  TFD  model 
is  f3pm  =  0.6192,  which  differs  from  from  the  FEA  result,  f3fe  =  0.5545,  by  11.7  %. 
Both  Ppm  and  (3fe  are  much  smaller  than  the  coefficient  (3min  =  0.9716  from  Mindlin 
and  Deresiewicz  [1953]  theory. 

Figure  8.5  shows  the  TFD  curves  under  varying  normal  force  P  with  Pmax  = 
500  AT  (loading  history  B  in  Figure  8.3  and  Table  8.1).  The  TFD  curve  produced  by 
the  present  elasto-plastic  TFD  model  is  close  to  the  TFD  curve  from  FEA,  especially 
for  the  loading  part.  Since  Pmax  =  500  N  >  PY  =  36.45  N,  both  the  TFD  curve 
from  FEA  and  the  TFD  curve  produced  by  the  present  TFD  model  show  much 
larger  energy  dissipations  in  tangential  direction  than  that  from  the  Mindlin  and 
Deresiewicz  [1953]  theory  for  elastic  contact.  Again,  Figure  8.5  shows  that  Mindlin 
and  Deresiewicz  [1953]  theory  cannot  predict  the  TFD  relationship  correctly  for 
elasto-plastic  contact  when  there  is  plastic  deformation.  On  the  other  hand,  the 
maximum  tangential  force  used  for  the  FEA  is  (Q/e)mox  =  90  N,  and  the  maximum 
tangential  force  produced  from  the  present  TFD  model  is  {Qpm)max  -  93.1  N,  i.e., 
a  difference  of  only  3.4%.  The  tangential  coefficient  of  restitution  from  the  present 
TFD  model,  (3pm  =  0.8063,  differs  from  that  of  FEA  results,  f3fe  =  0.7352,  by  only 
9.7  %.  Both  ppm  and  0fe  are  sharply  different  from  pmin  =  0.9716  from  Mindlin  and 
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Figure  8.5.  TFD  curves  for  loading  history  B  (Figure  8.3  and  Ta- 
ble 8.1):  Comparison  of  the  present  elasto-plastic  TFD  model,  FEA, 
and  Mindlin  and  Deresiewicz  [1953]  (MD[1953])  elastic  contact  theory. 


Deresiewicz  [1953]  theory.  The  present  elasto-plastic  TFD  model  correctly  predicts 
not  only  the  tangential  force  level,  but  also  the  energy  dissipation  of  this  elasto- 
plastic  contact  in  tangential  direction. 

Figure  8.6  is  one  more  example  showing  the  comparison  of  TFD  curves  un- 
der varying  normal  forces,  and  computed  using  different  models.  In  this  case,  the 
maximum  normal  force  is  Pmax  =  250  N  (the  loading  history  C  in  Figure  8.3  and 
Table  8.1).  It  shows  again  that  the  TFD  curve  produced  by  the  present  elasto-plastic 
TFD  model  is  close  to  the  TFD  curve  from  FEA,  with  both  of  those  TFD  curves  for 
elasto-plastic  contact  being  quite  different  from  the  TFD  curve  produced  by  Mindlin 
and  Deresiewicz  [1953]  theory  for  elastic  contact.   The  maximum  tangential  force 
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Figure  8.6.  TFD  curves  for  loading  history  C  (Figure  8.3  and  Ta- 
ble 8.1):  Comparison  of  the  present  elasto-plastic  TFD  model,  FEA, 
and  Mindlin  and  Deresiewicz  [1953]  (MD[1953])  elastic  contact  theory. 


used  for  the  FEA  is  (Qfe)max  —  45  N,  and  the  maximum  tangential  force  produced 
from  the  present  TFD  model  is  (Qpm)max  =  46.2  N,  i.e.,  a  difference  of  only  2.6%. 
The  tangential  coefficient  of  restitution  from  different  models  are:  /?/e  =  0.8309, 
ppm  =  0.8839,  and  Am„  =  0.9743. 

Figure  8.7  is  an  example  showing  the  comparison  of  TFD  curves  under  a 
varying  tangential  force  Q  and  a  constant  normal  force  P  =  2600  N  (the  loading 
history  D  in  Figure  8.3  and  Table  8.1).  As  described  in  Section  8.1,  we  can  see 
in  Figure  8.7  that  the  TFD  curve  from  FEA  with  the  effect  of  plastic  deformation 
(P  =  2600  N  »  PY  =  36.45  N)  is  stiffer  in  the  early  loading  stage  than  that  from 
Mindlin  and  Deresiewicz  [1953]  theory  for  elastic  contact.    Figure  8.7  also  shows 
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Figure  8.7.  TFD  curves  for  loading  history  D  (Figure  8.3  and  Ta- 
ble 8.1):  Comparison  of  the  present  elasto-plastic  TFD  model,  FEA, 
and  Mindlin  and  Deresiewicz  [1953]  (MD[1953])  elastic  contact  theory. 


that  the  energy  dissipation  in  the  tangential  direction  from  FEA  is  larger  than  that 
from  the  Mindlin  and  Deresiewicz  [1953]  theory,  because  energy  dissipation  caused 
by  plastic  deformation  is  accounted  for  in  FEA  while  only  the  energy  dissipation 
caused  by  friction  is  accounted  for  in  the  Mindlin  and  Deresiewicz  [1953]  theory. 
The  TFD  curve  produced  by  the  present  elasto-plastic  TFD  model  (Figure  8.7) 
agrees  qualitatively  incorporate  the  stiffening  effect  that  discussed  in  Section  8.1. 
After  an  overshoot  in  the  stiffening  effect  at  the  beginning  of  the  loading  stage, 
the  present  model  softens  to  an  accurate  value  for  the  maximum  tangential  force 
(probably  caused  by  the  friction  limit),  and  then  follows  an  unloading  curve  with 
the  same  slope  as  in  FEA  (which  is  also  stiffer  than  the  TFD  curve  from  Mindlin 
and  Deresiewicz  [1953]  elastic  contact  theory).  Thus  despite  a  decrease  in  accuracy 
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in  the  loading  stage  due  to  excessive  normal  load  P,  the  present  TFD  model  shows 
good  recovery  of  the  stiffness  overshoot  and  accuracy  in  the  unloading  stage.  In 
addition,  Figure  8.7  shows  that  the  tangential  coefficient  of  restitution  from  the 
present  TFD  model,  (3pm  =  0.6693,  agrees  with  the  FEA  results,  /3fe  =  0.6887,  with 
a  difference  of  only  2.8  %. 

Remark  8.3.  From  the  results  shown  in  Figures  8.4,  8.5,  8.6,  and  8.7,  we  ob- 
serve the  following  behavior  of  the  present  elasto-plastic  TFD  model:  (i)  For  the 
case  where  both  P  and  Q  are  varying,  the  results  produced  by  the  present  TFD 
model  are  quantitatively  accurate  in  both  the  force  magnitude  and  the  dissipation 
of  the  energy  in  comparison  with  FEA  results,  (ii)  For  the  case  where  P  =  constant 
(,.-.  =  oo )  and  P  -C  Py,  there  is  a  substantially  larger  amount  of  plastic  defor- 
mation and  contact  area,  the  present  TFD  model  displays  some  stiffness  overshoot 
at  the  beginning  of  the  loading  stage,  but  a  good  unloading  curve.  I 

8.4.  Benchmark  Tests 

Single-soybean  dropping  tests  (see  Appendix  E  Section  E.l)  and  the  sphere 
collisions  with  rotation  are  employed  as  benchmark  tests  to  validate  the  DEM  im- 
plementation of  our  elasto-plastic  FD  models.  The  problem  of  sphere  collision  with 
rotation  is  based  on  the  hard-sphere  collision  problem  that  was  used  in  Walton 
[1993],  who  described  the  hard  sphere  collision  operator.  In  this  problem,  a  series 
of  spheres  all  are  launched  at  the  same  translational  velocity,  and  with  different 
angular  velocity,  toward  a  rigid  plane.  The  spheres,  each  having  a  different  angular 
velocity,  strike  the  rigid  plane  with  different  angle  of  incidence  at  the  contact  points, 
and  thus  present  many  different  cases  of  tangential  loading.  By  studying  the  post 
collision  behavior  of  these  spheres,  we  obtain  a  validation  of  the  implementation  of 
the  proposed  FD  models. 
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8.4.1.  Single  Soybean  Dropping  Tests 

Based  on  the  data  of  soybean-compression  experiments  and  on  the  results  of 
single-soybean  drop  tests  (see  LoCurto  et  al.  [1997]),  we  develop  an  optimization  pro- 
cedure that  is  used  together  with  the  Vu-Quoc  and  Zhang  [19986]  elasto-plastic  NFD 
model  to  extract  the  mechanical  properties  of  granular  materials  (see  Appendix  E, 
also  see  Zhang  and  Vu-Quoc  [19986]  for  more  details).  To  simplify  the  DEM  sim- 
ulation of  the  single-soybean  drop  tests,  a  soybean  involved  in  this  simulation  is 
represented  by  a  sphere  with  radius  R  =  4.05  x  10~3  m,  which  is  the  average  radius 
of  curvature  of  the  soybean  at  the  contact  point  of  the  dropping  tests.  The  mass  of 
a  soybean  is  the  average  value  measured  from  experiments,  i.e.,  m  —  1.49  x  10~4  kg. 
Other  parameters  extracted  from  experimental  data  are:  E  =  1.288  x  108  N/m2, 
v  =  0.4134,  oY  =  2.75  x  106  N/m2,  the  coefficient  for  plastic  correction  contact 
radius  used  in  (6.3)  is  Ca  =  2.202  x  10-5  m/N,  the  coefficient  for  the  modification 
of  the  effective  radius  of  contact  curvature  (as  in  (6.13))  is  Kc  =  2.97  x  10~6  1/N, 
and  the  incipient  yield  normal  force  in  (6.19)  is  PY  =  0.3952  N. 

As  in  single-soybean  drop  tests  that  the  soybeans  are  dropped  from  three  dif- 
ferent heights  to  a  hard  surface,  we  collide  a  single  soybean  (represented  by  a  sphere 
here)  to  a  rigid  surface  with  three  different  initial  velocities  in  our  DEM  simulations. 
The  DEM  simulation  results  are  shown  in  Figures  8.8,  8.9,  and  8.10.  In  addition, 
the  results  obtained  from  the  optimization  process  for  the  extraction  of  the  mechan- 
ical properties  and  model  parameters  of  soybeans  are  also  shown  in  Figures  8.8(a), 
8.9(a),  and  8.10(a)  for  comparison  (see  Zhang  and  Vu-Quoc  [19986]).  Since  the  re- 
sults from  DEM  simulation  agree  with  those  obtained  from  the  mechanical  property 
extraction  process,  the  correctness  of  the  implementation  of  the  elasto-plastic  NFD 
model  is  thus  validated. 
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Figure  8.8.    Comparison  of  P  -  a  curves  for  soybean  collision  with 
incoming  velocity  vin  =  1.705  m/s. 


Figure  8.8(a)  is  the  P—a  curve,  obtained  in  the  mechanical  property  extraction 
process  for  soybean  collision  against  a  rigid  surface  with  an  impact  velocity  of  vin  = 
1.705  m/s.  Results  from  DEM  simulation  for  this  collision  using  different  integration 
time-step  sizes  are  presented  in  Figures  8.8(b)  and  8.8(c).  In  Figures  8.8(b)  and 
8.8(c),  ntcol  stands  for  the  number  of  time  steps  for  a  collision,  for  example,  with 
ntcol  =  40  the  integration  time-step  size  is  determined  to  be  about  one  fortieth  of  the 
collision  duration.  The  results  from  the  DEM  simulations  agree  well  with  the  results 
from  the  extraction  process  in  the  rebounding  velocity,  coefficient  of  restitution, 
maximum  contact  force  level,  maximum  normal  displacement,  and  residual  normal 
displacement,  despite  the  difference  in  integration  time-step  sizes. 

The  comparison  between  results  from  DEM  simulation  and  results  from  the 
extraction  process  for  soybean  collision  against  a  rigid  surface  with  different  impact 
velocities  are  presented  in  Figures  8.9  and  8.10.  The  agreement  among  the  results 
has  not  only  validated  the  correctness  of  the  implementation  of  the  elasto-plastic 
NFD  model,  but  also  implies  that  the  results  of  DEM  simulation  using  the  Vu- 
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Figure  8.9.    Comparison  of  P  —  a  curves  for  soybean  collision  with 
incoming  velocity  V{n  —  2.381  m/s. 
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Figure  8.10.  Comparison  of  P  —  a  curves  for  soybean  collision  with 
incoming  velocity  vin  =  3.156  m/s. 
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Quoc  and  Zhang  [19986]  NFD  model  are  not  sensitive  of  the  timestep  size.  Such 
conclusion  is  made  based  on  the  small  differences  in  the  results  of  DEM  simulations 
using  very  different  time-step  sizes,  namely  At  =  2.53  x  10-6  sec  (ntcol  =  60)  and 
At  =  7.60  x  10~6  sec  (ntcol  =  20).  Therefore,  we  can  use  a  relatively  large  time-step 
size  (such  as  with  ntcol  =  20  instead  of  ntcol  =  40)  in  DEM  simulations  to  decrease 
the  computation  time  by  half. 

8.4.2.  Sphere  Collisions  with  Rotation 

As  shown  in  Figure  5.11,  when  a  sphere  collides  with  a  frictional  rigid  plane 
with  a  fixed  translational  velocity  vn,  and  with  different  angular  velocity  to,  the 
incident  angle  at  the  contact  point  will  be  different.  The  motion  behavior  of  the 
sphere  after  the  collision  can  be  theoretically  predicted  based  on  rigid-body  dynam- 
ics (Appendix  C,  Walton  [1993],  and  Vu-Quoc  and  Zhang  [1998a]).  In  the  DEM 
simulation  of  this  problem,  a  hard-sphere  is  represented  by  a  deformable  sphere 
with  high  elastic  modulus.  With  various  incident  angles  in  the  collisions,  various 
loading  histories  of  the  normal/tangential  forces  will  be  encountered.  If  the  DEM 
simulation  produces  the  expected  results  for  hard-sphere  collisions,  then  the  DEM 
implementation  of  the  elasto-plastic  TFD  model  is  correct. 

Recall  that  the  normal  coefficient  of  restitution  e  of  the  collision  is  defined  as 

e  ■■=  ~f  >  (8-8) 

where  vn  is  the  normal  incoming  velocity  of  a  sphere  and  v'n  the  normal  outgoing 
velocity,  with  the  negative  sign  '-'  indicating  that  the  velocities  are  opposite  in 
directions.  We  also  define  the  tangential  coefficient  of  restitution  0  in  a  similar  way, 
as 


V's,t 


0~-j*.  (8.9) 
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where  vSyt  and  v'st  are  the  tangential  velocities  of  the  contact  point  relative  to  the 
rigid  surface  before  and  after  the  collision,  respectively.  For  the  case  shown  in 
Figure  6.17,  we  have  vStt  =  vt  +  uR. 

In  Vu-Quoc  and  Zhang  [1998a]  and  (Appendix  C),  we  derive  an  expression 
for  P  for  sliding  collisions  (C.25),  in  which  sliding  between  the  sphere  and  the  rigid 
plane  occurs  during  the  entire  collision 

0--1  +  L(l  +  e)-^-,  (8.10) 

*  vs,t 

where  n  is  the  coefficient  of  friction  between  the  sphere  and  the  plane.  We  also  show 
that  when  there  is  no  sliding  between  the  sphere  and  the  rigid  surface  during  the 
collision  (i.e.,  the  case  of  "sticky  collision"),  we  have 

(3  <  -1  +  l^l  +  e)^-.  (8.11) 

*  vs,t 

Especially  when  we  let  v  =  0.83333333  (a  ficticious  material)  so  that  the  normal 
collision  period  is  equal  to  the  tangential  collision  period,  we  have 

0  =  e  .  (8.12) 

Our  first  example  is  the  simulation  of  elastic  collisions.  The  properties  of  the 
spheres  are  chosen  as  follows:  Radius  R  =  4.05  x  10-3  m,  mass  m  —  1.49  x  10-4  kg, 
Young's  modulus  E  —  1.2889  N/m2  (ten  times  harder  than  that  of  soybean),  and 
with  a  special  Poisson's  ratio  u  =  0.83333333  to  verify  (8.12).  The  yield  normal 
force  is  set  to  be  Py  =  3000.0  N  to  ensure  that  all  collisions  will  be  elastic.  We 
set  the  incoming  normal  velocity  for  all  spheres  to  be  vin  =  vn  =  0.10  m/s,  but 
with  different  angular  velocities  so  that  the  incident  ratio  vn/vSft  varies  between 
0.0405  and  4.010.   The  results  of  this  example  in  comparison  with  the  theoretical 

prediction  are  presented  in  Figure  8.11.    In  the  top  figure,  we  plot  /?  versus  the 

7  vn 

quantity  -  fi(l  +  e)—^-  =:  x.  It  can  be  seen  that  for  sliding  collisions,  the  curve  is 
2  vaJt 
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Figure  8.11.  Simulation  results  for  spheres  in  elastic  collisions  with 
a  frictional  rigid  plane:  Special  material  with  Poisson's  ratio  v  = 
0.83333333. 
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a  straight  line  0  =  -1  +  %  as  predicted  by  (C.25).  For  sticky  collisions,  we  have 
(3  <  -1  +  x  as  stated  in  (8.11).  Even  though  hard  spheres  are  represented  by 
elastic  spheres  in  this  DEM  simulation,  the  simulation  results  agree  very  well  with 
theoretical  predictions,  especially  for  sliding  collisions. 

Figure  8.12  shows  the  DEM  simulation  results  of  spheres  in  elasto-plastic  col- 
lisions with  a  rigid  plane.  The  sphere  properties  are  chosen  to  be  the  same  as 
those  in  the  simulation  of  single-soybean  drop  tests,  i.e.,  radius  R  =  4.05  x  10"1  m, 
mass  m  =  1.49  x  1(T4  kg,  Young's  modulus  E  =  1.288  x  108  N/m2,  Poisson's 
ratio  v  =  0.4134,  yield  stress  aY  =  2.75  x  106  N/m2,  and  yield  normal  force 
PY  =  0.3952  N.  Again,  the  normal  incoming  velocities  for  the  spheres  are  all 
Vin  =  vn  =  0.10  m/s,  but  with  different  angular  velocities  so  that  the  incident  ratio 
vn/vs<t  varies  in  the  range  from  0.0405  to  4.010.  Since  PY  is  relatively  small  and 
the  coefficient  of  restitution  in  the  normal  contact  direction  obtained  is  e  =  0.85, 
it  is  clear  that  plastic  deformation  is  involved  in  all  the  collisions.  Even  though, 
the  tangential  coefficient  of  restitution  f3  obtained  from  the  DEM  simulation  agrees 
with  the  theoretical  prediction  for  all  sliding  collisions.  Since  there  is  plastic  defor- 
mation, which  also  causes  energy  dissipation  in  the  tangential  direction,  and  since 
v  =  0.4134,  which  no  longer  maintain  the  harmony  of  the  collision  behavior  between 
the  normal  and  the  tangential  directions,  the  tangential  coefficient  of  restitution  /? 
for  sticky  collisions  no  longer  agrees  with  (8.12).  In  addition,  there  is  no  sharp 
break  between  the  sticky  collision  regimes  and  the  sticky  collision  regimes,  as  ob- 
served previously  in  the  case  shown  in  Figure  8.11.  Instead,  there  maybe  collisions 
that  are  partially  sticky  and  partially  sliding. 

We  also  perform  the  DEM  simulations  of  spheres  colliding  against  a  rigid 
surface,  with  incoming  velocity  before  impact  vin  =  vn  =  2.00  m/s,  and  with 
different  angular  velocities  of  u  =  50.0  and  500.0  rad/s.  The  results  of  the  normal 
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Figure  8.12.  Simulation  results  for  spheres  in  elasto-plastic  collisions 
with  a  frictional  rigid  plane. 


184 


a  (m) 


0.8  1  0  0.2  0  4  0.6  0.8  1  1.2  14 

xio'  t  (sec)  X10-' 


(a)  Normal  force  P  vs.     displacement  a 
curve. 
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Figure  8.13.  Normal  force  P  of  sphere  collisions  with  vin  =  2.0  m/s. 


force  and  tangential  forces  are  presented  in  Figures  8.13  and  8.14. 

Two  spheres  with  the  same  incoming  normal  translational  velocity  provide 
the  same  characteristics  in  the  normal  force  behavior.  Figure  8.13(a)  shows  the 
NFD  (i.e.,  P  vs.  a)  curve  for  the  collisions  with  vin  =  2.0  m/s  and  Figure  8.13(b) 
shows  the  normal  force  loading  history  during  a  collision.  On  the  other  hand,  the 
tangential  force  in  these  collisions  are  different  since  the  initial  angular  velocities 
of  the  spheres  are  different  from  each  other.  Figure  8.14(a)  shows  the  tangential 
force  behavior  for  the  sphere  collision  with  initial  angular  velocity  w  =  50.0  rad/s. 
The  upper  part  of  Figure  8.14(a)  is  the  time  history  of  the  tangential  contact  force, 
with  a  comparison  between  the  results  obtained  from  DEM  simulation  code  ABOD 
and  the  results  from  the  MATLAB  code  of  out  NFD  and  TFD  models.  The  MAT- 
LAB  code  mentioned  here  corresponds  to  the  displacement-driven  version  of  the 
elasto-plastic  TFD  model  (see  Chapter  8  and  Vu-Quoc  and  Zhang  [1998c]),  which  is 
implemented  in  the  DEM  code  ABOD.  The  MATLAB  results  are  produced  by  in- 
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putting  the  tangential  displacement  obtained  from  the  DEM  simulation  to  compute 
the  corresponding  tangential  force.  The  reason  to  present  the  MATLAB  results  is  to 
provide  a  verification  on  the  correctness  of  the  implementation  of  our  TFD  model  in 
the  DEM  simulation  code  ABOD.  For  a  better  visualization,  the  MATLAB  results 
are  intentionally  shifted  a  small  amount  along  the  time  axis.  The  lower  part  of 
Figure  8.14(a)  shows  the  TFD  (Q  vs.  6)  behavior  during  the  collision.  It  can  be 
seen  from  this  figure  that  our  elasto-plastic  TFD  model  can  handle  complex  load- 
ing cases.  The  TFD  behavior  of  the  sphere  collision  with  initial  angular  velocity 
w  =  500.0  rad/s  is  shown  in  Figure  8.14(b).  Compare  to  Figure  8.14(a),  this  TFD 
curve  is  relatively  simpler. 
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CHAPTER  9 

DEM  SIMULATIONS  OF  GRANULAR  FLOWS  OF 

NON-SPHERICAL  PARTICLES 


DEM  simulations  of  granular  flows  of  ellipsoidal  particles  are  presented  as 
numerical  examples  for  the  application  of  the  NFD,  TFD  models  presented  in  this 
dissertation.  At  first,  let's  look  at  the  granular  flow  experiments  on  which  the  DEM 
simulations  are  based. 

9.1.  Granular  Flow  Experiments 

A  series  of  experiments  of  granular  flows  of  soybeans  have  been  carried  out 
at  the  University  of  Florida  (LoCurto  [1997]).  Mechanical  properties  of  soybeans 
such  as  the  coefficient  of  restitution  and  the  normal  stiffness  during  loading  are 
measured  from  single  soybean  tests.  In  this  section,  we  focus  our  discussion  on  the 
experiments  of  soybeans  flowing  down  an  inclined  chute  with  a  bumpy  bottom. 

9.1.1.  Granular-Flow  Experimental  Apparatus 

Figure  9.1  shows  a  sketch  of  the  experimental  apparatus  for  the  granular  flow 
experiments  and  the  dimensions  of  the  chute.  As  shown  in  Figure  9.1,  the  total 
length  of  the  chute  is  3.42  m,  the  width  of  the  chute  is  0.152  m.  Glass  beads  of 
3.0  mm  in  diameter  are  attached  to  the  chute  bottom  to  make  it  bumpy,  and  thus 
making  the  flow  more  energetic.  The  inclination  angle  of  the  chute  can  be  adjusted. 
A  high-speed  video  camera  is  attached  to  the  chute,  and  is  pointed  to  the  center  of 
section  six  of  the  chute  (close  to  the  lower  end  of  the  chute) . 

In  granular  flow  experiments,  granular  materials  are  put  in  the  hopper  and 
supplied  to  the  higher  end  of  the  chute  with  the  help  of  a  vibrator.     Granular 
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Figure  9.1.  The  experimental  apparatus:  Overall  set  up  (top),  chute 
dimensions  and  camera  position  (bottom). 
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materials  flowing  out  of  the  lower  end  of  the  chute  are  collected,  and  sent  back 
to  the  hopper  by  a  belt  conveyor.  The  flow  velocity  profile  along  the  plexiglass 
side  wall  of  section  six  can  be  obtained  by  processing  the  images  obtained  from  the 
high-speed  video  camera.  Since  there  are  dropping  gates  dividing  the  chute  into 
seven  sections,  other  information  about  the  flows,  such  as  the  overall  velocity  and 
the  mass-holdup  rate,  can  also  be  obtained  using  conventional  measurement,  such 
as  dropping  the  gates  and  weighing  the  granular  materials  in  each  section. 

9.1.2.  Soybean  Flow  Experiments:  Different  Flow  Regimes 

By  adjusting  the  chute  inclination  angle,  different  flow  regimes  can  be  ob- 
served. Figure  9.2  depicts  the  soybean  flow  regimes  obtained  with  different  chute 
angle.  It  can  be  seen  that  soybean  flows  are  sensitive  to  the  chute  angle.  The  differ- 
ent soybean  flow  regimes  shown  in  Figure  9.2  are  obtained  by  adjusting  the  chute 
to  a  certain  inclination  angle,  and  by  running  the  chute  for  a  long  enough  amount 
of  time  with  out  any  interference. 

When  the  chute  angle  is  9  —  17.5°,  soybeans  are  packed  up  at  the  upper 
end  of  the  chute;  no  flow  is  observed  in  this  case.  When  the  chute  angle  is  9  = 
19.1°,  soybeans  flow  down  the  chute  with  increasing  velocity,  and  with  the  flow 
thickness  decreasing  from  the  upper  end  to  the  lower  end  of  the  chute.  Despite  this 
accelerating  flow  regime,  the  particles  remain  in  close  contact  with  each  other  in 
a  dense  (or  frictional)  flow  fashion.  At  the  chute  angle  9  =  21.1°,  one  obtains  a 
steady  frictional  flow  that  is  fully  developed,  i.e.,  the  thickness  of  the  flow  changes 
little  along  the  length  of  the  chute,  from  the  upper  end  to  the  lower  end,  while  the 
average  velocities  of  the  flow  at  any  given  spatial  point  reaches  a  steady  state,  and 
is  almost  uniform  along  the  length  of  the  chute.  Figure  9.2  shows  that,  when  the 
chute  angle  is  9  =  21.1°,  the  thickness  of  the  flow  is  about  0.038  m  at  the  upper  end 
of  the  chute,  and  about  0.035  m  at  the  lower  end  of  the  chute.  With  the  chute  angle 
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Figure  9.2.  Different  soybean  flow  regimes,  which  are  highly  depen- 
dent on  the  chute  angle  9. 
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increases  to  reach  the  magnitude  of  9  =  21.7°,  the  thickness  of  the  flow  becomes 
much  thinner  at  the  lower  end  of  the  chute,  and  the  flow  there  evolves  from  a  dense, 
frictional  flow  into  a  dilute,  collisional  flow.  In  a  collisional  flow,  particles  are  no 
longer  packed  to  the  bottom  of  the  chute,  but  bounce  around  and  collide  with  each 
other,  while  flowing  down. 

Another  interesting  behavior  that  can  be  observed  from  Figure  9.2  is  that 
when  there  is  a  steady  frictional  flow,  soybeans  flow  down  most  efficiently,  i.e.,  the 
mass  flow  rate  reaches  a  maximum,  for  the  range  of  the  chute  angle  as  shown  in 
Figure  9.2.  We  refer  to  LoCurto  [1997]  for  more  details  on  the  experiments. 

9.2.  Simulations  Using  the  Elasto-Plastic  FD  Models 

Using  DEM  as  described  in  Chapter  2,  together  with  the  Vu-Quoc  and  Zhang 
[19986]  elasto-plastic  NFD  model  (Chapter  6)  and  the  Vu-Quoc  and  Zhang  [1998c] 
elasto-plastic  TFD  model  (Chapter  8),  we  simulate  the  granular  flow  of  soybeans 
down  an  inclined  chute  with  a  bumpy  bottom.  Here,  the  simulation  domain  is  a 
parallelepiped  representing  a  small  part  of  the  chute.  As  shown  in  Figure  9.3,  the 
two  vertical  sides  of  the  parallelepiped  simulation  domain  that  are  perpendicular 
to  the  flow  direction  are  periodic  boundaries.  Whenever  a  particle  flows  out  of 
the  simulated  domain  through  a  periodic  boundary,  another  particle  is  set  to  flow 
into  the  simulated  domain  on  the  opposite  vertical  side.  The  other  two  vertical 
sides  of  the  parallelepiped  simulation  domain  are  real  boundaries  representing  the 
plexiglass  walls.  For  simplicity,  we  simulate  the  case  with  the  chute  angle  9  —  21.1°, 
since  at  this  situation  we  have  the  granular  flow  close  to  a  fully  developed  flow,  as 
mentioned  above  (see  Figure  9.2).  The  input  parameters  and  the  simulation  results 
are  presented  below. 


bl  b3:  Periodic  Boundaries 

b2  b4:  Real  Boundaries  (Plexiglass  Walls) 
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Figure  9.3.  Parallelepiped  simulation  domain. 
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9.2.1.  Soybean  Properties  and  Input  Parameters  for  Simulation 

The  main  input  parameters  for  computer  simulation  of  soybean  flow  in  an 
inclined  chute  with  a  bumpy  bottom  are  listed  in  Tables  9.1  and  9.2.  Recall  that  in 
our  DEM  simulation,  the  ellipsoidal  particles  (soybeans)  are  represented  by  clusters 
of  four  spheres.  Therefore,  the  contact  among  particles  are  modelled  by  the  contact 
between  the  constituent  spheres  of  the  sphere  clusters.  Based  on  this  geometric 
modeling,  the  material  properties  of  the  soybeans  related  to  the  contact  FD  models 
such  as  E,  u,  ay,  Ca,  and  Kc  are  extracted  from  the  experimental  data  of  single- 
soybean  dropping  tests  and  single-soybean  compression  tests,  using  an  optimization 
process  presented  in  Zhang  and  Vu-Quoc  [19986]  (see  Appendix  E.  Please  note  that 
the  geometric  modelling  is  different  from  what  described  in  Appendix  E,  thus  lead 
to  different  parameters). 

Table  9.1.  Input  parameters  for  particles 


Number  of  Ellipsoidal  Particles 

Np 

1200 

Mass  of  Single  Particle 

mp 

0.149  g 

Young's  Modulus 

E 

2.098  x  108  N/m2 

Poisson's  Ratio 

V 

0.4314 

Yield  Stress 

Oy 

4.857  x  106  N/m2 

Yield  Normal  Force 

Py 

0.3804  N 

Coefficient  for  Plastic  Contact  Radius 

Ca 

1.504  x  10"5  m/N 

Coefficient  for  Contact  Curvature 

Kc 

2.954  x  10"6  1/N 

Coefficient  of  Friction  (particle/particle) 

fi 

0.267 

Coefficient  of  Friction  (particle/glass) 

V 

0.328 

Radius  of  a  Constituent  Sphere 

Rc 

0.275  cm 

Length  of  a  Particle 

Lp 

0.73  cm 

Width  of  a  Particle 

wp 

0.61  cm 

Height  of  a  Particle 

Hp 

0.55  cm 

Most  other  parameters  presented  in  Table  9.1  are  measured  experimentally, 
either  from  physical  property  measurements  on  single  soybeans  (such  as  the  coef- 
ficient of  friction),  or  from  flow  experiments  with  soybeans  (such  as  the  number  of 
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particles  inside  the  simulation  domain,  see  LoCurto  et  al.  [1997]  for  more  details). 
For  example,  the  number  of  particles  used  in  the  simulation  domain  is  determined 
by  the  measured  value  of  the  mass  holdup  of  section  six  of  the  chute,  as  obtained 
from  the  granular  flow  experiments  shown  in  Figure  9.2.  We  refer  the  readers  to 
Vu-Quoc  et  al.  [1997],  Zhang  and  Vu-Quoc  [19986],  and  Appendix  E  for  more  details 
about  the  extraction  of  parameters  from  experimental  data. 

Table  9.2.  Input  parameters  for  the  simulation  domain  of  chute 


Width  of  Simulation  Domain 

w. 

15.20  cm 

Length  of  Simulation  Domain 

Ls 

4.16  cm 

Inclination  Angle 

e 

21.1° 

The  size  of  the  simulation  domain,  as  shown  in  Table  9.2  is  made  large  enough 
to  capture  the  essential  features  of  the  flow,  while  remains  small  enough  to  have  a  low 
number  of  particles  inside  the  flow  domain  to  reduce  the  computational  time.  The 
length  of  our  simulation  domain,  i.e.,  the  distance  between  two  periodic  boundaries 
perpendicular  to  the  flow  direction  (see  Figure  9.3),  is  set  to  be  six  or  seven  times 
the  length  of  a  soybean.  The  chute  angle  6  is  set  to  the  value  that  yields  a  flow 
behavior  closest  to  a  fully  developed  flow,  i.e.,  9  =  21.1°. 

9.2.2.  Velocity  Development  and  Velocity  Profiles 

The  simulation  of  the  chute  flow  of  ellipsoidal  particles  using  the  input  param- 
eters described  in  Section  9.2.1  (Tables  9.1  and  9.2)  was  carried  out  over  7.0  sec. 
Initially,  1200  ellipsoidal  particles  were  randomly  distributed  over  the  whole  paral- 
lelepiped simulation  domain  shown  in  Figure  9.3.  These  particles  were  let  to  fall 
down  under  the  action  of  gravity  toward  the  chute  bottom  (with  an  angle).  Recall 
that  4800  spheres  made  up  these  1200  ellipsoidal  particles,  since  each  ellipsoidal  par- 
ticle is  formed  by  four  spheres.  As  the  particles  hit  the  chute  bottom,  they  began  to 
flow  down  the  chute.  The  average  velocity  of  the  flow  at  an  instant  of  time  is  com- 
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puted  using  the  velocity  of  all  particles  in  the  flow  domain.  At  the  very  beginning 
of  the  simulation,  the  average  velocity  of  the  flow  varies  rapidly  (see  Figure  9.4(a)). 
After  some  time,  the  flow  settled  down  to  a  steady  state  as  manifested  by  the  aver- 
age velocity  reaching  an  asymptotic  value.  We  present  below  results  obtained  from 
this  simulation. 

The  average  velocity  obtained  from  the  simulation  results  are  shown  in  Fig- 
ures 9.4  and  9.5.  Figure  9.4(a)  shows  the  average  velocity  of  all  moving  particles  in 
the  simulation  domain  from  the  time  t  =  0.0  sec  to  t  —  1.0  sec.  The  solid  line  in  the 
figure  shows  the  average  velocity  the  direction  of  the  flow  (x  direction)  shown  in  Fig- 
ure 9.3;  the  dashed  line  depicts  the  average  velocity  in  the  direction  perpendicular 
to  the  chute  bumpy  bottom  (y  direction).  The  development  of  the  average  velocity 
of  the  flow  from  time  t  =  1.0  sec  to  t  =  7.0  sec  is  shown  in  Figures  9.4(b),  9.4(c), 
9.4(d),  9.5(a),  9.5(b)  and  9.5(c).  It  can  be  seen  that  from  the  very  beginning  of 
the  simulation,  the  velocity  of  the  particles  change  rapidly.  From  time  t  =  2.00  sec 
to  t  —  6.00  sec,  the  average  velocity  in  the  direction  of  the  flow  is  still  fluctuating 
but  increases  gradually.  After  time  t  =  6.0  sec,  the  flow  developed  into  a  frictional 
steady  state  flow.  From  time  t  =  6.0  sec  to  t  =  7.0  sec,  the  average  velocity  of 
all  particles  in  the  direction  of  the  flow  is  about  28.0  cm/sec;  this  result  is  close  to 
the  experimental  measurements,  i.e.,  30.0  cm/sec  as  shown  in  Figure  9.2,  with  a 
difference  of  about  7%.  Therefore,  the  mass  flow  rate  from  the  simulation  results 
agrees  with  the  mass  flow  rate  measured  from  experiments. 

The  experimental  velocity  profile  viewing  from  the  side  of  the  chute  for  the 
granular  flow  is  obtained  from  the  processing  of  the  images  from  the  high-speed 
video  camera  (see  Vu-Quoc  et  al.  [1997]).  Since  only  the  particles  close  to  the 
transparent  side  wall  of  the  chute  can  be  seen  from  the  high-speed  video  camera, 
the  experimental  velocity  profile  represents  the  velocity  distribution  of  the  flowing 
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Figure  9.4.    Average  velocities  of  all  particles  from  t  =  0.00  sec  to 
t  =  4.00  sec.  vx  and  vy:  x  and  y  components. 
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Figure  9.5.    Average  velocities  of  all  particles  from  t  =  0.00  sec  to 
t  =  6.00  sec.  vx  and  vy:  x  and  y  components. 
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Figure  9.6.   Comparison  of  velocity  profiles  of  soybeans  close  to  the 
side  wall  of  the  chute. 


soybeans  that  are  close  to  the  side  wall.  Figure  9.6(a)  shows  the  velocity  profile 
obtained  from  experiments,  with  the  chute  angle  9  =  21.1°.  Figure  9.6(b)  shows  the 
velocity  profile  of  the  soybeans  close  to  the  side  wall  as  obtained  from  simulation 
results.6  The  velocity  profile  from  simulation  is  the  average  velocity  distribution 
from  time  t  —  6.02  sec  to  t  =  7.00  sec  when  the  simulated  flow  is  close  to  a  steady 
state.  Comparing  Figure  9.6(b)  to  Figure  9.6(a),  we  can  see  that  the  velocity  profile 
from  simulation  agrees  with  the  velocity  profile  from  experiment.  In  the  simulation, 
we  measure  the  origin  of  the  ordinate  along  the  height  of  the  chute  is  taken  to  be  the 
level  of  the  centers  of  the  glass  beads  that  are  attached  to  the  chute  bottom;  in  the 
experiment,  the  origin  of  the  ordinate  along  the  chute  height  is  set  at  the  top  of  the 
glass  beads.  It  follows  from  this  difference  that  there  is  a  slight  difference  between 
Figures  9.6(a)  and  9.6(b)  (in  particular  the  velocity  with  magnitude  4.2  cm/sec  at 
the  bottom  of  9.6(b)). 


6    Only  the  soybeans  centered  within  1.00  cm  from  the  side  wall  are  taken  into  the  calculation 
for  this  velocity  profile. 
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(a)  Velocity  profile  of  all  soybeans. 


(b)  Velocity  profile  of  soybeans  close  to  the 
center  line  of  the  chute 


Figure  9.7.  Velocity  profile  of  the  soybean  flow  in  chute  (side  view) 
averaged  from  t  =  6.02  sec  to  t  =  7.00  sec. 


Figure  9.7(a)  shows  the  velocity  profile  of  all  soybeans,  as  viewed  from  the  side 
wall,  and  obtained  by  averaging  the  velocity  from  time  t  =  6.02  sec  to  t  =  7.00  sec, 
when  the  simulated  flow  is  steady.  Figure  9.7(b)  shows  a  similar  result  but  for  the 
soybeans  close  to  the  center  line  of  the  chute.7  Since  the  soybeans  inside  the  flow 
domain  cannot  be  seen  by  the  high-speed  camera,  the  results  shown  in  Figures  9.7(a) 
and  9.7(b)  are  not  obtainable  from  experimental  data.  Figures  9.6(b),  9.7(a),  and 
9.7(b)  show  that,  along  the  side  wall,  the  velocity  of  the  flowing  soybeans  increases 
from  the  bottom  of  the  chute  to  the  top  of  the  flow.  Also,  the  velocity  of  the  flow 
increases  from  where  close  to  the  side  walls  of  the  chute  to  the  center  of  the  chute. 

Figure  9.8  shows  the  velocity  profile  of  all  soybeans,  as  viewed  from  the  top 
of  the  chute,  and  obtained  by  averaging  the  velocity  from  time  t  =  6.02  sec  to 


7  Since  the  width  of  the  chute  is  15.2  cm,  the  soybeans  whose  centers  fall  within  the  range 
from  7.2  cm  to  8.2  cm,  on  one  side  of  the  flow  center,  are  used  in  the  calculation  of  this  velocity 
profile. 
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Average  Velocity  Profile  (Top)  of  epsim7(6.02-7sec)  over  99  frames 
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Figure  9.8.    Velocity  of  all  soybeans  (top  view)  average  from  t 
6.02  sec  to  t  =  7.00  sec. 
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(a)  Velocity  profile  of  soybeans  close  to  the 
top  surface  of  the  flow. 


(b)  Velocity  profile  of  soybeans  close  to  the 
bottom  surface  of  the  flow. 


Figure  9.9.  Velocity  profile  of  soybean  flow  (top  view)  average  from 
t  =  6.02  sec  to  t  =  7.00  sec. 
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Figure  9.10.  Maximum  normal  contact  force  P  inside  the  flow. 

t  =  7.00  sec.  Figure  9.9  shows  similar  results,  but  Figure  9.9(a)  is  for  soybeans 
close  to  the  top  surface  of  the  flow  (top  view),  i.e.,  soybeans  centered  in  the  interval 
[3.5  cm  4.5  cm]  from  the  chute  bottom.  Figure  9.9(b)  shows  the  velocity  profile 
of  the  soybeans  close  to  the  bottom  of  the  chute  (viewing  from  the  top),  i.e.,  the 
soybeans  centered  in  the  interval  [0.5  cm  1.5  cm]  from  the  bottom  of  the  chute. 
The  results  shown  in  Figures  9.8  and  9.9  are  not  obtainable  from  experimental 
data.  Figures  9.8  and  9.9  confirm  the  velocity  behavior  of  the  flowing  soybeans  as 
observed  from  Figures  9.6  and  9.7. 

9.2.3.  Force  Statistics 


Figure  9.10  shows  the  maximum  normal  contact  force  Pmax  versus  time  t,  as 
obtained  from  the  simulation  results.  It  can  be  seen  from  Figure  9.10  that  at  the 
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beginning  of  the  simulation,  the  maximum  normal  force  Pmax  is  much  higher  than 
what  obtained  at  a  later  time.  The  reason  is  because  at  the  very  beginning  of 
the  simulation,  the  particles  are  distributed  randomly  throughout  the  simulation 
domain;  incompatible  overlapping  among  the  particles  exists,  thus  generating  high 
contact  forces.  After  this  initial  stage  (e.g.,  t  >  1.0  sec),  the  maximum  normal  con- 
tact force  decreases  to  a  normal  level,  because  the  development  of  the  flow  eliminates 
the  incompatible  overlapping  in  the  simulation  domain.  Also,  we  observe  that  from 
time  t  =  2.0  sec  on,  the  maximum  normal  contact  force  Pmax  is  mostly  about  0.5  N. 
Comparing  with  the  average  velocity  of  the  soybean  flow  shown  in  Figures  9.4(c), 
9.4(d),  to  9.5(c),  it  can  be  concluded  that  the  level  of  the  maximum  normal  contact 
force  is  compatible  with  the  development  of  the  average  velocity  of  the  flow.  Like 
the  average  velocity,  the  maximum  normal  contact  force  also  has  a  steady-state 
regime  toward  the  end  of  the  simulation  time  interval,  i.e.,  t  G  [5.0  sec  7.0  sec].  In 
another  word,  there  is  few  exceptions  of  the  maximum  normal  force  level  for  the 
time  interval  t  G  [5.0  sec  7.0  sec]. 

Figure  9.11  shows  the  force  statistics  results  of  the  soybean-flow  simulation 
at  time  t  =  6.00  sec.  The  force  statistics  results  are  obtained  by  recording  all  the 
contact  events  and  the  contact  force  level  inside  the  simulation  domain  for  a  very 
short  period  of  simulation  around  time  t  =  6.00  sec.  At  a  time  close  to  t  =  6.00  sec, 
the  soybean  flow  is  already  close  to  a  steady  state,  and  therefore  the  force  statistics 
around  this  time  point  are  representative.  It  can  be  seen  from  the  top  part  of 
Figure  9.11  that  more  than  95%  of  contact  forces  at  that  time  are  less  than  or  equal 
to  0.10  N,  and  among  them,  more  than  90%  of  the  forces  are  less  than  0.05  N.  By 
sampling  of  the  contact  forces  during  ten  (10)  integration  time  steps  around  time 
t  —  6.00  sec,  we  see  that  the  average  number  of  collisions  is  about  1,000  in  that 
particular  sampling  period  (middle  part  of  Figure  9.11),  meaning  that  there  are 
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Figure  9.11.   Contact  force  statistics  of  the  soybean  flow  simulation 
at  time  t  =  6.00  sec. 
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Figure  9.12.  Zoomed-in  histogram  of  contact  force  distribution  of  the 
soybean  flow  simulation  at  time  t  =  6.00  sec. 


about  1,000  (actually  1,076)  soybean-soybean  or  soybean-boundary  contact  events 
inside  the  simulation  domain  at  any  instant  around  time  t  =  6.00  sec. 

The  bottom  part  of  Figure  9.11  shows  the  histogram  of  the  distribution  of  the 
contact  forces  with  different  force  levels.  Figure  9.12  is  a  zoomed-in  figure  of  this 
part.  The  height  of  a  bar  in  this  figure  represents  the  average  number  of  collisions 
for  the  corresponding  contact  force  level.  For  example,  the  second  bar  from  the  left 
of  Figure  9.12  indicates  that  there  are  about  210  collisions,  among  the  total  of  1,076 
collisions,  having  the  contact  force  level  in  the  range  [0.0055iV,  0.0111AT].  The  sum 
of  the  heights  of  all  bars  in  this  histogram  is  equal  to  the  average  number  of  total 
collisions  (1,076  in  this  case). 

Figure  9.13  is  similar  to  Figure  9.11  but  shows  the  force  statistics  of  the  sim- 
ulation at  time  t  =  7.00  sec.  The  basic  features  of  the  force  statistics  at  time 
t  =  7.00  sec  agree  to  those  at  time  t  =  6.00  sec  as  shown  in  Figure  9.11.    Since 
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Figure  9.13.   Contact  force  statistics  of  the  soybean  flow  simulation 
at  time  t  =  7.00  sec. 
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Figure  9.14.  Zoomed-in  histogram  of  contact  force  distribution  of  the 
soybean  flow  simulation  at  time  t  =  7.00  sec. 


the  number  of  samplings  for  the  force  statistics  at  one  time  point  is  limited,  the 
difference  between  Figure  9.11  and  Figure  9.13  are  reasonable.  Figure  9.14  shows 
the  zoomed-in  figure  of  the  bottom  part  of  Figure  9.13,  i.e.,  the  histogram  of  the 
distribution  of  the  contact  forces  with  different  force  levels.  Again,  the  basic  features 
shown  in  Figure  9.14  agree  with  those  in  Figure  9.12.  The  results  in  Figures  9.12 
and  9.14  show  that  the  flow  achieves  a  steady  state  in  the  contact  force  statistics, 
and  thus  agree  with  the  steady  state  of  the  flow  velocity  around  the  same  time. 


CHAPTER  10 
CLOSURE 


We  presented  in  this  dissertation  the  DEM  simulation  algorithms  and  the  ge- 
ometric modelling  of  nonspherical  particles.  We  also  presented  in  this  dissertation 
a  set  of  realistic  and  accurate  force-displacement  models  for  DEM  simulation  that 
can  correctly  account  for  the  effect  of  both  elastic  and  plastic  deformation  inside  the 
contacting  particles.  Close  agreement  is  observed  between  the  FD  relation  of  con- 
tact elasto-plastic  spheres  produced  by  these  FD  models  and  the  results  obtained 
from  finite  element  analyses  (FEA).  In  addition,  we  carried  out  computer  simu- 
lations of  granular  flows  of  nonspherical  particles  using  discrete  element  method 
(DEM).  The  velocity  distribution  on  the  boundary  of  the  granular  flow  domain  ex- 
tracted from  DEM  simulations  using  the  presented  elasto-plastic  FD  models  match 
the  corresponding  results  obtained  from  real  granular  flow  experiments.  Important 
informations  of  the  granular  flow,  such  as  the  collision  frequency  and  the  contact 
force  statistics,  are  also  obtained  from  the  DEM  simulation  results.  Those  infor- 
mations can  not  be  measured  from  traditional  experiments  without  alternating  the 
flow  condition  and  introducing  huge  cost  of  money. 

We  must  point  out  here  that  the  present  elasto-plastic  FD  models  and  the 
formalism  to  account  for  the  effect  of  plastic  deformation  are  general  approaches. 
That  is,  the  methodology  based  on  the  additive  decomposition  of  the  contact  radius 
and  the  modification  of  the  contact  curvature  employed  in  the  present  FD  models 
to  account  for  plastic  deformation  is  general.  On  the  other  hand,  the  values  of 
the  model  parameters  are  not  universal,  but  depend  on  the  material  properties  and 
geometry  of  the  particles,  and  are  thus  functions  of  other  more  basic  parameters 
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(oy,  E,  v,  R,  etc).  When  applied  to  DEM  simulation,  the  model  parameters  (e.g., 
Ca  and  Kc)  are  either  obtained  from  FEA  results  or  extracted  from  a  set  of  data 
from  simple  experiments  (Zhang  and  Vu-Quoc  [19986]).  Further  theoretical  work 
can  be  done  to  connect  the  model  parameters  to  other  basic  parameters  related  to 
the  material  model  (e.g.,  ay,  K,  E,  u,  etc.)  and  to  the  geometry  (e.g.,  R)  of  the 
particles. 

We  successfully  validated  the  FD  models  against  FEA  results  for  the  con- 
tact/collision between  two  identical  spheres,  or  between  a  sphere  and  a  frictionless 
rigid  surface.  Even  though  some  suggestions  are  made  to  adjust  the  models  when 
applied  to  the  contact/collision  between  spheres  with  different  properties,  further 
validation  and  generalization  are  still  to  be  carried  out. 

In  our  FEA  of  contact /collision  problems  related  to  the  presented  FD  models, 
we  focused  our  attention  on  the  FD  relation.  We  also  found  some  interesting  behav- 
ior of  contact  from  the  FEA  results,  such  as  the  plastic  deformation  does  not  affect 
the  collision  duration  much  and  the  existence  of  the  bumps  of  the  TFD  curves  from 
the  FEA  results  (Figure  8.2),  deserve  further  investigations. 

We  carried  out  simulations,  using  DEM  code  implemented  with  the  presented 
FD  models,  of  the  granular  flow  of  ellipsoidal  particles.  The  results  obtained  from 
the  DEM  simulation  match  with  the  results  from  experiment  measurement  on  the 
boundary  of  the  flow  domain  successfully.  At  the  same  time,  simulations  of  particle 
systems  of  particles  in  different  properties,  and  with  different  flow  domain  are  still 
to  be  carried  out. 


APPENDIX  A 
IMPLEMENTATION  OF  LINKED-LISTS  USING  FORTRAN 


In  this  appendix,  we  document  the  implementation  of  the  contact  detection 
algorithm  based  on  the  neighbor  (Verlet)  lists.  Recall  that  the  contact  detection 
strategy  employed  here  is  for  spheres,  and  thus  applicable  to  nonspherical  particles 
modelled  using  cluster  of  spheres. 

By  a  particle,  we  always  mean  either  a  sphere- cluster  particle,  formed  by  a 
number  of  constituent  spheres,  or  a  single-sphere  particle.  In  the  next  section,  we 
describe  the  types  of  particles  implemented  in  our  code. 

A.l.  Nomenclature  of  Particle  Types 

The  following  types  of  particles  in  the  code  can  be  currently  employed  for 
simulations.  All  particles  are  numbered  sequentially  following  the  convention  stated 
below. 

•  A-particles:  sphere-cluster  particles.   Let  na  be  the  number  of  A-particles. 
The  A-particles  are  labeled  from  1  to  na. 


• 


• 


B-particles:  single-sphere  particles.  Let  nb  be  the  number  of  B-particles, 
the  first  B-particle  is  labeled  indl  =  na  +  1.  With  nab  =  na  +  nb,  the  B- 
particles  are  labeled  from  indl  to  nab. 

C-particles:  constituent  spheres  that  constitute  the  A-particles  (sphere-cluster 
particles).  In  the  case  where  the  A-particles  are  sphere  clusters,  each  made  up 
of  of  four  spheres,  the  number  of  C-particles  is  nc  =  4*na.  The  first  C-particle 
is  labeled  ind2  =  nab  +   1  Let  nabc  =  na  +  nb  +  nc  to  be  the  total  number 
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of  all  the  A-,  B-  and  C-particles,  then  the  C-particles  are  labeled  from  ind2 
to  nabc. 

•  Boundary  particles:  single-sphere  particles  employed  to  form  boundary 
walls  or  bumpy  boundaries  (e.g.  the  bumpy  bottom  of  a  chute).  The  bound- 
ary particles  are  allowed  to  move  at  a  certain  fixed  velocity  but  not  to  collide 
among  themselves.  Let  the  number  of  boundary  particles  be  nbound,  and  let 
ind3  =  nabc  +  1;  then  the  boundary  particles  are  labeled  sequentially  from 
ind3  to  (nabc  +  nbound). 

•  Fixed  particles:  single-sphere  particles  that  are  fixed  in  the  simulation  do- 
main, and  that  are  not  boundary  particles.  Let  the  number  of  fixed  particles 
be  nf  ix;  then  the  fixed  particles  are  labeled  from  (nabc  +  nbound  +  1)  to 
(nabc  +  nbound  +  nfix). 


• 


Cylindrical  particles:  particles  employed  to  form  cylindrical  boundaries. 
For  example,  when  simulating  the  particles  moving  inside  a  drum,  the  drum 
boundary  is  simulated  using  a  cylindrical  particle.  Let  the  number  of  cylindri- 
cal particles  be  ncyld,  then  they  are  labeled  from  (nabc  +  nbound  +  nfix 
+  1)  to  np,  where  np  =  (nabc  +  nbound  +  nfix  +  ncyld)  is  the  number  of  all 
particles  involved  in  the  simulation. 

The  total  number  of  particles  in  a  simulation  is  np  =  na  +  nb  +  nc  +  nbound  + 
nfix  +  ncyld.  The  definitions  of  the  particle  types,  their  labels,  their  numbers  are 
summarized  in  Figure  A.l.  Note  that  the  boundary  particles,  the  fixed  particles, 
and  the  cylindrical  particles  are  not  allowed  to  collide  among  themselves  and  with 
each  others.  The  following  definition  formalizes  the  constraint  just  mentioned. 

Definition:  active  and  inactive  particles 

Inactive  particles  are  boundary  particles,  fixed  particles,  cylindrical  par- 
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tides  and  particles  in  reserve  (i.e.,  particles  to  be  inserted  into  the  simu- 
lation domain  in  a  future  time,  but  are  currently  not  yet  in  the  simulation 
domain). 

Active  particles  are  sphere-cluster  particles  (A-particles),  single-sphere 
particles  (B-particles),  and  constituent  spheres  (C-particles)  that  make 
up  the  sphere-cluster  particles. 


label 


type 


number 


status 


na 


indl      nab 


ind2     nabd  ind3 


np 


A 

B 

C 

boundary 

fixed 

cylinder 

na 


V 


nb 


nc 


V 


active 


V 


nbound 


nf  ix 


ncyld 


V 


inactive 


formation  of  linked  lists 


Figure  A.l.  Data  structure  of  particles:  Types,  labels,  numbers,  status 
(active  or  inactive). 


In  the  construction  of  the  neighbor  lists  of  the  constituent  spheres  of  the  active 
particles,  we  exclude  the  sphere-cluster  particles  (A-particles),  since  these  particles 
are  not  used  for  contact  detection.  Only  single-sphere  particles  (B-particles)  and 
constituent  spheres  (C-particles)  that  make  up  sphere-cluster  particles  are  used  in 
contact  detection  and  therefore  have  neighbor  lists.  Since  B-particles  and  C-particles 
are  all  spherical  particles,  there  are  only  neighbor  list  for  spherical  particles. 


Remark  A.l.  A  neighbor  list  for  a  given  sphere  does  not  contain  that  sphere 
itself.  The  reason  for  excluding  a  given  sphere  from  its  own  neighbor  list  is  because 
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its  neighbor  list  contains  the  information  of  the  contact  between  that  given  sphere 
and  those  in  its  neighbor.  Since  no  information  is  needed  for  a  given  sphere  and 
itself,  we  do  not  include  that  given  sphere  in  its  own  neighbor.  I 

Remark  A.2.  The  data  structure  of  the  neighbor  lists  to  be  explained  below  is 
valid  for  general  nonspherical  particles  (i.e.,  not  sphere  clusters).  But  since  we  are 
using  sphere  clusters  to  model  nonspherical  particles,  we  present  the  construction 
of  the  neighbor-list  data  structures  using  spheres.  I 

A. 2.  Data  Structure:  Linked-lists 

A  large  common  block  named  /linklist/  is  used  to  store  all  the  neighbor 
lists  of  the  B-particles  and  the  C-particles.  The  Fortran  code  for  this  common  block 
is  given  below: 

common/linklist/  ndx(l) ,next(l) ,a(l) ,aO(l) ,  fntot(l) ,tfx(l) 
$  ,tfy(l) ,tfz(l) ,tm(l  +  nwd*mp*nnave) 

Table  A.l.  Structure  of  the  common  block  /linklist/. 


ndx 

next 

a 

aO 

fntot 

tfx 

tfy 

tfz 

tin 

We  can  think  of  the  data  in  the  common  block  /linklist/  as  being  organized  in 
matrix  form  as  shown  in  Table  A.l,  where  each  row  contains  the  following  informa- 
tion related  to  a  sphere:  ndx,  next,  a,  aO,  fntot,  tfx,  tfy,  tfz,  tm.  The 
common  block  /linklist/  in  Fortran  77  can  be  thought  of  as  an  array  with  a 
single  row  formed  be  putting  the  rows  in  Table  A.l  sequentially  on  after  another 
as  shown  in  Table  A.2.   Let  nwd  be  the  number  of  (64-bit)  words  for  each  row  in 


213 


Table  A. 2.  Single  row  of  common  block  /linklist/. 
ndx  I  next  I  a  I  • •  •   I  tfz  I  tm  I    I  ndx  I  next  I  a  I  • •  •   I  tf z  I  tm 


Table  A.l.  The  length  of  the  common  block  /linklist/  in  number  of  64-bit  words 
is  (nwd  +  nwd*mp*nnave).  The  definitions  of  nwd,  mp  and  nnave  will  be  given  later. 
Each  row  in  Table  A.l  contains  two  integers  ndx  and  next,  and  seven  (64-bit)  real 
numbers  a,  aO,  fntot,  tfx,  tfy,  tfz,  and  tm.  The  data  in  each  row  represent  the 
information  on  the  contact  between  the  sphere  associated  to  that  row  (called,  say, 
sphere  (x))  and  the  sphere  whose  neighbor  list  contains  sphere  (x).  Let  sphere  (i)  be 
the  sphere  whose  neighbor  list  is  being  considered,  and  let  sphere  (x)  be  a  sphere  in 
the  neighbor  list  of  sphere  (i).  The  meaning  of  the  nine  variables  in  a  row  associated 
with  sphere  (x)  is  given  below  (see  Table  A.l). 

•  ndx  :  (integer)  label  (x)  of  sphere  (x)  in  the  neighborhood  of  a  sphere  (i). 

•  next  :  (integer)  address  in  common  block  /linklist/  pointing  to  the  begin- 
ning of  the  row  associated  with  the  next  sphere  in  the  neighborhood  of  sphere 
(i). 

•  a  :  (64-bit  real)  normal  displacement  a  between  sphere  (i)  and  sphere  (x)  used 
in  the  NFD  model  (see  Section  4.2.1). 

•  aO  :  (64-bit  real)  residual  normal  displacement  ao  in  the  NFD  model  (see 
Section  4.2.1). 

•  fntot  :  (64-bit  real)  total  normal  force  in  the  contact  between  sphere  (i)  and 
sphere  (x). 

•  tfx,  tfy,  tfz  :  (64-bit  reals)  components  (in  the  global  coordinates)  of 
tangential  contact  force  between  sphere  (i)  and  sphere  (x). 
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•  tm  :  (64-bit  real)  value  of  the  tangential  force  at  the  last  turning  point,  i.e., 
Q*  in  the  TFD  model  (see  Section  4.2.2). 

Remark  A. 3.  The  code  is  designed  to  be  run  on  both  32-bit  machines  (e.g., 
DEC,  Sun  workstations)  as  well  as  64-bit  machines  (e.g.  Cray  supercomputers).  An 
integer  is  represented  by  32  bits  on  a  32-bit  machine,  and  by  64  bits  on  a  64-bit 
machine.  We  use  64-bit  real  numbers  (real*8)  on  both  32-bit  machines  and  64-bit 
machines.  The  length  of  a  row  in  Table  A.l,  in  terms  of  64-bit  words,  is  stored  in 
the  variable  nwd.  Thus,  on  a  32-bit  machine,  nwd  =  8,  whereas  on  a  64-bit  machine, 
nwd  =  9.  In  the  code,  nwd  =  10  -  i vers,  where  i vers  (integer  version)  designates 
the  number  of  integer (s)  in  a  64- bit  word,  i.e.,  ivers  =  2  on  a  32-bit  machine,  and 
ivers  =  1  on  a  64-bit  machine.  I 

Remark  A.4.  The  length  of  common  block  /linklist/  is  (nwd  +  nwd*mp*nnave) , 
where  mp  represents  the  maximum  number  of  spheres  in  the  code,  and  nnave  the  av- 
erage number  of  spheres  in  a  neighborhood  of  any  given  sphere.  In  the  code,  nnave 
is  set  to  30.  It  does  not  mean  that  the  number  of  actual  spheres  in  a  neighborhood 
of  a  given  sphere  cannot  exceed  nnave.  I 

Table  A. 3  shows  the  'row's  of  data  in  the  common  block  /linklist/. 

Table  A.3.  Row's  in  the  /linklist/ 


ndx 

next 

a 

aO 

fntot 

tfx 

tfy 

tfz 

tm 

rowl 

row2 

We  now  describe  the  indices  in  the  arrays  in  the  common  block  /linklist/ 
in  the  case  of  32-bite  machines.  In  this  case  ,  nwd  =  8,  and  two  32-bit  integer  words 
occupy  the  same  length  as  a  64  bit  real  variable.  In  a  row  associated  with  a  sphere 


215 


(see  e.g.,  Table  A.4),  the  variables  ndx  and  next  are  32-bit  integers.  Therefore,  the 
first  ndx  is  indexed  as  ndx(l) ,  where  as  the  second  ndx  at  the  head  of  the  second  row 
is  indexed  as  ndx(2*nwd+l).  Further,  next(l)  and  ndx(2)  point  to  the  same  word 

Table  A.4.  Indices  for  the  arrays  in  the  common  block  /linklist/ 


rowl     1 
row2   1+nwd 
row3  l+2*nwd 


ndx 

next 

a 

aO 

fntot 

tfx 

tfy 

tfz 

tm 

>  .  > 

•  •  • 

tm(l) 

tin  (1+nwd) 

tm(l+2*nwd) 


in  /linklist/.  The  variable  next  in  the  second  row  is  next(2*nwd+l).  Generally, 
the  variable  ndx  in  the  i'th  row  is  indexed  as  ndx(2*(i-l)*nwd+l),  whereas  the 
variable  next  in  the  i'th  row  is  indexed  as  next(2*(i-l)*nwd+l).  For  all  other 
64-bit  real*8  variables,  a,  aO,  fntot,  ftx,  tfy,  tfz,  tm,  a  variable  x  on  the 
i'th  row  is  x((i-l)*nwd+l). 

In  the  code,  we  introduce  the  integer  variable  idx,  which  serves  as  the  index 
for  the  integer  variables  ndx  and  next,  and  the  integer  variable  jdx  as  the  index  for 
the  real*8  variables: 


jdx  =  (i  -  1)  *nwd  +  1  , 


(A.l) 


idx  =  i2orl  *  jdx  -  ilorO 


(A.2) 


On  a  32-bit  machine,  set  i2orl  =  2  and  ilorO  =  1;  we  have 


idx  =  2  *  (i  —  1)  *  nwd  +  1  . 
On  a  64-bit  machine,  set  i2orl  =  1  and  ilorO  =  0;  we  have 

idx  =  jdx  . 


(A.3) 


(A.4) 
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The  variables  in  the  i'th  row  of  /linklist/  are  indexed  as  ndx(idx),  next(idx), 
a(jdx),  aO(jdx),  fntot(jdx),  tfx(jdx),  tfy(jdx),  tfz(jdx),  and  tm(jdx). 

There  are  two  more  important  variables  for  the  data  structure,  the  array 
neborO,  dimensioned  to  mp  (the  maximum  number  of  spheres),  and  mtl.  The 
variable  nebor(i)  is  the  "jdx"  address  pointing  to  the  beginning  of  the  neighbor 
list  of  sphere  (i).  When  nebor(i)  =  0,  there  is  no  sphere  labeled  with  index  larger 
than  i  in  the  neighborhood  of  sphere  (»).  The  variable  mtl  is  the  "jdx"  address 
pointing  to  the  beginning  of  the  empty  list  (i.e.,  the  space  in  /linklist/  not  being 
used).  Here  mt  is  the  mnemonic  for  "empty",  while  1  means  the  beginning. 

A.3.  Initialization 

We  use  the  example  shown  in  Figure  A. 2  to  illustrate  the  initialization  of  the 
/linklist/,  neborO,  and  mtl. 

—  w  '  \ 

-  N  /  \ 

/  '  * 

N  t£\'''  L— A  *'"-\.    (2)     i 

S--H-'  ©-'   :    '■     vi>     r— 

\   ~  -  -  /  \  / 

Figure  A.2.  An  example  for  the  initialization  of  the  neighbor  lists. 


Remark  A. 5.  In  the  initialization,  to  avoid  repeating  the  calculation,  we  only 
put  in  the  neighbor  list  of  a  given  sphere  (say,  sphere  (i))  those  spheres  in  the 
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neighborhood  of  sphere  (i),  with  labels  of  greater  than  (z).  Considering  that  the 
labels  of  the  inactive  particles  are  all  larger  than  the  labels  of  the  active  particles, 
and  that  there  is  no  need  for  contact  detection  among  the  inactive  particles,  there 
is  no  neighbor  list  for  the  inactive  spheres.  I 

By  checking  the  distances  between  the  spheres  and  by  following  Remark  A. 5, 
we  find  the  following  neighbor  lists  for  the  configuration  of  spheres  in  Figure  A. 2: 

neighbors  of  sphere  1:  {  } 
neighbors  of  sphere  2:  {  } 
neighbors  of  sphere  3:  {  4,  6,  8  } 
neighbors  of  sphere  4:  {  } 
neighbors  of  sphere  5:  {  6,  8,  9  } 
neighbors  of  sphere  6:  {  8  } 
neighbors  of  sphere  7:  {  } 
neighbors  of  sphere  8:  {  } 
neighbors  of  sphere  9:  {  } 

At  the  beginning,  all  numbers  in  the  array  neborQ  and  in  the  common  block 
/linklist/  are  initialized  to  zero.  The  integer  variable  mtl  is  initially  set  to  1 
to  indicate  that  the  whole  /linklist/  is  initially  empty.  For  the  example  of  Fig- 
ure A.2,  the  contents  of  some  of  the  mentioned  typical  arrays  and  variables  at  the 
initialization  are  shown  in  Table  A. 5. 

Let's  begin  with  sphere  (1)  to  fill  in  array  nebor  and  common  block  /linklist/. 
and  used  them  to  represent  Since  both  sphere  (1)  and  (2)  have  empty  neighborhood, 
the  values  of  nebor  (1)  and  nebor  (2)  remain  zero.  The  neighborhood  of  sphere  (3) 
is  on  the  other  hand  non-empty.  To  add  sphere  (4)  in  to  the  neighbor  list  of  sphere 
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Table  A. 5.  Initial  state  of  the  data  structure 


sphere  (i) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

nebor 

0 

0 

0 

0 

0 

0 

0 

0 

0 

mtl  \T] 


jdx 

idx 
1 

17 
33 

ndx 

next 

a 

aO 

fntot 

tfx 

tfy 

tfz 

tm 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

9 

0 

0 

0 

0 

0 

0 

0 

0 

0 

17 

0 

0 

0 

0 

0 

0 

0 

0 

0 

(3),  we  set  jdx  =  mtl  =  1,  idx  =  2*jdx  -  1,  nebor(3)  =  jdx  =  1,  and  reset 
mtl.  The  new  value  for  mtl  is  set  by  adding  nwd  to  point  to  the  head  position  of  the 
next  empty  'row',  i.e.,  mtl  =  mtl  +  nwd  =  9.  Finally,  set  ndx  (idx)  =  4,  which  is 
the  label  of  sphere  (4).  See  Table  A. 6  for  the  status  of  the  data  structure  at  this 
stage. 

Table  A. 6.  Data  structure  after  sphere  (4)  is  put  in  the  neighbor  list  of  sphere  (3) 


sphere  (i) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

nebor 

0 

0 

1 

0 

0 

0 

0 

0 

0 

mtl  |T] 


jdx 

idx 
1 

17 
33 

ndx 

next 

a 

aO 

fntot 

tfx 

tfy 

tfz 

tm 

1 

4 

0 

0 

0 

0 

0 

0 

0 

0 

9 

0 

0 

0 

0 

0 

0 

0 

0 

0 

17 

0 

0 

0 

0 

0 

0 

0 

0 

0 

The  next  sphere  to  be  put  in  the  neighbor  list  of  sphere  (3)  is  sphere  (6). 
For  this  reason,  we  set  jdxold  ■  jdx  =  1,  idxold  =  idx  =  1,  and  then  set  jdx 
=  mtl  =  9,  idx  ■  2*jdx  -  1  =  17,  next (idxold)  =  jdx  =  9  and  mtl  =  mtl  + 
nwd  =  17.  Finally,  put  ndx  (idx)  =  6,  which  is  the  label  of  the  sphere  (6)  See 
Table  A. 7  for  the  status  of  the  data  structure  at  this  stage. 
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Table  A. 7.  Data  structure  after  sphere  (6)  is  put  in  the  neighbor  list 
for  sphere  (3) 


sphere  (i) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

nebor 

0 

0 

1 

0 

0 

0 

0 

0 

0 

mt 

1  17 

jdx 

idx 
1 

17 
33 

ndx 

next 

a 

aO 

fntot 

tfx 

tfy 

tfz 

tm 

1 

4 

9 

0 

0 

0 

0 

0 

0 

0 

9 

6 

0 

0 

0 

0 

0 

0 

0 

0 

17 

0 

0 

0 

0 

0 

0 

0 

0 

0 

The  last  sphere  to  be  put  in  the  neighbor  list  of  sphere  (3)  is  sphere  (8). 
Again,  we  set  jdxold  =  jdx  =  9,  idxold  =  idx  =  17,  and  then  set  jdx  =  mtl 
=  17,  idx  =  2* jdx  -  1  ■  33,  next (idxold)  =  jdx  =  17  and  mtl  =  mtl  +  nwd 
=  25.  Finally,  put  ndx  (idx)  =  8,  which  is  the  label  of  the  sphere  (8).  See  Table  A. 8 
for  the  status  of  the  data  structure  at  this  stage. 

Table  A. 8.  Data  structure  after  sphere  (8)  is  put  in  the  neighbor  list  of  sphere  (3) 


sphere    (i) 
nebor 


1 

2 

3 

4 

5 

6 

7 

8 

9 

0 

0 

1 

0 

0 

0 

0 

0 

0 

mt 

1  25 

jdx 

idx 
1 

17 
33 
47 

ndx 

next 

a 

aO 

fntot 

tfx 

tfy 

tfz 

tm 

1 

4 

9 

0 

0 

0 

0 

0 

0 

0 

9 

6 

17 

0 

0 

0 

0 

0 

0 

0 

17 

8 

0 

0 

0 

0 

0 

0 

0 

0 

25 

0 

0 

0 

0 

0 

0 

0 

0 

0 

Finally,  the  initialization  of  the  neighbor  lists  is  completed  by  adding  spheres 
(6),  (8),  (9)  into  the  neighbor  list  of  sphere  (5);  and  by  adding  sphere  (8)  into  the 
neighbor  list  of  sphere  (6).  See  Table  A.9  for  the  status  of  the  data  structure  at  the 
end  of  the  initialization  stage. 
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Table  A. 9.  Data  structure  after  the  initialization 


sphere  (i) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

nebor 

0 

0 

1 

0 

25 

49 

0 

0 

0 

rati 

57 

jdx 

idx 
1 

17 
33 
49 
65 
81 
97 
113 

ndx 

next 

a 

aO 

fntot 

tfx 

tfy 

tfz 

tm 

1 

4 

9 

0 

0 

0 

0 

0 

0 

0 

9 

6 

17 

0 

0 

0 

0 

0 

0 

0 

17 

8 

0 

0 

0 

0 

0 

0 

0 

0 

25 

6 

33 

0 

0 

0 

0 

0 

0 

0 

33 

8 

41 

0 

0 

0 

0 

0 

0 

0 

41 

9 

0 

0 

0 

0 

0 

0 

0 

0 

49 

8 

0 

0 

0 

0 

0 

0 

0 

0 

57 

0 

0 

0 

0 

0 

0 

0 

0 

0 

A.4.  Updating  the  Neighbor  Lists 

Assume  that  after  a  period  of  simulation  time,  the  configuration  of  the  particle 
system  shown  in  Figure  A.2  is  changed  into  that  shown  in  Figure  A.3. 
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Figure  A. 3.  New  configuration  of  an  example  particle  system. 


Consequently,  the  neighbor  lists  are  changed  into  the  following 
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neighbors  of  sphere  1 :  {  9  } 

neighbors  of  sphere  2:  {  } 

neighbors  of  sphere  3:  {  4,  6,  7,  8  } 

neighbors  of  sphere  4:  {  } 

neighbors  of  sphere  5:  {6,8} 

neighbors  of  sphere  6:  {  7,  8  } 

neighbors  of  sphere  7:  {  } 

neighbors  of  sphere  8:  {  } 

neighbors  of  sphere  9:  {  } 


To  update  the  data  structure,  we  need  to  do  some  of  insertions  into,  and  deletions 
from,  the  data  structure  as  discussed  below. 

1.  Insertion  into  the  neighbor  lists.  We  need  to  insert  sphere  (9)  into  the 
neighbor  list  of  sphere  (1),  and  insert  sphere  (7)  into  the  neighbor  list  of  both 
sphere  (3)  and  sphere  (6). 

First,  the  following  procedure  is  used  to  insert  sphere  (9)  into  the  neighbor 
list  of  sphere  (1).  Since  nebor(l)  =  0,  there  is  no  entry  for  sphere  (1).  Yet,  we 
set  jdx  =  mtl  =  57,  idx  =  2*jdx  -  1  =  113,  nebor(l)  =  jdx,  and  then  update 
mtl.  To  update  mtl  for  an  insertion,  if  next  (idx)  =  0,  then  set  mtl  =  mtl  +  nwd; 
else  set  mtl  =  next  (idx).  Here,  since  next  (113)  =  0,  set  mtl  =  mtl  +  nwd  = 
65.  Finally,  set  ndx(idx)  =  9.  See  Table  A. 10  for  the  status  of  the  data  structure 
at  this  stage. 

To  insert  sphere  (7)  into  the  neighbor  list  of  sphere  (3),  first  we  verify  whether 
sphere  (7)  is  already  in  the  neighbor  list  sphere  (3)  by  performing  the  following 
procedure 
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Table  A.  10.  Data  structure  after  insertion  of  sphere  (9)  into  the  neigh- 
bor list  of  sphere  (1). 


phere  (i) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

nebor 

57 

0 

1 

0 

25 

49 

0 

0 

0 

mtl 

65 

jdx 

idx 
1 

17 
33 
49 
65 
81 
97 
113 
129 

ndx 

next 

a 

aO 

fntot 

tfx 

tfy 

tfz 

tm 

1 

4 

9 

0 

0 

0 

0 

0 

0 

0 

9 

6 

17 

0 

0 

0 

0 

0 

0 

0 

17 

8 

0 

0 

0 

0 

0 

0 

0 

0 

25 

6 

33 

0 

0 

0 

0 

0 

0 

0 

33 

8 

41 

0 

0 

0 

0 

0 

0 

0 

41 

9 

0 

0 

0 

0 

0 

0 

0 

0 

49 

8 

0 

0 

0 

0 

0 

0 

0 

0 

57 

9 

0 

0 

0 

0 

0 

0 

0 

0 

65 

0 

0 

0 

0 

0 

0 

0 

0 

0 

found  =  false 
jdx  =  nebor (3) 
idx  =  2*jdx  -   1 

while   (next (idx) .ne.O) .or. (found.ne.true) 
if    (ndx(idx) .eq.7) 
found  =  true 


else 


jdxold  =  jdx 
idxold  =  idx 
jdx  =  next (idxold) 
idx  =  2*jdx  -  1 


end  if 
end  while 
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After  running  above  procedure  to  check  out  that  sphere  (7)  is  not  in  the  neighbor 
list  of  sphere  (3)  yet,  we  also  have  jdx  =  17,  idx  =  33  pointing  to  the  address  for 
the  last  sphere  in  the  neighbor  list  of  sphere  (3).  To  insert,  we  set  next  (idx)  = 
mtl  =  65,  jdx  =  mtl  =  65,  and  idx  =  2*jdx  -  1  =  129.  Again  since  next  (129) 
=  0,  reset  mtl  =  mtl  +  ndw  =  73.  Finally,  set  ndx(idx)  =  7.  The  status  of  the 
updated  data  structure  is  shown  in  Table  A.  11. 

Table  A.ll.  Data  structure  after  insert  sphere  (7)  into  the  neighbor 
list  of  sphere  (3) 


sphere  (i) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

nebor 

57 

0 

1 

0 

25 

49 

0 

0 

0 

mtl 

73 

jdx 

idx 
1 

17 
33 
49 
65 
81 
97 
113 
129 
145 

ndx 

next 

a 

aO 

fntot 

tfx 

tfy 

tfz 

tm 

1 

4 

9 

0 

0 

0 

0 

0 

0 

0 

9 

6 

17 

0 

0 

0 

0 

0 

0 

0 

17 

8 

65 

0 

0 

0 

0 

0 

0 

0 

25 

6 

33 

0 

0 

0 

0 

0 

0 

0 

33 

8 

41 

0 

0 

0 

0 

0 

0 

0 

41 

9 

0 

0 

0 

0 

0 

0 

0 

0 

49 

8 

0 

0 

0 

0 

0 

0 

0 

0 

57 

9 

0 

0 

0 

0 

0 

0 

0 

0 

65 

7 

0 

0 

0 

0 

0 

0 

0 

0 

73 

0 

0 

0 

0 

0 

0 

0 

0 

0 

Similarly,  sphere  (7)  can  also  be  inserted  into  the  neighbor  list  of  sphere  (6). 
We  obtain  the  data  structure  shown  in  Table  A.  12. 


Remark  A.6.  The  procedure  used  in  the  code  for  finding  contact  information 
between  sphere  (i)  and  sphere  (j)  for  previous  time-step  is  similar  to  the  above 
procedure  for  verifying  whether  sphere  (7)  is  in  the  neighbor  list  of  sphere  (3).  When 
j  >  i,  just  replace  (7)  with  (j)  and  (3)  with  (i).  If  after  running  the  procedure,  the 
variable  found  =  true,  means  sphere  (j)  is  already  in  the  neighbor  list  of  sphere 
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(t),  the  information  a( jdx),  aO(jdx),  tfx(jdx),  tfy(jdx),  tfz(jdx),  fntot(jdx), 
tm(jdx).  If  sphere  (j)  is  in  the  neighborhood  of  sphere  (i),  and  after  running  the 
procedure,  the  variable  found  =  false,  means  sphere  (j)  is  not  in  the  neighbor  list 
of  sphere  (z);  we  need  to  insert  the  entry  for  sphere  (j)  into  the  neighbor  list  of 
sphere  (i)  as  described  in  this  section.  I 

2.  Deletion  from  the  neighbor  lists.  According  the  particle  configuration  of 
Figure  A.3,  we  need  to  delete  sphere  (9)  from  the  neighbor  list  of  sphere  (5).  First, 
we  find  the  position  of  sphere  (9)  in  the  neighbor  list  of  sphere  (5)  by  performing 
the  following  procedure 

found  =  false 

jdx  =  nebor(5) 

idx  =  2* jdx  -  1 

while  (next(idx) .ne.O) .or. (found.ne.true) 

if  (ndx(idx) .eq.9) 
found  =  true 

else 


jdxold 

=  jdx 

idxold 

=  idx 

jdx  =  next (idxold) 

idx  =  : 

!*jdx  -  1 

endif 

end 

while 

After  running  the  above  procedure,  we  obtain  found  =  true  and  jdxold  =  33, 
idxold  =  65,  jdx  =  41,  idx  =  81.  To  delete  sphere  (9)  from  the  neighbor  list 
of  sphere  (5),  first,  we  set  next(idxold)   =  next(idx)   =  0,  then  set  ndx(idx)   = 
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Table  A. 12.  Data  structure  after  all  insertions 


rticle  i 

1 

2 

3 

4 

5 

6 

7 

8 

9 

nebor 

57 

0 

1 

0 

25 

49 

0 

0 

0 

mtl 

81 

jdx 

idx 
1 

17 
33 
49 
65 
81 
97 
113 
129 
145 
161 

ndx 

next 

a 

aO 

fntot 

tfx 

tfy 

tfz 

tm 

1 

4 

9 

0 

0 

0 

0 

0 

0 

0 

9 

6 

17 

0 

0 

0 

0 

0 

0 

0 

17 

8 

65 

0 

0 

0 

0 

0 

0 

0 

25 

6 

33 

0 

0 

0 

0 

0 

0 

0 

33 

8 

41 

0 

0 

0 

0 

0 

0 

0 

41 

9 

0 

0 

0 

0 

0 

0 

0 

0 

49 

8 

73 

0 

0 

0 

0 

0 

0 

0 

57 

9 

0 

0 

0 

0 

0 

0 

0 

0 

65 

7 

0 

0 

0 

0 

0 

0 

0 

0 

73 

7 

0 

0 

0 

0 

0 

0 

0 

0 

81 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0,  and  next  (idx)  =  mtl  =  81.  Then,  we  set  mtl  =  jdx  =  41  to  indicate  that  the 
first  empty  list  is  at  jdx  =  41.  See  Table  A.  13  for  the  status  of  the  data  structure 
at  this  stage. 

It  should  be  noticed  that  at  the  beginning,  there  is  an  ordering  in  the  neighbor 
lists  in  /linklist/  in  ascending  order  of  the  labels  of  spheres,  both  for  the  neighbor 
lists  and  for  the  entries  in  the  neighbor  lists.  After  a  number  of  updates  (insertions 
and  deletions),  such  an  ordering  will  no  longer  holds.  For  example,  in  Table  A. 9, 
when  the  initialization  is  completed  the  neighbor  lists  for  sphere  (3),  (5),  and  (6)  are 
stored  sequentially  in  /linklist/  in  the  ascending  order  of  the  labels  of  spheres. 
Also,  in  each  neighbor  list,  the  entries  for  spheres  are  also  in  the  ascending  order 
of  the  labels  of  the  neighbor  spheres,  e.g.,  in  the  neighbor  list  of  sphere  (5),  the 
entries  for  sphere  (6),  (8),  and  (9)  in  the  neighborhood  of  sphere  (5)  are  stored  in 
the  ascending  order  of  related  labels  of  spheres.  In  Table  A.13,  after  some  insertions 
and  deletions  the  beginning  position  of  the  neighbor  list  of  sphere  (1)  is  after  the 
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Table  A.  13.  Data  structure  after  deletion 


sphere  (i) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

nebor 

57 

0 

1 

0 

25 

49 

0 

0 

0 

mtl 

41 

jdx 

idx 
1 

17 
33 
49 
65 
81 
97 
113 
129 
145 
161 

ndx 

next 

a 

aO 

fntot 

tfx 

tfy 

tfz 

tm 

1 

4 

9 

0 

0 

0 

0 

0 

0 

0 

9 

6 

17 

0 

0 

0 

0 

0 

0 

0 

17 

8 

65 

0 

0 

0 

0 

0 

0 

0 

25 

6 

33 

0 

0 

0 

0 

0 

0 

0 

33 

8 

0 

0 

0 

0 

0 

0 

0 

0 

41 

0 

81 

0 

0 

0 

0 

0 

0 

0 

49 

8 

73 

0 

0 

0 

0 

0 

0 

0 

57 

9 

0 

0 

0 

0 

0 

0 

0 

0 

65 

7 

0 

0 

0 

0 

0 

0 

0 

0 

73 

7 

0 

0 

0 

0 

0 

0 

0 

0 

81 

0 

0 

0 

0 

0 

0 

0 

0 

0 

beginning  position  of  several  neighbor  lists  of  spheres  of  larger  labels.  Also,  in  the 
neighbor  list  of  sphere  (3),  the  entry  for  sphere  (7)  is  behind  the  entry  for  sphere  (8). 
Actually,  after  a  number  of  insertions  and  deletions,  the  neighbor  lists  of  spheres 
in  /linklist/  could  be  in  any  arbitrary  order  of  the  labels,  so  do  the  entries  for 
neighbor  spheres  in  any  neighbor  list  of  a  given  sphere. 


APPENDIX  B 
SUPERBALL  AND  SUPERBEAN 


Superball  (spherical)  and  superbean  (nonspherical)  are  two  particles  with  de- 
signed properties  and  initial  conditions.  Which  can  be  used  as  benchmark  tests  to 
verify  the  implementation  of  the  DEM  simulation  and  check  the  implementation  of 
the  force-displacement  (FD)  models. 

B.l.  Theory 

Figure  B.l  depicts  a  particle  in  frictional  collision  with  the  horizontal  plane. 
Let  m  to  be  the  mass  of  the  particle,  and  I0  the  moment  of  inertia  of  the  particle 
about  its  center  of  mass  O.  Assume  that,  before  contact,  the  incoming  translation 
velocity  of  the  particle  is  {vx,  vy},  whereas  the  angular  velocity  is  uz.  All  other 
components  of  translational  velocity  and  angular  velocity  are  zero.  The  qualifier 
super  is  ascribed  to  a  particle  (e.g.,  superball  in  the  case  of  a  spherical  particle,  or 
a  superbean  in  the  case  of  an  ellipsoidal  particle)  when  the  velocity  vector  of  the 
center  of  mass  O  of  the  particle,  just  after  contact,  is  equal  in  magnitude,  but  with 
opposite  direction  to  the  velocity  of  the  same  point  before  contact: 

v'x  =  -vx  ,  v'y  =  -vy  ,and  Jz  =  -u)z  .  (B.l) 

Also,  assume  that  during  the  contact,  the  normal  contact  force  P  passes  through 
the  contact  point  C  and  the  center  of  mass  O,  then  the  line  OC  has  to  be  per- 
pendicular to  the  tangential  contact  force  Q .  Let  r  be  the  distance  between  the 
center  of  mass  O  and  the  contact  point  C.  To  have  v'y  =  -vy,  it  suffices  to  that 
the  normal  spring  is  elastic,  with  spring  coefficient  KN  (see  Figure  B.l).  It  follows 
that  the  normal  coefficient  of  restitution  for  a  super  particle  is 


e  =  1.0| .  (B.2) 
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Figure  B.l.  A  particle  colliding  with  frictional  (tangential)  force 


The  balance  of  linear  momentum  in  the  x  direction  (Figure  B.l)  of  the  super  particle 
yields 


mvx  =  mvx 


j  Qdt     =>      f  Qdt  =  2mvx 


(B.3) 


Whereas  the  balance  of  angular  momentum  about  the  center  of  mass  yields 


J0  ^2    =   h  u>,  -  /  Qrdt 


(B.4) 


Assume  that  the  deformation  of  the  particle  at  the  contact  C  is  small  compared 
with  the  size  of  the  particle,  we  can  consider  r  as  a  constant.  Therefore,  from  (B.4) 
and  (B.l), 

2uzI0 


[Qdt 


(B.5) 
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Combining  (B.3)  and  (B.5),  we  obtain 

m.r 

(B.6) 


u>z         mr 
vx  h 


The  tangential  contact  force  Q  is  caused  by  friction.  To  avoid  energy  loss  due 
to  sliding,  the  frictional  coefficient  must  be  large  enough  to  ensure  that  Q  <  fiP 
during  the  entire  contact,  thus  preventing  sliding.  One  way  is  to  choose  very  large 
friction  coefficient  fi.  When  the  particle  detaches  from  the  horizontal  plane,  the 
normal  force  P  goes  down  to  zero,  thus  forcing  the  tangential  force  Q  to  also  go 
down  to  zero,  if  the  condition  0  <|  Q  |<  jU  |  P  \  is  to  hold.  Since  the  normal  force  P 
and  the  tangential  force  Q  are  modelled  using  the  springs  KN,  and  KT  as  shown  in 
Figure  4.3,  we  want  these  spring-mass  systems  to  have  the  same  natural  frequency 
(or  period).  The  period  of  the  normal  spring  KN  with  mass  m  is  given  by 

*-<V?.  (B.7) 

The  horizontal  motion  of  the  contact  point  C  is  composed  of  a  translation  and  a 
rotation  whose  free  vibration  is  described  by 

m  x    +  KT(x  +  rd)  =  0  ,    /„  6    +  rKT(x  +  r8)  =  0  .  (B.8) 

choosing  (x  +  rO)  as  variable,  it  follows  that 

I0m( x   +r9)  +  (/„  +  mr2)KT(x  +  rO)  =  0  .  (B.9) 

and  thus  the  period  of  vibration  in  the  tangential  direction  is 


lKT(IQ  +  mr2) 


Tt  =  nf^^^ .  (ai0) 

Equating  the  periods  TN  and  TT ,  we  deduce  the  following  relationship  between 
KN  and  KT  to  have  simultaneous  release  of  the  normal  force  and  of  the  tangential 
force 

KN       Io  +  mr2-  (B-U) 
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Thus,  the  conditions  for  obtaining  a  super  particle  motion  are  (B.2),  (B.6), 
(B.ll)  and  a  very  large  coefficient  of  friction  to  ensure  that  there  will  be  no  energy 
dissipation  caused  by  frictional  slip. 

B.2.  Superball 

A  superball  is  a  spherical  particle  with  carefully  selected  properties  and  initial 
conditions,  such  that  when  a  superball  collides  with  a  horizontal  floor,  it  bounces 
back  with  exactly  the  same  magnitude  of  translational  and  rotational  velocities,  but 
in  opposite  direction,  without  any  loss  of  energy.  Under  gravity,  the  superball  follows 
the  same  trajectory  (a  parabola  connecting  two  points  on  the  floor)  back  and  forth 
indefinitely.  To  fully  recover  all  kinetic  energy  after  a  collision  with  the  floor,  we 
prescribe  the  following  conditions  for  a  super  particle  as  discussed  in  Section  B.l:  (i) 
Unit  coefficient  of  restitution,  i.e.,  e  =  1,  to  ensure  no  loss  of  energy  in  the  normal 
direction;  (ii)  a  very  large  coefficient  of  friction,  /j,  =  1000;  (iii)  a  ratio  of  initial 
tangential  stiffness  KTfi  to  normal  loading  stiffness  Ki  as  specified  by  (B.ll),  i.e., 

Kf  o  /o  2 

~kT  =  ToT^  =  7 '  (B-12) 

since 

I0  =  -mr2,  (B.13) 

for  a  sphere,  where  m  is  the  mass  of  the  sphere,  and  r  its  radius;  (iv)  a  ratio  between 

the  angular  velocity  u>z  and  the  horizontal  component  vx  of  the  translational  velocity 

given  by  (B.6)  as  follows 

u),         mr 

—  =  T"  '  (B-14) 

with  all  other  velocity  components  set  to  zero. 

In  our  test  problem,  the  superball  has  a  radius  r  =  0.002m.  At  t  =  0.0,  the 
superball  is  set  at  the  initial  position  having  coordinates  (0.1m,  0.1m,  0.1m)  with 
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initial  velocities  vx  =  OAm/s  ,  and  initial  angular  velocity  toz  =  bOO.Orad/s  .  All 
other  components  of  velocities  are  zero.  The  acceleration  of  gravity  is  g  —  9.8m/ s2 
in  the  negative  y  direction.  The  floor  is  at  y  =  0.  The  trajectory  are  similar  to  the 
one  shown  in  Figure  B.2,  but  with  a  spherical  particle. 

B.3.  Superbean 

A  superbean  is  an  ellipsoidal  super  particle,  whose  initial  conditions  must  be 
set  carefully  following  the  guidelines  in  Section  B.l.  A  cluster  of  four  spheres  is  used 
for  contact  detection  and  contact  force  calculation  (see  Section  2.2).  The  condition 
for  a  superbean  include  those  spelled  out  in  Section  B.l,  with  (B.ll)  and  (B.6)  now 
written  as 

K\        I0  +  ma2 
and 


(B.15) 


coz       ma 

-  =  —  B.16 

vx       I0 

respectively,  with  a  being  half  of  the  length  L  of  the  ellipsoid  (Figure  2.2),  since  we 

want  the  ellipsoid  to  impact  the  floor  on  its  end,  i.e.,  the  longest  axis  of  the  ellipsoid 

is  normal  to  the  floor  at  contact. 

In  our  test  problem,  the  ellipsoid  has  the  following  geometric  dimension  L  = 
6.330  x  l(T3m,  W  =  5.250  x  10~3m,  H  =  4.00  x  10-3m  (see  Figure  2.1).   With 

7T7TL 

h  =  -^-(£2  +  H2),  we  haye  stiffness  ratio  Kn/Ki  =  0.252378665,  as  computed 
using  (B.15).  The  initial  position  and  initial  velocities  must  be  selected  carefully  as 
the  ellipsoid  rotates  as  it  falls  toward  the  floor,  and  we  want  it  to  impact  the  floor 
on  one  of  its  end,  as  mentioned  above.  To  this  end,  we  set  the  initial  position  of 
the  ellipsoid  at  (0.1m,  0.097093... m,  0.1m),  and  the  initial  velocity  components  to 
vx  =  OAm/s,  loz  =  374.38231356  rad/s;  and  all  other  components  are  set  to  zero. 
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The  numerical  results  we  obtained  using  DEM  simulation  with  Walton  and 
Braun  [1986]  FD  models  implemented  indicate  good  agreement  with  the  theoretical 
behavior  of  expected  from  a  super  bean.  We  also  noticed  that  the  superbean  test 
is  very  sensitive  to  the  material  stiffness  (i.e,  K\)  and  the  initial  position.  The 
reason  is  that  the  stiffness  affects  the  contact  time  and  the  amount  of  displacement 
at  the  contact  point.  Therefore,  the  softer  the  superbean  is,  the  longer  the  contact 
time  is,  and  the  larger  the  displacement  at  the  contact  point  is;  the  result  is  larger 
error  accumulated  after  each  collision  of  the  ellipsoid  with  the  floor.  In  out  test, 
we  set  Kx  =  4.0  x  106  N/m.  Both  the  initial  position  and  initial  velocities  have 
to  be  set  with  appropriate  number  of  significant  digit,  lest  the  ellipsoid  would  not 
impact  the  floor  with  its  longest  axis  normal  to  the  floor,  thus  generate  error  at  each 
rebounding. 

Figure  B.2  shows  a  sketch  of  the  trajectory  of  the  superbean  obtained  using 
our  DEM  simulation  code. 

y 


o 


Figure  B.2.  A  superbean:  Rotation  (indicated  by  small  arrows),  con- 
tact with  floor  on  ends,  trajectory  of  center  of  mass. 


APPENDIX  C 
HARD-SPHERE  COLLISIONS:  THEORETICAL  PREDICTION 


The  problem  of  hard-sphere  collisions  with  friction,  presented  by  Walton  [1993], 
is  employed  in  our  research  as  a  benchmark  test  to  validate  our  implementation  of 
different  TFD  models.  In  this  test,  a  number  of  hard  spheres  collide  with  a  rigid  pla- 
nar surface  with  a  fixed  translational  velocity,  and  with  different  angular  velocities, 
thus  making  the  angles  of  incidence  of  the  contact  points  on  the  spheres  different 
from  each  other.  With  known  properties  of  the  spheres,  and  the  incoming  velocities, 
the  incident  angles  of  the  contact  points,  we  can  predict  the  rebounding  velocities 
and  the  recoil  angles  of  the  spheres  using  first  principles  of  dynamics.  With  the 
various  angles  of  incidence,  we  have  the  combination  of  the  normal  loading  with 
various  cases  of  tangential  loading,  thus  providing  an  excellent  test  for  the  TFD 
models  we  implemented.  In  our  DEM  simulations,  we  use  "soft"  particle  modeling 
to  simulate  the  collision  of  hard  spheres  as  mentioned  in  Section  2.1. 

Figure  C.l  depicts  the  collision  of  two  spheres.  Let  ^m  and  ^m  to  be 
the  masses  of  sphere  (i)  and  of  sphere  (j),  (i)7  and  yj/  the  moments  of  inertia 
of  these  spheres  about  their  centers  of  masses,  respectively.  Assume  that,  before 
contact,  (j)V  and  yjv  are  the  velocities  of  the  two  spheres,  (i)<*>  and  (j)U>  the 
angular  velocities,  respectively,  and  that  the  spheres  are  moving  on  a  plane  before 
and  after  the  collision.  The  two  spheres  are  colliding  at  the  contact  point  C  as 
shown  in  Figure  C.l. 

The  conservation  of  the  momentum  of  the  two  spheres  after  collision  yields 
(i)v'  {i)m  +  (j)v'  {j)m   =   (i)v  (i)m  +  (j)v  {j)m  ,  (C.l) 

where  (i)v'  and  (j)v'  are  the  velocities  of  sphere  (i)  and  of  sphere  (j)  after  collision, 
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Figure  C.l.  Collision  of  two  hard  spheres 

respectively.  Denoting  Awv  =  (i)v'  -  (i)v  and  A(j)v  =  (j)v'  -  y)v,  we  have 

Awvwm   =  -A0)v0)m  .  (C.2) 

Let  (,)u/  and  (j)u/  to  be  the  angular  velocities  of  sphere  (i)  and  of  sphere  (j)  after 
collision,  respectively.  The  conservation  of  angular  momentum  about  the  contact 
point  C  before  and  after  collision  yields 

A(,-)W  {i)I  -  {i)Rkij  x  A(i)v  (i)m   =  -A(j)u>  0)7  -  W)flky  x  A(j)v  {j)m  , 

(C.3) 

where  k^  is  the  unit  vector  from  the  center  of  sphere  (i)  to  the  center  of  sphere  (j), 

and  passes  through  the  contact  point  C  (see  Figure  C.l);  A  (i)u;  =  (i)u/  -  mu  and 

^  0')w  =  0)a,/  ~  0)w  are  tne  changes  in  angular  velocities  of  the  two  spheres  by 

the  collision;  ^R  and  <j)R  are  the  radii  of  the  two  spheres,  respectively. 

Let  (ij)F  (t)  be  the  contact  force  exerted  from  sphere  (i)  to  sphere  (j),  and 
(ji)F(t)  the  contact  force  exerted  from  sphere  (j)  to  sphere  (t).  The  change  in  the 
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angular  momenta  of  the  colliding  spheres  are  related  to  the  moment  of  the  contact 
forces  about  the  spheres  center  as  follows 

A(i)w(i)7  =   I    ftRkij  *  (ji)F  {t)dt ,  (C.4) 

J  ta 


and 


/    -(,)flkyx  {ii)F(t)dt,  (C.5) 

J  ts 


where  A  ^u:  ^1  and  A  (j)U>  ^)I  are  the  changes  of  angular  momenta  of  sphere  (i) 
and  of  sphere  (j),  respectively,  ts  the  starting  time  of  the  collision,  and  te  the  ending 
time  of  the  collision.  Since  ^F  (t)  —  —  ^j)F  (t),  from  (C.4)  and  (C.5),  we  have 


A  (0^  (0 1    _   A  U)"  U)1 
{i)R  {j)R 


(C.6) 


Combining  (C.2),  (C.3),  and  (C.6),  we  obtain 

A(i)W  (i)7   =   (j)%xA(i)V(j)ffl,  (C.7) 

and 

A(j)w  U)1   =  -V)Rtq  x  A0)v  U)m  ■  (C-8) 

The  velocities  of  the  contact  point  on  sphere  (i)  before  and  after  collision  are 

(i)VC      =      (i)V  +  (,•)«  x  tfRkij  ,  ,cg, 

(t)vc     =     Wv'  +  (<)«*>'  x  (O^i  • 


For  sphere  (j), 


U)vc     -     (i)V  -  (,)«  x  tfRkij  ,  (r  1f1x 

(i)vc      -      (j)v   -  W)w    x  U)Kkii  ■ 


Let  vs  =  (j)VC  -  (j)VC  and  v^  =  ^v^  -  ^)v'c  be  the  relative  velocities  between 
the  contact  point  ^C  on  sphere  (i)  and  the  contact  point  y)C  on  sphere  (j)  before 
and  after  the  collision,  respectively.  Inserting  (C.9)  and  (CIO)  inAvs   =  v^  -  vs , 
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then  using  (C.7)  and  (C.8),  we  can  express  the  change  of  the  relative  velocity  of  the 
contact  points  on  the  two  spheres  as 


Av, 


a)Tn  u)R2  .              (i)m  d)R2  , 
A  v  -  -^ A  (0v  +  -^ — ® A  0)v  , 


(C.ll) 


0)1      ~vv"    '        U)I 
where  A  v  is  the  change  of  the  relative  velocity  of  the  centers  of  two  spheres  given 
by 


Av    =  ((l)v'  -  0)V')-(wv  -  y)v) 


(C.12) 


For  homogeneous  spheres, 


(j)m  d)R2    _    (i)m  (j)R2      .   5 


(•)/ 


=  -.  Therefore, 
U)1  2 


Av*  =  Av+^(Ao)v-Awv)  =  (1  +  ^)Av  - 


(C.13) 


where  k2  :=  -. 
5 


Let  v  =  (j)V  -  y)V  be  the  relative  velocity  of  the  two  sphere  centers  before 
collision,  and  v'  =  (i)v'  -  (j)v'  the  relative  velocity  after  collision.  We  decompose 
v  and  v'  into  components  along  the  t  and  n  directions  (Figure  C.l).  With  vn  and 
v'n  being  the  normal  components  of  v  and  v' ,  the  normal  coefficient  of  restitution 
is  defined  as 


(C.14) 


We  define  the  tangential  coefficient  of  restitution 


0  := 


us,t 
Vs,t 


(C.15) 


where  v's>t  and  w5jl  are  the  tangential  components  of  the  relative  velocities  v^ 
and  vs  of  the  two  spheres  at  the  contact  point  C  after  and  before  the  collision, 
respectively.  Therefore, 


AVr, 


vn  -  vn 


-(1  +  e)  vn  , 


(C.16) 
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and 

AvStt   =   v'tti  -  vStt   =  -(1  +  0)  vaA  .  (C.17) 

The  component  form  of  (C.13)  then  leads  to 

-(1  +  0)  ty,   =   (l  +  ^)A«t  .  (C.18) 

For  this  hard-sphere  collision  problem,  there  are  two  cases-  sliding  collision 
and  sticky  collision-  that  may  arise  depending  on  the  incident  angle  at  the  contact 
point,  i.e.,  the  angle  V  =  tan-1  [  —2-  ) .  When  ib  =  90°,  the  initial  relative  velocity 
at  the  contact  point  is  perpendicular  to  the  tangent  surface  of  the  two  spheres  at 
the  contact  point  C.  We  now  discuss  the  two  cases  of  sliding  collision  and  sticky 
collision  separately. 

(i)  Sliding  collision:  The  two  spheres  slide  at  the  contact  point  C  during  the 
collision.  By  the  impulse  principle,  the  momentum  change  of  sphere  (i)  caused  by 
the  collision  can  be  expressed  as 

Awvwm  =    fe  {ji)F  dt.  (C.19) 

In  component  form,  we  have 

fte 

A(<)U„  (j)ra     =      /     (ji)Fn  dt  , 

>  (C20) 

A  (i)Vt  wm      =      /     {ji)Ft  dt  . 

During  a  sliding  collision,  {ji)Ft  =  H(ji)Fn  ,  where  //  is  the  (constant)  coefficient  of 
friction  for  the  two  spheres  in  contact.  It  follows  that 

A  {i)vt  =  //A  {i)vn  .  (C.21) 

Similarly,  for  sphere  (j), 

A{j)vt  =n&(j)Vn  ■  (C.22) 
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Combining  (C.21)  and  (C.22)  together,  yields 

Avt  =  (iA  vn  .  (C.23) 

From  equations  (C.16),  (C.18),  and  (C.23),  we  obtain 

-(1  +  (3)  vs,t    =   (l  +  p)  /"  [-(1  +  e)]  vn  ,  (C.24) 

i.e.,  the  tangential  coefficient  of  restitution  (3  can  be  expressed  in  terms  of  the 
coefficient  of  friction  /x,  the  normal  coefficient  of  restitution  e,  the  coefficient  k2 

V 

defined  earlier,  and  the  angle  of  incidence  ip  (through  the  ratio  — — ) 

vs,t 

,--l+,<t  +  .)(l  +  £)i.  (C.25) 

Recalling  equations  (C.14)  and  (C.15),  for  sliding  collision,  we  can  express  the  re- 
lationship between  the  incident  angle  (represented  by  —^—)  and  the  recoil  angle 

v' 
(represented  by  — — )  as  follows 


V 
n 


v 


X\  (i    .     1\    ,    lv',t 


-^  =  -K1+;J11+fJ+^-  (c-26) 

(ii)  Sticky  collision:  The  two  spheres  stick  to  each  other  at  the  contact  point 
C,  there  is  no  sliding  between  the  two  spheres  during  the  collision.  It  is  more 
difficult  to  identify  the  relationship  between  the  tangential  coefficient  of  restitution 
(5  and  known  conditions  and  characteristics  of  the  collision.  Since  there  is  no  sliding 
between  the  two  spheres  during  the  collision,  we  have 

Ui)Ft  <nWFn  .  (C.27) 

If  considering  the  fact  that  the  tangential  component  of  contact  force  (ji)Ft  changes 
direction  during  a  sticky  collision  (see  Maw  et  al.  [1976]),  than  (C.27)  can  be  written 
as 

I  {ji)Ft  |  <  fi\  {ji)Fn  |  .  (C.28) 
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Similar  to  the  derivation  of  (C.24),  we  obtain 

I  -  (1  +  0  v,,t  |  <   (l  +  1)  ft  |[-(1  +  e)}  vn  |  ,  (C.29) 

Therefore,  for  a  sticky  collision 

P<  -1  +  ^1  +  e)(1  +  ^)^;-  (c-3°) 

If  consider  only  for  special  cases  that  when  the  vibrational  period  of  the  spring- 
mass  system  in  the  TFD  model  is  the  same  as  the  vibrational  period  of  the  spring- 
mass  system  in  the  NFD  model  (similar  to  the  cases  for  superball  and  superbean 
discussed  in  Vu-Quoc  et  al.  [1997],  in  these  cases,  (5  =  e),  the  criterion  for  a  sticky 
collision  to  happen  is 

-l+//(l  +  e)(l  +  ^)^->A),  (C-31) 

where  /30  =  e,  i.e.,  the  normal  coefficient  of  restitution  of  the  collision.  On  the  other 
hand,  (C.31)  does  not  imply  that  the  tangential  coefficient  of  restitution  (3  for  a 
sticky  collision  is  less  or  equal  to  0O-  Examples  for  collisions  of  special  materials  and 
ordinary  (not  special)  materials  are  given  in  Sections  5.5.1  and  5.5.2. 

Remark  C.l.  As  discussed  in  Vu-Quoc  et  al.  [1997]  regarding  the  superball  and 
the  superbean  tests,  when  the  vibrational  period  of  the  spring-mass  system  in  the 
TFD  model  is  the  same  as  the  vibrational  period  of  the  spring-mass  system  in  the 
NFD  model,  we  have  the  following  relationship 

KT  I0 

KN  ~    Io+mR*  '  (C-32) 

where  KT  and  KN  are  stiffness  coefficients  in  the  tangential  and  in  the  normal 
directions,  respectively.    I0   the  moment  of  inertia  of  the  sphere,  m  the  sphere's 
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mass,  and  R  the  sphere's  radius.  For  a  homogeneous  sphere,  Iq  =  |m/?2,  and 
therefore 

!H  •  (c-33) 

We  call  this  type  of  materials  that  have  (C.33)  as  special  materials8.  We  refer  the 
readers  to  Vu-Quoc  et  al.  [1997]  for  more  details  on  a  related  discussion  (also  see 
the  discussion  in  Appendix  B).  I 


We  note  that  (3.25)  or  (4.8)  for  elastic  contact  is  not  to  be  applied  to  (C.33),  since  it  would 
yield  a  Poisson's  ratio  of  v  =  0.83333  >  0.5. 


APPENDIX  D 
DERIVATION  OF  IMPORTANT  HERTZ  FORMULAE 


Except  for  the  additive  decomposition  of  the  radius  of  elasto-plastic  contact, 
which  is  novel,  the  present  elasto-plastic  NFD  model  begins  with  Hertz  theory.  Here, 
we  present  the  detailed  derivation  of  some  important  Hertz  formulae,  which  is  not 
given  explicitly  in  Johnson  [1985]. 

For  two  solids  with  smooth  surfaces  in  contact  to  each  other,  the  gap  h  between 
the  undeformed  solids  can  be  given  by  (Johnson  [1985,  Eq.(4.3)]) 

h  =  Ax2  +  By2  .  (D.l) 

For  solids  of  revolution,  and  by  (3.2),  we  have 

1  (    1  1    \       11  ,       „ 

Now  consider  Figure  D.l  that  shows  the  contact  region  of  the  two  solids  in 
contact.  Let  51  and  S2  be  two  points  on  the  surface  of  the  two  contacting  solids, 
such  that  these  points  have  the  same  x  and  y  coordinates.  At  those  points,  we  can 
make  the  following  statement:  The  sum  of  the  material  deformations  (uzi  +  uz2)  and 
the  gap  h  must  be  equal  to  the  sum  of  the  displacement  of  the  two  distant  points 
Ti  and  T2  (Figure  D.l),  denoted  by  (^a  +  (2)&),  i.e., 

uzi  +uz2  +  h  =   (i)a  +  (2)a  .  (D.3) 

Substituting  h  in  (D.3),  using  (D.l)  and  (D.2),  we  obtain 

uzi+uz2=    (i)tt  +  (2)Oj   -^r2>  (D.4) 

where  r2  =  x2  +  y2.  Equation  (D.4)  corresponds  to  Johnson  [1985,  Eq.(4.17)]. 
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Figure  D.l.  Two  solids  in  contact,  Johnson  [1985,  p. 88]. 


The  displacement  in  ^-direction  caused  by  a  Hertz  pressure  (3.3)  is  expressed 
by  Johnson  [1985,  Eq.  (3.41a)]  as 


u,  — 


1  —  v2  np 


m   /r,    2  2 


E       4a 


(2a2  -  r1)  ,    r<a 


Substituting  (D.5)  into  (D.4),  we  obtain 


1  -  (i)^2    ,   1  -  {i)V2  \  7rp; 


+ 


m   /0    2        Jl 


(2a   -  r  )  =    {1)a  +  (2)« 


V      (i)-^  C2)E     J    4a 

By  introducing  (3.1)  into  (D.6),  we  can  rewrite  (D.6)  as 

KPm     ,<*.    2  2\  1         2 

—  (2a   -  r  )  =   (1)a  +  (2)a   -  —  r2  , 


2# 


4a£* 


2i?* 


(D.5) 


r2, 


(D.6) 


(D.7) 
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which  is  Johnson  [1985,  Eq.(4.18)]. 

Evaluating  (D.7)  at  r  =  0,  we  obtain 

irpma 
(1)a  +  (2)a   =  -^-  , 

which  is  Johnson  [1985,  Eq.(4.20)]. 

Evaluating  (D.7)  at  r  =  a,  we  obtain 

npma  a2 

-^  =   (D«  +  (2)«  -  ^ 


Substituting  (D.8)  into  (D.9),  we  have 


a  = 


nPmR* 
IE* 


which  is  Johnson  [1985,  Eq.(4.19)]. 

Substituting  (3.5)  into  (D.10),  we  obtain  (3.6),  i.e., 


a  = 


(3PR*\1/3 

\~Je~* 


which  corresponds  to  Johnson  [1985,  Eq.(4.22)]. 
Dividing  (D.8)  by  (D.10),  we  obtain 


(1)Q  +  (2)0    =    —  , 


which  corresponds  (3.7)  and  Johnson  [1985,  Eq.(4.23)]. 


(D.8) 


(D.9) 


(D.10) 


(D.ll) 


The  boxed  equations  are  important  for  the  construction  of  present  elasto- 
plastic  FD  models. 


APPENDIX  E 

EXTRACTION  OF  MECHANICAL  PROPERTIES  OF 

GRANULAR  MATERIALS 


Basic  mechanical  properties  of  some  materials  can  be  measured  using  tradi- 
tional experiments.  For  example,  the  yield  stress  of  steel  and  aluminum  can  be 
measured  by  uniaxial  tests  on  steel  bars  and  aluminum  bars,  respectively.  The  yield 
stress  of  a  steel  bead,  however,  may  not  be  the  same  as  the  yield  stress  measured 
from  uniaxial  test  on  a  steel  bar.  The  reason  is  that  the  micro  structure  of  steel 
beads  may  be  altered  by  the  processing  that  made  the  steel  bead.  For  some  other 
materials  that  are  inherently  heterogeneous,  such  as  soybeans  (Figure  E.l),  it  is  not 
possible  to  find  the  yield  stress,  although  a  questionable  value  of  Young's  modu- 
lus can  be  found  in  ASAE  [1996]  standards.  The  soybean  has  a  structure  which 
includes  the  embryo  and  seed  coat.  Figure  E.l  (a)  from  Aldrich  and  Scott  [1983] 
shows  the  interior  structure  of  a  soybean.  The  embryo  is  composed  of  two  cotyle- 
dons, and  the  hypocotyl-radicle  axis  which  rests  in  a  shallow  depression  formed  by 
the  cotyledons.  The  cotyledons  make  up  the  majority  of  the  soybean  by  volume  and 
weight.  The  seed  coat  is  composed  of  four  layers:  the  epidermis,  the  hypodermis, 
the  parenchyma  layer,  and  the  endosperm  remains.  Figure  E.l(b)  from  American 
Society  of  Agronomy,  Inc.  [1973]  shows  the  structure  of  soybean  seed  coat.  In  our 
own  experiments  on  soybeans  (LoCurto  et  al.  [1997]),  it  is  difficult  to  determine 
the  yield  stress  based  solely  on  the  departure  of  the  measured  FD  relation  from  the 
Hertz  contact  theory.  Any  attempt  to  guess  the  yield  stress  this  way  would  unlikely 
lead  to  a  good  agreement  between  the  normal  FD  (NFD)  model  and  experimental 
measurements  (for  both  the  NFD  relation  and  the  coefficient  of  restitution).  More- 
over, it  is  not  possible  to  fabricate  bar-shaped  specimens  out  of  soybean  materials 
to  perform  uniaxial  tests  to  determine  the  yield  stress,  because  of  the  inherent  inho- 
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(a)  The  interior  structure  of  a  soy- 
bean. 


(b)  The  structure  of  soybean  coat. 


Figure  E.l.  The  structure  of  a  soybean  and  soybean  coat. 


mogeneity  of  soybean  material.  Even  in  the  case  where  such  bar-shaped  specimens 
can  be  fabricated,  it  is  not  clear  that  the  specimens  and  the  measurements  produce 
appropriate  values  for  the  yield  stress,  which  when  used  in  our  NFD  model  would 
produce  accurate  model  for  granular  flow  simulations.  Of  course,  the  yield  stress  is 
a  critical  parameter  in  our  NFD  model  for  the  computation  of  the  amount  of  plastic 
deformation  and  the  amount  of  energy  dissipation  (coefficient  of  restitution)  in  the 
collision  of  the  flowing  particles. 

To  apply  the  new  elasto-plastic  NFD  model  and  TFD  models  in  simulations 
of  granular  flows,  we  need  to  know  that  Young's  modulus  E,  Poisson's  ratio  u,  and 
yield  stress  oy  in  the  granular  material,  and  other  parameters  particular  to  these  new 
FD  models.  Due  to  the  difficulty  in  obtaining  these  mechanical  properties  for  many 
granular  materials  (e.g.,  soybean)  as  discussed  above,  we  propose  here  a  very  simple 
procedure  to  extract  these  mechanical  properties  using  the  new  NFD  model  of  Vu- 
Quoc  and  Zhang  [19986]  and  based  on  simple  experiments  on  the  granular  materials. 
Here,  soybeans  are  used  as  an  example  to  illustrate  the  proposed  procedure. 
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E.l.  Experimental  Measurements 

To  obtain  all  five  parameters  (E,  v,  ay,  Ca,  Kc)  for  use  in  the  new  NFD 
model  for  a  given  granular  material,  we  propose  to  use  two  simple  experiments:  the 
single-particle  drop  test  and  the  single-particle  compression  test. 

The  single-particle  drop  test  is  designed  to  measure  the  coefficient  of  restitu- 
tion of  a  particle  colliding  against  a  plate  made  of  a  certain  material  (LoCurto  et 
al.  [1997]).  In  this  experiment,  particles  are  dropped  vertically  from  a  height  H  to 
collide  with  a  flat  plate  mentioned  above.  A  hard  surface  is  used  when  a  coeffi- 
cient of  restitution  of  two  particles  made  of  the  same  material  is  to  be  measured, 
due  to  symmetry  (see  Vu-Quoc  and  Zhang  [19986]).  To  compute  the  coefficient  of 
restitution  e,  the  rebounding  height  H'  is  measured  so  that 

where  v  is  the  incoming  velocity  of  the  particle  before  impacting  the  flat  plate  and 
v'  the  rebounding  velocity  of  the  particle  right  after  impact.  The  negative  sign  in 
(E.3)  indicates  the  velocities  v  and  v'  are  in  opposite  directions.  Several  values  of 
the  drop  height  H  are  used.  We  performed  more  than  400  single-soybean  drop  tests. 
After  we  selected  the  best  test  results,  the  coefficient  of  restitution  at  each  height 
represents  the  averaged  value  over  about  seven  (7)  data  points.  These  test  results 
have  been  discussed  and  published  in  LoCurto  et  al.  [1997].  The  data  shown  in 
Table  ??  thus  represent  more  than  21  experimental  data  points.  In  this  experiment, 
single  soybeans  are  dropped  to  fall  vertically  down,  and  collide  against  an  aluminum 
plate  (Figure  E.2).  The  height  at  the  end  of  the  rebounding  stage  are  obtained  from 
high-speed  video  recording.  The  incoming  velocities  at  impact  are  computed  from 
the  initial  drop  heights  of  the  soybeans. 

Figure  E.3  depicts  a  single-particle  compression  test.  In  this  test,  a  particle  is 
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Figure  E.2.  Sketch  of  the  single-particle  drop  test  apparatus. 


Table  E.l.  Results  from  more  than  21  single-soybean  drop  tests 


Dropping  Height  (m) 

Impact  Velocity  (m/s) 

Coefficient  of  Restitution 

0.148 

1.705 

0.71 

0.289 

2.381 

0.70 

0.508 

3.156 

0.69 

placed  between  two  very  hard  surfaces  that  are  parallel  to  each  other.  If  the  particle 
is  symmetrically  compressed,  then  the  normal  displacement  at  one  contact  point  is 
half  of  the  approachment  of  the  two  parallel  surfaces.  The  relationship  between  the 
normal  force  P  and  the  normal  displacement  a  for  the  compressed  particle  can  be 
obtained  by  applying  different  magnitudes  of  the  normal  force  P  and  by  recording 
the  corresponding  normal  displacements.  Figure  E.4  shows  the  curve-fitting  result 
from  the  single  soybean  compression  test. 
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ii 
P 


Figure  E.3.  Single-particle  compression  test. 


E.2.  Optimization  Algorithm 


Assume  that  for  certain  particles  the  radius  of  curvature  R  at  the  contact 
point  can  be  measured.  Let  ml  be  the  number  of  data  points  from  the  single 
particle  compression  tests,  and  ra2  the  number  of  data  points  from  the  sing-particle 
drop  tests.  The  experimental  values  for  the  normal  force  P  and  normal  displacement 
a  coming  from  the  compression  tests  are  denoted  by  Pexp,i,  PexP,2,  •••  % PexP,mi  and 
c*exp,i,  £*exp,2i  ■••  , «exp,mi-  The  experimental  values  of  the  incoming  velocity  vin 
and  of  the  coefficient  of  restitution  e  are  denoted  by  vin^,  i>ini2,  •••  ,  fin,m2  and 
ei,  e2,  •••  ,em2.  To  simulate  the  compression  tests  using  the  elasto-plastic  NFD 
model  proposed  in  Vu-Quoc  and  Zhang  [19986]  (see  Chapter  6),  we  need  the  five 
parameters  already  mentioned  above  (E,  v,  PY,  Ca,  Kc).  These  parameters  are 
determined  by  a  least  square  fit  through  the  experimental  data  points. 

We  first  select  the  trial  values  of  the  five  model  parameters  denoted  as  Etry, 
vtry,  Pyy,  ClJy,  and  K*y .  Based  on  the  Vu-Quoc  and  Zhang  [19986]  NFD  model, 
we  then  define  the  first  objective  function  to  be  minimized  in  the  least-square  sense 
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as  follows 


ml 


?*    =   Ek<ry(nxp,i,^ry,^,Pyy,Cy,^cr!/)-«exP)i]2, 


(E.2) 


i=\ 


where  afy  is  the  normal  displacement  produced  by  the  Vu-Quoc  and  Zhang  [19986] 
NFD  model  using  experimental  normal  contact  force  Pexpj,  and  using  the  trial  values 
Etry,  vtr\  P?y,  C%v,  and  K**.  The  objective  of  defining  Ta  in  (E.2)  is  to  minimize 
the  difference  in  the  force-displacement  relation  (P  vs  a)  between  the  NFD  model 
and  experimental  measurements. 

With  a  given  incoming  velocity  vin}i  and  the  trial  values  of  the  unknowns,  we 
can  simulate  the  single-particle  drop  test  by  applying  the  leap-frog  scheme  discussed 
in  Section  6.5.1  and  the  Vu-Quoc  and  Zhang  [19986]  NFD  model.  Repeat  the 
simulation  step-by-step  with  progressing  simulated  time  until  the  particle  separates 
from  the  rigid  surface.    Let  the  outgoing  velocity  of  the  particle  right  after  the 
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collision  be  v^yti.  According  to  a  definition  of  the  coefficient  of  restitution,  we  have 

try 

etry    ._    _^out£   _  (E  3) 

Vin,i 

Therefore,  the  second  objective  function  to  be  minimized  in  the  least-square 
sense  is  defined  as 

m2 

K  =  E  [4y(vin,u  E*y,  v*\  Pp,  (£»,  K?)  -  e$  ,  (E.4) 

t=i 

where  the  trial  coefficient  of  restitution  efy  is  a  function  of  the  incoming  velocity 
Vinti,  and  (implicitly)  of  the  trial  values  of  the  model  parameters  EtTy,  utry,  PYry, 
0?*,  and  K*T*. 

The  objective  of  the  optimization  problem  is  to  find  the  values  of  E,  u,  PY, 
Ca,  and  Kc  such  that  the  objective  function 

T  :=  uja  T'a(PY,  Ca,  Kc)  +  ue  T'e(PY,  Ca,  Ke)  (E.5) 

is  minimized.  In  (E.5),  ua  and  ue  are  the  weighting  coefficients,  and  T'a  and  T'e  are 
the  objective  functions  related  to  Ta  and  T<,,  normalized  to  the  same  magnitude 
level.  For  example,  one  way  to  normalize  these  functions  is 

j-,  Fg{E,l',PY,Ca,Kc) 

a  "  fQ{Et>-y,vtry,p»y,clry,K?y)  '  [      j 

and 

T'  -  Fe{E,v,PY,Ca,Kc) 

e  "  ^{E^y.u^y^Pp.C^^K^)  '  [     ' 

There  are  several  possible  optimization  algorithms  that  can  be  employed.  In 
the  present  paper,  we  employ  the  method  of  steepest  descent  to  drive  down  the 
objective  function  T  along  the  opposite  direction  of  its  gradient.  A  main  feature  of 
the  present  work  is  that  the  objective  function  T  in  (E.5)  is  not  an  explicit  function 
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of  its  arguments,  and  thus  its  gradient  has  to  be  evaluated  numerically.  Assume  that 
at  the  nth  iteration  the  values  of  the  objective  function  and  the  model  parameters  are 
T71,  En,  z/\  Py,  C",  and  K";  one  step  of  the  steepest  descent  method  is  as  follows: 
At  first,  change  each  model  parameter  by  a  very  small  amount,  then  calculate  the 
corresponding  value  of  the  objective  function  as  follows 

f  TnE    =    T((l  +  6)En,vn,P?,C2,K?) 

jT"    =    ?(£*,  un,  (1  +  5)P?,  Can,  K?)  ,  (E.8) 

n    =    ?(E»,un,P?,{l  +  6)C%tK2) 

where  S  is  very  small  compared  to  1.  The  gradient  of  the  objective  function  with 

respect  to  the  relative  change  of  the  model  parameters  can  be  approximated  by 

dT  T%  -  Tn 

^NJ  ** 

—  r^-j  — 

dE 

dT 
dPY 

dT 

dCa 

dT 

dKc    ~  6 

The  reason  for  calculating  the  gradient  with  respect  to  the  relative  change,  instead 
of  the  absolute  change,  of  the  model  parameters  is  that  the  values  of  the  model 
parameters  are  in  quite  different  levels  of  magnitude.  For  example,  the  Young's 
modulus  of  an  aluminum  alloy  is  about  7.0  x  108  N/m2,  while  the  Poisson's  ratio  is 
less  than  0.5.  One  can  think  of  the  approximation  in  (E.9)  represent  the  numerical 
gradient  of  the  objective  function  with  respect  to  the  normalized  model  parameters. 


5 

FZ 

— 

F1 

S 

J-P 

- 

Tn 

6 

n 

— 

Tn 

6 

n 

— 

Tn 

(E.9) 
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dT 


In  (E.9),  the  whole  fraction  —=;  should  be  viewed  as  a  complete  symbol,  and  is 

oE 

defined  in  relations  (2.26).   In  other  words,  the  relationship  between  — -a;  and  the 

~_  dE 

actual  gradient  — —  (with  no  overbar  on  E)  is 
oE 


dE  ::_     8E 


(E.10) 


The  same  holds  for  the  other  quantities.   Therefore,  the  new  values  of  the  model 
parameters  for  the  next  iteration  are  determined  by 

_      6En  dT 


E 


7Z+1 


,n+l 


pra+1 
rY 


c:+l 


Kn+l 


—     Ill    - 

9 

dE  ' 

=    un  - 

9 

dT 

dv   ' 

—    rY  - 

5P$ 
9 

dT 
dPY 

=  c%- 

9 

dT 
dCa 

-     Kn  - 

SKI 

1  dT 

(E.ll) 


Q     dKc 


where  Q  is  the  norm  of  the  numerical  gradient  defined  as 


9  = 


'dry    (dry    /ar' 

dE)    +\dD)    +{dPYi 


fdTY 
+  Ua     + 


'  dT 

dKc_ 


1/2 


(E.12) 


The  value  of  objective  function  for  iteration  (n+1)  is  therefore  computed  using  the 
new  values  of  the  model  parameters  En+\  vn+\  P£+1,  C£+1,  and  K?+1  as  follows 


■pn+i   =  jr^En+\un+\P^+\C^+\K^+x)  . 


(E.13) 


When  the  difference  between  Tn+1  and  Tn  is  very  small,  the  optimization 
process  is  regarded  as  converged,  i.e.,  when 


\Tn+1\ 


<e, 


(E.14) 
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Figure  E.5.  Curve  of  AY{y)  vs.  v  for  the  relationship  between  PY  and  aY. 


where  e  is  a  very  small  positive  number.  In  this  case,  we  set 

E  =  En+\  v  =  vn+\  PY  =  P£+\  Ca  =  Ca"+\  and  Kc 


=  K"+1 


(E.15) 


to  be  the  values  that  minimize  the  objective  function  (E.5). 

According  to  Hertz  theory  with  the  von  Mises  yield  criterion,  the  relationship 
between  the  yield  stress  aY  and  the  yield  load  PY  can  be  calculated  using  (6.19). 
For  the  contact  we  discussing  here,  we  write  (6.19)  as  follows 

7T3  R2  (1  -  v2f 


Pi 


6£2 


\AY{v)  oY\ 


(E.16) 


where  AY(v)  is  a  constant  dependent  on  the  Poisson's  ratio  v  (see  Vu-Quoc,  Zhang 
and  Lesburg  [1998]).  Figure  E.5  displays  the  plot  of  AY{v)  vs.  v. 

For  particles  with  some  known  properties  such  as  E  and/or  v,  the  number 
of  model  parameters  in  the  optimization  process  can  be  reduced.  The  pseudocode 
for  the  implementation  of  the  above  steepest  descent  algorithm,  with  five  model 
parameters  E,  u,  PY,  Ca,  and  Kc,  are  presented  as  below. 
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Algorithm  D.l.  Least-square  extraction  of  elasto-plastic  model  parameters  by 

steepest  descent  method. 

;  Goal :   Find  E,  vPy,  Ca,  and,  Kc  that  minimize  the  objective  function  (£7.5). 

2  Data  :   Particle  radius  R,  and  mass  m. 

3  Data  :   Experimental  data  :   Pexp,i,  Pexp,2  •  ■  ■  PexP,mi,  and  aexP,u  o>exp,2  ■  ■  ■  "exp.mi- 

4  Data  :   Experimental  data  :   vinyi,vint2  ■  ■  •  wm,m2,  and  ei,e2  •  •  •  em2. 

5  Initial  guess  :   Etry ,  vtry ,  Pyry ,  C^ ,  K^ . 

e  Optimization  parameters  :   ua,uje,e,  and  8. 

9  Calculate  J*»  using  Etry,  vtTy,Pyy,  C*v,  K**  via  (£7.5). 
10  Set  EM  =  Etry; 
n  Set  uold  =  utry; 
12  Set  PYld  =  P[Jy; 
is  Set  Cfd  =  C*»; 
14  Set  K°ld  =  K**\ 
is  Set  PM  =  P-Ty. 
16  Set  converg  =  false. 
is  ©while  converg  =  false, 

19  Calculate  Enew,  vnew,  P^ew,  C™w,  and  K™w  via  (E.ll). 

20  Calculate  Tntw  with  Enew,  unew,  P™w,  C™w,  K™w  via  (E.b). 

21  ®if  Tnew  >  Told, 

22  Shrink  the  step  size  by 

23  Set  8  =  0.8  *  5; 

24  Set  e  =  0.8  *  e; 

25  ©elseif  Tnew  <  Told, 

26  ®jf  (£7.14)  is  true, 

27  Set  converg  =  true. 

28  (Delseif  (£7.14)  is  false, 
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29 

bet  £,""*  =  jb'""" ; 

30 

Set  vold  =  vnew; 

SI 

Set  P§!d  =  P$ew; 

32 

Set  C°ld  =  C™w; 

33 

Set  K°ld  =  K™w; 

34 

Set  FM  =  Tnew. 

35 

©endif 

36 

©endif 

37  ©endwhile 

39  Set  E  = 

.   jpnew. 

40  Set  v  = 

unew\ 

41  Set  PY  =  P$ew; 

42  Set  Ca  =  C™w; 

43  Set  Kc  =  K™w; 

45  Calculate  ay  via  (6.19). 


E.3.  Numerical  Example:  Application  to  Soybeans 


E.3.1.  Extraction  of  Mechanical  Properties 

The  experimental  data  shown  in  Table  E.l  and  Figure  E.4  are  employed  to 
carry  out  an  extraction  of  the  mechanical  properties  of  soybeans.  Recall  that  the 
curve  in  Figure  E.4  was  obtained  from  a  least  square  fit  of  experimental  data  from 
single-particle  compression  tests.  For  the  extraction  of  soybean's  mechanical  prop- 
erties, we  select  ten  points  on  this  curve  for  use  as  experimental  data.  It  should  be 
noted  that  one  could  also  use  the  actual  experimental  data  points.  The  shape  of  a 
soybean  can  be  approximated  by  an  ellipsoid  with  the  following  averaged  measured 
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half  principal  axes:  length  I  =  3.65  x  1G1-3  m,  width  w  —  3.05  x  10-3  m,  and  height 
h  =  2.75  x  10-3  m.  The  compression  tests  were  performed  on  the  "flat"  side  of 
soybeans,  i.e.,  in  the  direction  of  the  height  h,  i.e.,  the  shortest  principal  axis.  As 
a  result,  the  average  radius  of  curvature  at  the  contact  point  for  these  compression 
tests  is 

111) 

R  =  —  =  4.05  x  10"3  m  .  (E.17) 

h 

This  average  radius  of  curvature  is  used  for  the  extraction  of  the  mechanical  prop- 
erties of  soybeans.  The  average  mass  of  a  single  soybean  at  moisture  content  of  10.7 
%  (d.b.)9  from  our  measurement  is  m  =  1.49  x  10-4  kg. 

The  Young's  modulus  and  Poisson's  ratio  of  soybeans  given  in  the  ASAE  [1996] 
are  E  =  126  MP  a  =  1.26  x  108  N/m2  and  v  =  0.4,  respectively.  The  conditions  such 
as  the  moisture  content  of  the  soybeans  under  which  the  above  data  are  obtained  are, 
however,  not  given.  Since  the  stiffness  of  soybeans  highly  depends  on  the  moisture 
content,  the  values  from  the  ASAE  [1996]  may  not  be  the  Young's  modulus  and 
Poisson's  ratio  of  soybeans  under  the  condition  when  the  experiments  were  carried 
out. 

In  the  present  work,  the  values  of  E  and  v  represent  values  averaged  over 
the  whole  soybean,  and  are  part  of  a  larger  set  of  parameters  designed  to  produce 
accurate  contact  elasto-plastic  normal  force-displacement  (NFD)  model  compared 
to  experiments.  To  compare  the  optimal  model  parameters,  we  carried  out  the 
optimization  as  presented  in  Section  E.2,  with  the  following  trial  values:  Etry  — 
126  MPa  =  1.26  x  108  N/m2,  v  =  0.4,  P?y  =  0.40  N,  C%*  =  2.00  x  lO"5  m/N, 
and  Klry  =  3.00  x  10~6  1/JV,  and  with  the  convergence  tolerance  e  =  1.0  x  10~3. 
The  value  for  the  weighting  coefficients  in  the  objective  function  T  are  set  to:  u>a  = 
0.1  and  ue  =  0.9.  The  optimization  process  converged  after  18  iterations,  with 
9    Dry  basis,  i.e.,  the  percentage  of  the  weight  of  moisture  to  the  weight  of  the  dry  material. 
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E  (N/m2) 
(a)  T  vs.  E. 


(b)  T  vs.  v. 


Figure  E.6.  Convergence  of  objective  function. 


from  the  experimental  data  are 


<  2.373  x  10"4.  The  final  values  of  E,  v,  PY,  Ca,  and  Kc  extracted 


E  =  1.288  x  108  N/m2  =  128.8  MPa  ,  v  =  0.4134  , 


(E.18) 


and 


PY  -  0.3952  N  ,  Ca  =  2.202  x  10~5  m/N  ,  Kc  =  2.970  x  10~6  1/N 


(E.19) 


The  corresponding  yield  stress  oY  of  soybeans  calculated  using  (6.19)  is 

aY  =  2.750  x  106  N/m2  =  2.750  MPa  .  (E.20) 

Recall  that  due  to  the  inhomogeneity  inside  a  soybean  (see  Figure  E.l),  the  values 
of  E,  u,  ay  are  of  some  average  sense,  and  together  with  the  other  model  parameters 
(Ca  and  Kc)  provide  a  good  correlation  between  the  new  NFD  model  of  Vu-Quoc 
and  Zhang  [19986]  and  experimental  data.  Note  that  for  an  aluminum  alloy,  we 
have  E  =  70,000  MPa  and  aY  =  100  MPa  (see  Vu-Quoc  and  Lesburg  [1998]  for 
finite  element  analysis  of  contact  problems  involving  spheres  of  aluminum  alloy). 
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Figures  E.6(a),  E.6(b),  E.7(c),  E.7(a),  and  E.7(b)  show  the  convergence  of  the 
optimization  process,  i.e.,  the  decrease  of  the  objective  function  with  the  changes  in 
the  model  parameters  E,  v,  Py,  Ca,  and  Kc,  respectively.  Even  though  the  curve 
shown  in  Figure  E.6(a)  displays  some  oscillations  in  the  values  of  E  in  the  final  stage 
of  the  convergence  of  the  objective  functions,  which  continues  to  decrease.  All  other 
figures  display  a  monotonic  convergence  of  the  model  parameters  (other  than  E). 

E.3.2.  Simulation  Results 

Using  the  Vu-Quoc  and  Zhang  [19986]  NFD  model,  with  the  extracted  elasto- 
plastic  properties  of  soybeans  as  shown  in  (E.18)  and  (E.19),  we  generate  the  NFD 
relation  during  compression  of  a  soybean  against  a  rigid  surface.  In  addition,  we 
simulate  the  single  soybean  drop  tests  using  DEM  based  on  the  Vu-Quoc  and  Zhang 
[19986]  NFD  model. 


1.5 


E  =  1.288  x  108  N/m2  ,  v  =  0.4134     / 
Py  =  0.3952  N  ,aY  =  2.750  x  106  N/jm2/ 
Ca  =  2.202  x  10~5  m/N 
Kc  =  2.970  x  10~6  l/N 


NFD  model 
-  -   Hertz 
+      Experiment 


Figure  E.8.  Comparison  of  simulation  results  with  experimental  data: 
Normal  force  P  vs.  normal  displacement  a. 
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Figure  E.9.  Comparison  of  simulation  results  with  experimental  data: 
Coefficient  of  restitution  e  vs.  incoming  velocity  Vin. 


Figure  E.8  shows  a  comparison  of  the  NFD  relations  (P  vs.  a)  coming  from 
various  sources.  The  dotted  line  is  the  curve  fitting  result  from  the  experimental 
data.  The  '+'  sign  on  the  dotted  line  are  those  data  points  that  were  used  for  the 
optimization.  The  NFD  curve  produced  by  the  Vu-Quoc  and  Zhang  [19986]  NFD 
model,  with  the  elasto-plastic  properties  shown  in  (E.18)  and  (E.19),  is  represented 
by  the  solid  line  in  Figure  E.8.  Simulation  results  thus  agree  well  with  experimental 
data.  The  dashed  line  is  the  NFD  curve  produced  by  Hertz  theory  for  elastic  contact, 
which  is  stiffer  than  the  results  for  elasto-plastic  contact. 

Figure  E.9  shows  the  coefficient  of  restitution  e  vs.  the  incoming  velocity 
Vin,  obtained  from  the  DEM  simulation  of  single  soybean  dropping  tests  using  the 
Vu-Quoc  and  Zhang  [19986]  NFD  model,  with  the  extracted  properties  of  soybeans 
in  (E.18)  and  (E.19).  Points  represented  by  the  '*'  symbols  are  the  experimental 
data  used  for  our  optimization.  The  dashed  line  represents  the  results  from  our 
simulation.  The  error  on  the  coefficient  of  restitution  is  only  about  5%,  which  is  very 
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small  when  compared  to  experimental  data.  The  model  thus  agrees  quantitatively 
well  with  experiments.  The  difference  may  come  from  various  reasons,  one  of  which 
is  experimental  error.  Another  reason  could  be  the  model  itself.  On  the  other  hand, 
we  have  shown  in  Vu-Quoc  and  Zhang  [19986]  that  the  new  NFD  model  out  performs 
existing  models,  even  for  the  coefficient  of  restitution  vs.  incoming  velocity.  For 
Hertz  theory,  due  to  elastic  contact,  the  coefficient  of  restitution  remains  at  e  =  1.0 
for  all  magnitude  of  the  incoming  velocity. 

Figures  E.10(a),  E.10(b),  and  E. 10(c)  show  the  relation  between  the  normal 
contact  force  P  and  the  normal  displacement  a,  as  obtained  from  the  simulated 
drop  tests  with  incoming  velocities  vin  =  1.705  m/s,  vin  =  2.381  m/s,  and  vin  = 
3.156  m/s,  respectively.  From  these  results,  we  observe  that  the  highest  normal 
contact  force  level  depends  on  the  magnitude  of  the  incoming  velocity.  The  higher 
the  incoming  velocity,  the  larger  the  plastic  deformation,  and  hence  larger  the  energy 
dissipation  caused  by  the  plastic  deformation  during  the  collision.  Therefore,  the 
results  agree  with  experimental  observation  (see  Goldsmith  [I960])  qualitatively. 
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(a)  NFD  relation  from  simulation:   Incoming  (b)  NFD  relation  from  simulation:  Incom- 

velocity  Vin  =  1-705  (m/s).  ing  velocity  Vin  =  2.381  (m/s). 


P  -  alpha  curve  lor  collision:  Vin  =  3.156  (m/sec) 
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(c)  NFD  relation  from  simulation:  Incoming  ve- 
locity Vin  =  3.156  (m/s). 


Figure  E.10.  Force-displacement  curves  for  the  collisions. 
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